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THE 

PREFACE. 

H-4viw^ for a long time ohferv^d^ that 
moft of vhofe that take in hand the 
Elements^/ Euclid, are apt to dijlike 
them^ becaufe they cannot presently difcern to 
what end thofe feemtngly tnconfiderahle^ and 
^yft diffieult Profojitions^ can conduce : I 
^ thdught IJhould ao an acceptable piece of Ser- 
^ vice^ in not only rendring them as eafie as pof- 
JibUy but alfo adding to each tropojition a 
brief 4ccount of fome U[e that is made of 
them in the Qther parts of the Mathematicks. 
In profecuting tphich Deftgn^ I have been obliged 
to change fome Demon fir ations^ that feem^d 
too intricate and ferpUx^d^ and above the or^ 
dinary Capacity of Beginners^ and to fubfti^ 
tute others more intelligible in their Jiead. 
For the fame reafon^ I have demonfirated the 
Fifth Book after a Method much more dear 
than that by Equimultiples, formerlj ufed. I 
would not be thought to havefet down all the 
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PREFACE. 

Vfes that may be made of thefe Propofiiions .• 
To have done that^ would have obliged me to 
have comprised the whole Body of Mathema- 
ticks in this one Book ^ which would have 
rendered It both too large^ and too difficult. 
But I have contented my felf with the choice 
offuch as may ferve to point out fome of the 
Advantages they afford us^ and are alfo in 
themfelves mo(i clear y and moft eafte to be ap» 
prehended. I have dijiingui{h*d them by * 
Inverted Comma V, that the Reader may know 
them^ not defiring hejbould dwell too long up^ 
on them^ or labour to under Jiand them perfeQ-' 
ly at firji^ fince they depend on the Principles 
of the other Parts. 

This therefore being the Dejsgn of this 

fmall Treatife, / voluntarily offer it to tbs 

Publicky in an Age wbofe Genius feems more 

addiSed to the Mathematicks, than any that 

has preceded it. 

^ InAead of the Author's ItaRan Chaiaacr, 
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THE fIRSt BOOK. 



TH E De%n of EUCLID in this 
* Book, is to lay down the Firft 
* Principles of Geometry \ and, to 
* do it methodically, he begins 

* with Z>?yrw7tw»x, and theEiplicationof themoft 

* ordinary Terms. To thefe he adds fome Po/- 

* nlata : And then propofing thofe known Max- 
^ ifHs in which Natural Realon does inflrud us ^ 

* he pretends not to advance a ftep farther 

* without a Demonftratio% but to convince e- 

* very Man, even the moft obftinate, that will 

* grant nothing, but what is extorted from him. 

* In the firft Propofitions, he treats of Littes^ and 

* the diSerentAngles, which are formed by their 

* Concourfe ^ and having occafion to compare 

* divers Triatigles together, in order to demon- 
[ fhrate the Properties oiAngUsy he makes that 

A3 'the 



The Elements o/* Euclid. 

the Bufinefs of the eight firft Propolitionsr. 
Then follow fome Pradlical Inftruftions:, how 
to divide an Angle and a Line into two Parts, 
and to draw a Perpendicnlar. Next, he fhews 
the Properties of a Triangle^ together with 
thofe of Parallel Lines y and having thus'lR-- 
nifb'd the Explication of this Figure, he paffet 
on to the Parallelgorams^ teaching the man- 
ner of reducing any Polygon^ Multangular Fi- 
gure, into one more regular. Laftly, He fi- 
nifhes the Firft Book with that famous Propo- 
lif ion of Pythagoras, That in every ReBangvilar 

Triangle the Square of the ^ Baje is equal to the 

Square of both the other Sides. 

* He calls that the Bafr, which is commonly cali'd the 
Hyfounufe^ i. e. the Line that is oppofite to the right Angle. 
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DEFINITIONS. 

Point is that which hath no Parts. 



This Definition muft be underftood in thii 
' Seiife ; That Quantity, which we conceive 
^ without diftinguifhing ■ its I^rts, or fo miicb 
^ as coniidering whether or no it has any, is a 

* Mathematical Point '^ which is therefore very 

* different from thofe of Zeno, which were fup- 
^ pos'd to be abfblutely indivifible, and there- 
^ fore fuch, that we may reafonably doubt whe- 

* ther they are poffible •, but the former we can- 

* not doubt of, if we conceive them aright. 

2. A 
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2.* A Line h Length without Breadth. 
* The Senfe of this Definitioh is the fame 
'with the former: That Quantity, which we 

* conceive as Length, without reflefting on its 
' Breadth or Thicknefi, is that which we un- 

* derftand by a Line* though it be impoflible 

* to draw a real Line, which will not be of a 
' certain Breadth. 'Tis commonly faid that a 

* Line is produced by the Motion of a Point : 

* Which ought to be carefully obferv'd 5 for 

* Motion may on that manner produce auy 
' Qpantity whatfocver : But here^ We mult 

* imagine a Point to be only fomov'd, as to leave 

* one Trace in the Space through which it paf* 

* fes, and then that Trace will be a Line. 

5. Ihe trpo Extremes of a Line are Points, 
^. A right Line is that^ wbofe Points are equally 
placed between the two Extremes. 

' Or thus. A right Line is the Ihorteft that 

* can be drawn from one Point to another. Or 

* yet •, the Extremes of a right Line may call 

* a Shadow upon the whole Line. 

5. A Superficies^ or Surface^ is a ^antity to 
which is attributed Length and Breadth^ without 
the Confideration of any Thicknefs. 

6. The Extremes of a Superficies are Lines. 

7. A Plain or right Superficies, is that, whofe 
Lines are equally placed between its two Extremes-, 
Qr that^ to which a right Line may be every way 
apply d. 

•k 
A 4 * I have 
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4 72?^ Elements ^/Euclid. 

A P *~ I have before obfei^v'd, That 

* Motion may produce any 

* Quantity whatfoever: Accor- 
^' I j l j I' M " I * dingly we fay, when one Line 

3 ' ' . (^ * moves over another, it produ- 

* ces a Superficies, or a Plane ^ 
and that that Motion has a kind of Affinity 
with Arithmetical Multiplication, Suppote 
then the Line A B to pafs along the Line B C, 
retaining ft ill the fame Situation, without any 
Inclination to one fide or other : The Point A 
will defcribe the Line A D, the Point B the 
Line BC, and th« intermediate Points the 
Lines parallel to thofe, which will make u^ 
the Superficies ABCD. I add further, That 
this Motion anfwers to Arithmetical Mulli* 
plication : Becaufe, did I know the Number 
of Points that are contained in both thofe 
Lines, A B, and DC-, by multiplying them 
together, IlhouldfindaProdud, which would 
give mc the Number of Points which confti- 
tute the whole Superficies A B C D. As for 
Example^ If AB contained four Points, and 
BC fix, by faying, four times fix make Twenty- 
four, I find, that the whole Superficies ABCD 
confifts of Twenty -four Points. Now by a 
Mathematical Point, may be underftood any 
Quantity whatfoever 5 e.g. a Foot, provided 
it be not fubdivided into Parts. 

8. A Plain Angle^ is the "^ Difiance or opemvg 
of two Lines touching each other ^ fa as nat to com" 
fofe only one Line. 9, As 

* Overture *'Q^\\. J^p^s a'AAjjA*? KAirif. Eucl. 
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* 9. As the Diftance D betwixt th e B 
Lines AB, and BC •, which are 
not Parts of the fame Line. 

* A ReSilheal Attgle is the Di-^ 
fiance betwixt two Right Lines. 

* 'Tis chiefly of this fort of A 
Angles that I would be underftood at prefent j 
which I define by Diftance or Opening^ becaufe 
Experience teaches, that the greateft part of 
Beginners deceive themfelves in Meafuring 
the greatnefsof an Angle, by that of the Lines 
within which it is contain a. . 

* The Angle that is more ^ 
open, is the greater ^ that 
is, when the Lines of one \^ \c^ 
Ancle lie more apart from 
eacn other than thofe of G/JgLJ^ 
another, taking them at the ' / T[/^ 
fame Diftance from the Points of Concourfe. 
the former is greater than the latter. Ac- 
cordingly the Angle A is greater, than the; 
Angle E ^ becaufe taking the Points D and B 
as remote from the Point A, as the Points G 
and L are from the Point E 5 the Points D and 
B lie farther apart from each other, than the 
Points G and L. From whence I infer, that 
if the Lines EG and EL were product farther, 
the Angle £ would be alway s of the fame 
Largenefs, and always lefs than the Aogle A« 

* Wo ufe three Letters when we fpeak of an 
* Angle, of which the Middlemoft denotes the 

' Point 
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Point of Concourfe : As the Angle BAD is the 
Angle which by the Lines BA and AD, is 
form'd at the Point A: The Angle BAG is that 
made by the Lines B A and AC : The Angle 
CAD is compris'd by the Lines CA and AD. 
* A Circle is the Meafure of an Angle. There- 
fore to know the Magnitude >of the Angle 
BAD, I place the Foot of the Compafs upon 
the point A, and defcribe the Circle BCD : 
The Angle is fo much the greater, by how ma- 
ny more Parts of a Circle the Arch, that mea- 
fares it, contains : And becaufe a Circle is u* 
fually divid^ed into ^^oParts or Degrees, there- 
fore an Angle is faid to have Twenty, Thir- 
ty, Forty Degrees, according as the Arch, 
compris'dbctwixt the Lines that form it, con- 
tains fo manjr. So the Angle is the greater, 
which contains more Degrees, as the Angle 
BAD is greater than the Angle GEL. The 
Line CA divides the Angle SaD in the mid- 
dle, becaufe the Arches BC and CD are equal 5 
and the Angle BACis part of the Angle BAD, 
becaufe the Arch B C is part of the Arch BD. 

Jfc. When one Line falling vpon another makes 
tvo eqnal Aftgles^ they are both right Jngles ^ aftd 
the Line Perpendicular. 

A * As for Example : If the Line 

* AE, placed upon the Line CD^ 

* makes the Angles ABC and 
-jJ * ABD equal 5 that is, if ha- 
^ * ving defcrib'd a Semi-circle 

: CAD 
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* CAD from the Centre B, the Arches AC and 
^ AD are equal: The Angles ABC and ABD are 

* called Right Angles, and the Line AB Per- 
' pendicular. Therefore becaufe the Arch 

* CAD IB a Semi-circle, the Arches CA and AD 

* are each of them a quarter of a Circle, that 

* is the fourth Part of three hundred and fixty 

* Degrees, that is Ninety. 

11. An Obtvfe Angle is that vbicbis greater 
than M Right one. 

. ^ As the Angk EBD is an Obtufe or Blunt 
' Angle ^ becaufe its Arch £AD contains more 
^ than a quarter of a Circle* 

12. An Acute Angle is that which is lefs than a 
right M0. 

' As the Angle E^ is an Acute ^ becaufe the 

* Arch EC, which meafures it, has lefs than 

* nifiety Degrees. 

13. A Term is the extremity or end of any 
Quantity. 

1^. A Figure is a ^antity comprehended by one 
or more Ttrms. 

* That which is call'd a Figure^ ought to be 

* limited and inclos'd on every Side. 

i$.A Circle is a Bain Figure, terminated ly the 
encompajpng of one Line, which is calVd the Cir^ 
eumference^, andi^ every where equally remote from 
the middle Point. 

*The 
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' The Figure RVSX is a 

* Circle ; becaufe all the 
' Lines TR, TV, TS, TX, 

* drawn from the Point T, 

* to the Line RVSX, are e- 

1 6. The middle Point fi 
calVd the Centre. 

1 7. The Diameter of a Circle^ is anf Line paj^ 
Jing through the Centre^ and terminated at the Ctr-* 
cnmference^ dividing the Circle into two equal Parts, 

* As the Lines V T X, and R T S.- 

* But if anj fhould doubt, whether the Line 

* VTX does indeed divide the Circle into two 

* equal Parts, fo that the Part VSX be equal to 

* the Part VRX5 it may on this manner be 

* prov'd. 

* Suppofe the Part VRX to be placed upon 
I the other VSX : I fay, they will not exceed 

one the other. For if one fup^ 
pofe VSX exceed the otheif 
VRX, the LineTR will be 
lefsthanTS^ and in like man^ 
ner TZ than TY, which is 

* contrary to the Definition of a Circle, which 

* affirms all the Lines drawn from the Centre tp 

* the Circumference to be equal. 

iQ. A Semi'cirde is a Figure terminated by the 
Diameter^ and half the Circumference. 

19. ReSilineal Figures arefuch as are terminal 
ted by right Lines, having Three ^ or Four^ or Five^ 
or as many Sides as you pleafe [ Euclid 
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* Euclid divides Triangles with refpeft either 
f to their Angles, or Sides. 

20. An Equilateral Triangle is A 
that which has its three Sides equals /\ 
ABC. b/. \c 

21. utfff Ifofceles, or Equicrural Tri- A 
tfirj^I^y fi t2^jt which has two Sides e^ 
qual : * As if the two Sides AB and 
• AC be equal, the Triangle ABG 
I }$ an Ifofceles. 

92. A Sqalenum is Triangle H 
Tfoving all the three Sides unequaL as 
CHI. 





^ 23. A ReSangle Triangle is that D 

whicb has one Fight Angle. A 

' As DEF, fuppofing the Angle E / A 

f to be a right One, F E 

24. . j<n Amblijgone, or Oh- 
tufe-angk . Triangle^ is thaL^ . 
'whicb has one Angle Obtufey ^ 

as IGH. 

2$. An 0?3^one, or Acute-an^e A 
Triangle^ is that whofe Angles are 
allAifUte^^ as ABC* 
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26. A ReSaxgle ^properly fo 
caird j is a figure conjifting of four 
$idesy and hmjing all its Angles Right. 

2^. A Square bos aU its Sides Mqfial^ 
and Its Angles Right 5 as AB. 

D a8/ ^n Oblang ReSangh has its 
' Sides unequal^ but its Angles Right i 




29. A Rhombus, or Lofange^ 
has equal Sides^ hut uneqnal Angles ^ 
asE¥. 



50. -4 Rhomboides, or Ob- 
long Lafange^ hath both its and 
Jngles uneqnal I asGH* 



1^1. Other Irregular Figures of Four Sides are 
ealVd Trapefia. 

A B 'il. Farallel Lints tiTfi 

fuch^ as being in the Jf^ 

^ Plane^ will never concur 

^ keeping Jlill an equal Dif* 

tance one from the others AB, CD. 

A-'H. 'B 33. A Parallelogram u a 

Figure^ whofe two oppofte Sides 
are Parallels : * As the Fi- 
gure ABCD, whofe Sides, 
' AB, CDi and AC, BD, 
^ are Parallels* 34« 
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34. The Diameter of s ParalMogram is a right 
Lint ir ami from one Angle to another'^ as, BC. 

3^. Ihe Complements are the tvo fmall Parallt- 
hgrams, tbrovgb vbicb tie Diameter does notpajs^ 
«AFEH, and GDIE, 
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DEMANDS, or SUPPOSITIONS. 

I. ^T^ I S fuppos'd that a right Line may be 
X drawn from any Point whatfoever to 
another. 

2. That a Right Line may be continued to 
what Length you pleafe. 

3. That from a Centre given, a Circle may 
be defcrib'd at any Eiftance whatfoever. 

MAXIMS, Of AXIOMS. 

I. rnpHofe Quantities that are equal tp a third, 

J^ are eqaal betwiiit themfelvesa 
2« If equal Quantities be added to thofe that 

are equal, the Produds will alfo be equa). 
5. If equal .Quantities be taken away from 

thofe that are equals the RemaiSiders wUl bt 

equal. 

4. If you add equal Parts to Quantities ux^ 
equal, they will remain twicquial. 

5. If from equal Qu^titi^s you take aw^yun* 
equal Parts, the kem^^ders wjU be unequal. ' 

6. Quantities that are Double, TripK Qpa- 
druple, &c. in refpei^ of th« feme> are equal 
among themfelves, 

7. Thoft 
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- 7* Thofe Quantities are faid to be equal, 
which being apply'd one to the other, neither 
exceeds, 

8. Equal Lines and Angles being plac'd one 
upon another, do not furpafs each other. 

9. The Whole is greater than its Part. 

I o. All right Angles are ^qual to one another . 

* Let the two 

* right Angles pro- 

• pos'd be ABC, 

^ „ ^ ^ ' EFH, I fay, they 

D H F G c are equal. For if 

• two equal Circles CAD, HEG, be defcrib'd 

• from the Centres B and F j the fourth Parts of 

• thofe Circles CA, HE, which are the Meafures 
•,.of the Angles, ABC, EFH, will be equal : 

• Therefore the Angles ABC, EFG, having 
f equal Meafures, will be equal. 

The eleventh Maxim of 

£iicW is to this Eflfea. If two 

Lines AB, CD, being cut by a 

C /P <^ ^hird EF> make the Internal 

Angles, BEF, DFE, lefs than 

two right Angles 5 the Lines AB, CD being ^ro* 

duced, will at length concur towards the Points 

BandD. 

* Which, though it be true, is not clear c- 

• nough to be received for a Maxim ^ therefor^ 
I I have fubftituted another in its Place. 

II. If two Lines be parallel, all the Perpen- 
diculars contained betwixt them will be equal* ^ 
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As for Examples : If the Lines 

* AB, CD, are parallel, the Perpen* ft^t^J^ 

* dicular Lines FE, HG, are equal. 1 

* For if EF were greater thap GH, q^ — pj p 

* the Lines AB and CD would be 

* more remote from each other towards the 

* Points E and F, than towards G and H 5 which 

* would be contrary to the Definition of Paral- 

* lels, where, 'tis faid, they are fuch as always 

* keep the fame Diftance, meafur'd by Perpen- 

* diculars, 

12* Two Right Lines cannot enclofe any 
Space J that is to fay, they cannot encompafi 
it on all Sides. 

13. Two Right Lines cannot have one com* 
mon Segment. 

* By which I mean. That two 

* Rignt Lines, fuppofe AB, and* 
' CB, meeting at the Point B, 

* cannot together make one fole 

* Line BD \ but cutting one ano- 
^ other, feparate again immedi* 

* ately after their Rencounter. For if you de* 

* fcribe a Circle from the Point B as a Centre, 

* AFDwillbe a Semi- circle^ becaufe the Right 

* Line ABD, palling through the Centre B, 

* will divide the Circle into two equal Parts. 

* The Segment CFD will be alfoa geini-circle ^ 

* becaufe CBD will be alfo a Right Line, and 

* will pafs through the Centre B: Therefore 
« the Segment CFD will be equal to the Seg- 
« ment AFD, the Part to the Whole 5 whfclr 

* is repugnant to the ninth Maxim. 

B ADVER' 
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ADVERTISEMENT. 

* npHere ate two forts of Propofitions. In 

* X ^ome we have nothing but the bare Spe- 

* culation of a Truth, without defcending to Pra* 

* aice, which we call Theorems ^ in others feme- 

* thing is proposed to be done, and thofe are 

* caird Problems. 

' The firft Number of the Quotations denotes 

* the Propofitions, the fecond the Book. As by 

* the i. of the 3. that is, by the fecond Propofi- 

* tion of the third Book : But if only one Num- 

* ber occur, it fignifies fuch a Propofition of the 

* Book you are then upon. 

PROPOSITION L 

A PROBLEM. 

Ttyircnff an Equilateral Triangle upon any Line given- 

LE T the Line AB be propos d for the Bafe 
of an Equilateral Triangle ^ from the Cen- 
tre A at the Diftance AB defcribe the Circle 
BCD 5 and likewife from the Centre B at the 
Diftance BA defcribe the Circle DAC, cutting 
the former at the Point C. Then draw the Lines 
AC and BC, and all the Sides of the Triangle 
ABC will be equal 
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Demonftration. 

The Lines AB and 
AC, being drawn from 
the fame Centre A to 
the Circumference of the 
Circle BCD, are equal, 
by th^ Dffifiition of a Circle ^ the Lines BA and 
BC are likewife equal, being drawn from the 
Centre B to the Circumference of the Circle 
CAD. Laftly, Jhe Lines AC and BC being e- 
qual to the fame Line AB, are alfo equal be« 
tween themfelves. All the three Sides there- 
fore of the Triangle ABC are equal. 

The USE. 

* The Delign of Euclid in 
placing this Problem here, 
was only to demonflrate the' 
two following Propofitions. 
But it may be alfo further 
ferviceable for the meafuring 
an inaccefiible Line 5 as for Example, the Line 
AB, which by reafon of a River or Precipice 
cannot be approached. In fuch a Cafe make 
a fmall Equilateral Triangle BDE, either of 
Wood or Copper, or the like^ and having 
placed it horizontally upon B, obferve the 
Point A, by the Side BD, and any other Point 
C, by the Side BE. Then transfer your Tri- 
angle along the Line BC, and place it upon 
divers parts of the fame Line •, 'till at length 
* you find a Point C, upon which placing the 

B 2 * Triangle 




1 6 The Elements of Euclid. 

Triangle you ftiall fee the Point B, by the Side 
CG, and the Point A by the Side CF. I fay. 
The Lines CB and CA (ov ACJ are equal 5 fo 
that by meafuring the Line BC, you may know 
the Line AB. I might further demonftrate, 
that the Lines AB and BC are equal ^ but let 
it fuffice, that in this Propofition, you are 
taught the way of making an Inftrument pro- 
per to take the Dimenfions of an inacceljOible 
Line. 
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PROPOSITION JL 
A PROBLEM. 

From aPoint given, to draw a Line equal to another 

Line given. 

E T the Point proposed be 

B, from which a Line is to 

be drawn equal to the Line A. 

Take with the Compafs the 

Lengthof theLine A,andat that 

Interval, making B the Centre, 

defcribe the Circle CD. Drawing then from the 

Point B to which Side you pleafe, a Line BI or 

BD, 'tis evident it will be equal to the Line A. 

' Euclid propofes a more myfterious and in- 

* tricate Methofi of demonftratingthisPropofi- 

* tion i but in Pradice we always make ufe of 

* this:Inafmuch as, having taken with the Com- 
' pafs the Line A, 'tis as ealie defcribing a Circle 

* from the Centre B, as from the Centre A. 

PRO- 
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PROPOSITION III. 

A PROBLEM. 
From a Greater Line to take a Part equal to a Lefs^ 

§Uppofe you were to take from the Line BC 
a Part BI, equal to the Line A. Tate be- 
lli the Points of the Compafs the Length of 
the Line A, and at the Diftance from the Centre 
B defcribe a Circle, which Ihall cut the Line BC 
at the Point I. 'Tis certain the Lines BI, and 
A, are equal. 

* TheUfe of thefe two preceding Propolitions 

* is fufficiently evident ^ forafmuch as we are fre- 

* quently obliged in PraSical Geometry to draw 

* one Line equal to another, and to take a Part 

* of a greater Line equal to a Line that is lefs. 



PROPOSITION IV. 

A THEOREM. 

If two Trja}fgle.f have two Sides equal, each to the 
other refpeSively^ and the Angles alfo, formed by 
tbofe two Sides equah^ their Safes and other An- 
gles will be equal. 

LE T the Triangles ABC, 
DEF, have two Sides 
equal each to the other 
refpeaively-j that is to fay. 
Let AB be equal to DE, r 
and AC to DF j and let 

B 3 the 
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the Angles BAG, EDF, fortn'd by thofe Sides; 
be alfo equal ; I fay, the Bafes BC, EF are e- 
qual •, and the Angles ABC, DEF •, ACB, DEF, 
are equal •, and laftly, the whole Triangles arc 
equal in all refpefts. "^ 

Demonjlration. 

Suppofe the Triangle DEF to be plac'd upon 
the Triangle ABC-, the Side DE being upon AB, 
they will not exceed each other, becaufe they 
are fupposM to be equal ^ £b that the Point E 
will be upon B, and the Point D upon the Point 
A. For the fame Reafon the Line DFwill fall 
upon AC. For if it ftiould fall on the Outfide 
of it, the Angle EDF would be greater than the 
Angle BAG % and if it Ihould fall within AC, the 
Angle EDF would be lefs ^ and yet they are fup- 
pos'd to be equal. Therefore nnce the Point D 
is upon the Point A, and the Line DF falls upon 
the Line AC, to which it is equal, thejr will not 
exceed each other, but the Point F will fall up- 
on C Laftly, Since the Points E and F of the 
Line EF, fall upon B and C*, the Line EF will 
fall upon BC 5 becaufe it can neither fall higher, 
as in BHC, nor lower, as in BGC ^ for then two 
Right Lines would enclofe Space ^ which is con* 
trary to the twelfth Maxim. Therefore the 
two Triangles do not at all exceed each other. 
But not only the Bafes BC, EF, but alfo the 
Angles ABC, DEF, and ACB, and DFE, are 
equal 

CoroU. 
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Ccroll. An Equilateral Triangle hath all its 
Angles equal. 

The USE 

* Suppofe I HA 
were to mea- 
fure an inac- 
ceilible Line 
A B. I ob- 
ferve from 

the Point C, the Points A and B*, and then 
meafure the Angle C. This done, placing a 
Board horizontally, and obferving fucceffive- 
\y by a Rule the points A and B, I draw two 
Lines according to the Rule, which make the 
Angle C 5 and meafure witTi a Yard the Lines 
AC, and BC, which are fuppos d acceffible. 
Then going into an open Field, and placing 
my Board again horizontally upon thePoint F, 
and obferving the Lines that I drew upon it, 
make an Angle DFE equal to the Angle C I 
make likewife FD, FE, equal to CA, CB. 
Then according to this Propolition, the Lines 
BB, and DE, are equal. So thatmeafuringby 
the Yard the acceflible Line DE, I Ihall know^ 
AB, which is inaccelFible. 



B 4 Another 
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Another USE. 

* The fame Propofition may 

* ferve to teach how to hit a 
' Bowl at Billiards by Reflec- 

* tion. Suppofe one Bowl to 

* be at the Point A, and that 

* which you would hit at the 
Point B, and CD the Billiard-Table. Imagine 
then a Perpendicular BDE» and take the Line 
DE equal to BD. I fay, If you dired the Bowl 
from the Point A to E, the Refleftion will car- 
ry it to B. For in the Triangles BED, EFD, 
the Side ED being common, and the Sides BD 
and DE equal 5 as alfo the Angles BDF and 
EDF Right Angles, the Angles BED, EFD are 
equal, by this Propofi tion. The Angles AFC 
DEB, being oppofite, are alfo equal, as I 
fliall demonfirate hereafter. Therefore the 
Angle of Incidence AFC, is equal to the Angle 
of Refleftion BFD ^ and by confequencc the 

' Reflection will be by AFB. 



X 
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PROPOSITION V. 
A THEOREM. 

In Ifofceles, or Equicrural TriMtigles, the Angles 
that are abm>e the Safe are equal ^ as alfo tbofe 
that are belov it. 

LET iht Ifofceles be A D 

ABC, that is to fay, 
let the Sides AB and AC 
be equal. I fay, the An- ^ 
gles A B C, A C B are ' 
equal ^ as alfo the An- 
gles GBC, HCB, that G HI K 
are below the Bafe BC. Suppofe another Tri- 
angle DEF, having the Angle D equal to the 
Angle A \ and the Sides DE, DF equal to AJB, 
AC. Since the Sides AB, AC are equal, all the 
four Lines AB, AC, DE, DF will be equal. 

Bemonfiration. 

Since the Sides AB, DE \ AC, DF, are equals 
as alfo the Angles A and D 5 if the Triangle 
DEF be plac'd upon ABC, they will not exceed 
each other, but the Line DE will fall upon AB 5 
DF upon AC ^ and EF upon BC (by the ^h.) 
therefore the Angle DEF will be equal to ABC 
And becaufe one part of the Line DE falls up- 
on AB, the whole Line DI will be upon AG ^ 
otherwife two Right Lines would have a com- 
mon Segment-, therefore the Angle lEF will be 

equal 
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equal to GBC. Suppofe then the Triangle DEF 
turn'd, and apply'd another way to the Tri- 
angle ABC-, that is to fay, fo as DF may fall 
upon AB, and DE upon AC. Since the four 
lines AB, DF, AC, DE, are equal ^ as alfo the 
Angles A and D : The Triangles will likewife 
agree this way, and the Triangles ACB, DEF, 
HCB, lEF, will be equal. Now, by the com- 
paring them, it appeared, that the Angle ABC 
was equal to the Angle DEFj and GBC to lEF: 
Therefore the Angles ABC, ACB, being equal 
to the fame DEF \ and GBC, HCB, alfo equal to 
the fame lEF, they are equal among themfelves. 

* I was unwilling to make ufe of Euclid*s 

* Demonftration •, becaufe being very difficult, 

* it might difcourage Beginners. 

'i . • - _ ^ ... — 

PROPOSITION VI. 

A THEOREM. 

Tf tvo Angles of a Irlangle be equal, the Triangle 

will he an Ifofceles. 

LE T the Angles ABC, ACB of the Triangle 
I ABC be equal : (fee Fig. preced. ) I fay, it 
is an Ifofceles -, that is to fay, the two Sides AB, 
AC, which are oppofite to the equal Angles, are 
.«qual. Suppofe the Triangle DEF to have a 
Bafe EF equal to BC, aud the Angle DEF equal 
to ABC, as alio DEE equal to ACB : fince the 
Angles ABC, ACB are fuppoa'd to be eijual, all 

the. 
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the font Angles ABC, ACB, DBF, DFE, will be 
equal* Suppofe again therefore the Bafe EF to 
beplac'd upon the Bafe CB, fo that the Point E 
lie upon the Point B, the Bafes being fuppofc'd 
cgual, it is evident they will not exceed each 
other. Further,- the Angle E being equal to the 
Angle B, and the Angle F to the Angle C \ the 
Line ED will fall upon the Line BA, and FD 
uponCA: So that the Lines ED and FD will 
meet at the Point A. From whence it follows, 
that the Line ED is equiil to BA- 

Let then the Triangle DEF be turnd to the 
other Side, and applied another way to the Tri- 
angle ABC s that is to fay, fo that the Point E 
lie upon C, and F upon B : the Bafes BC, FE will 
perfectly agree, being fuppos'd to te equal : 
And becaufe the Angles F, and B, E, and C, are 
alfo fuppos'd to be equal, the Side FD will fall 
upon BA, And ED upon CA ^ and the Point D, 
upon A. Therefore the Lines AC> DE will be 
equal. Whence it follows, that the Sides AC, 
AB are equal between themfelves, being equal 
to the fame Side DE. 

The US E. 

* This Propolition may ferve 

* for taking the Dimennons of 

* any fort of inacceffible Lines. 

* 'Tisfaid that Thales was the 

* firft that meafur'd the Heighth _ 

* of Obelisks by their Shadows : ^ 

* It may be done by this Propofition. For if 

! you. 
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* jrou were to meafure the Height of the Obe- 

* lisk AB \ do but eipeft 'till the Sun be eleva-^ 

* ted 45 Degrees above the Horizon ; that is to 

* fay, *till the Angle ACB be 45 Degrees-, and, 

* by tbisjixtb Proportion, the Shadow BC will be 

* equal to the Obelisk AB. For fince the An^ 

* gle ABC is a right Angle, and the Angle 

* ACB half a right one, or of 45 Degrees ^ the 

* Angle CAB will be half a Right one, as I fhall 
rprove hereafter. Therefore the Angle BCA, 

* BAC, are equal: and (by the 6.) the Sides AB, 

* BC, are ^alfo equal. I can alio meafure the 

* fame Height without making Ufe of the Sha- 

* dow, by taking a Stand fo far from the Point 

* B, asthattheAngle ACBmaybehalfa Right 

* Angle J which may be known by a ^adrant. 

* Thefe Propofitions are of frequent Ufe in 

* Trigonometry, and in all oth^r Tradls. 

* The Seventh Proposition may be omitted, 

* becaufe*tis of no other Ufe but to demonftrate 

* the Eighth^ which may be done without it. 



PRO- 
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PROPOSITION VIII. 

A THEOREM. 

If two TnangUs have all their Sides equal, their 
oppofte Angles will alfo be equal 

IE T the Side GI 
J be equal to LT ^ 
HI, to VT, GH, to 
L V . I fay. That the 
Angle GIH will be 

equal to the Angle t-Z i^V 

LTV5 IGH, to the — 

Angle L •, and IHG to the Angle V. From the 
Centre H, at the Diftance HI, defcribe the Cir- 
cle IG J and from the Centre G, at the Diftance 
GI, the Circle HI. 

Demonfiration. 

Suppofe the Line LV brought upon HG ^ they 
would not exceed each other, becaufe they are 
fuppos'd to be equal. I add. That the Point T 
will. fall precifely upon the Point I: For it 
ought to reach precifely to the Circumference of 
the;Circle IG, becaufe by the Suppofition the 
Lines HI and VT are equal. It ought in like 
manner to reach to the Circumference of the 
Circle IH, becaufe the Lines Gl and LT a*e 
equal. So then it will light upon the Point J, 
being the Point where thofe two Circles cut 
each other. Indeed, if it fell anyjschere^fe, as 
opbijO, tljeLine]HO,thati^ita%,VT,>^^ 
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be greater than HI ; and the Line GOj that isj 
LT, would be lefs than GI 5 which is againft the 
Suppofition. Whence I conclude, That the 
triangles will cxaflily correspond, and the An- 
gle GIH be «qual to the Angle LTV. 

7he USE. 

* This Propofition is neceflary for the Proof 
of thofe that follow. And further. When we 
cannot take the Meafure of an Angle, becaufe, 
the Lines meeting in a Solid Body, we cannot 
apply our Inftruments to it ^ we muft take the 
three Sides of the Triangle, and make another 
upon a Paper, whofe Angles we may mea(ure. 
This is a very ordinary Praftice in GmmonicJuj 
or Diallings and in the Treatifes concern* 
ing cutting Precious Stones, fb as to fit the Pan* 
nels^ and to retain the Waters. 

PROPOSITION IX 

A PROBLEM. 

To divide an Angle into two equal Parts, 

LE T the Angle of SRT he 
proposdto be divided in* 
to two equal Parts. Take the 
Compafs, and from the Centre 
R, at any Diftance, draw the 
Arch ST, cutting off two equal 
Lines RS, RT. Then draw 
the Right Line S T, and (bj the i.J defcribe an 

Equilateral 
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Equilateral Triangle STV. I fay, The Line VR 
divides the Angle into two equal Parts •, that is 
to fay, the Angles VRT, and VRS, are equal. 

Demofijfratiov. 

The Triangles VRS, and VRT, have the 
Side VR common •, and the Side RT was taken 
equal to the Side RS : The Bafe alfo SV is equal 
to VT, becaufe the Triangle SVT is equilate- 
ral. Wherefore (by the 8.) the Angles SRV, 
VRT, are equal. 

The USE. 

* This Propofition is very ufeful to divide the 

* Fourth part of a Circle into Degrees : For 'tis 

* the fame thing to divide an Arch as an Angle 

* into two equal Parts ^ and the Line RV does 

* both V that is. It divides both the Arches S T, 

* and the Angle SRT, Having therefore ap- 

* ply'd the Semi-diameter to the fourth Part of 

* a Circle^ you cut off an Arch of 60 Degrees 5 

* which divided equally, gives an Arch of 30 5 

* and that again divided, makes one of ijfDe- 

* grees. *Tis true, to finilh this Divifion, we 

* muft divide an Arch into three equal Parts, but 

* that is not to be done Geometrically. Pilots 

* alfo divide the Compafs into 3 2 Winds by the 

* help of this Propofition only. 

PRO 
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PROPOSITION. X. 
A PROBLEM. 
To divide a Right Line into two equal Parti. 

C Q Uppofe the Line AB was to be 
%» i3 divided into two equal Parts j 
\ upon the Line AB defcribs an Equi- 
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\g lateral Triangle ABC, {by the i.) 
"^ and divide the Angle ACB into 
two equal Parts by the Line DC, 
(by the 9.) I fay, the Line AB is 
D divided equally at the Point E5 

that is»to fay, the Lines AE and EB are equal. 

Demoftfiration. 

The Triangles ACE and BCE have the Side 
CE common, and the Sides CA and CBare equal, 
becaufe the Triangle ACB is equilateral 5 and 
the Angle ACB being divided equally, the 
Angles ACE and BCE are alfo equal. There- 
fore (by the 4 J the Bafes AE and BE are equaL . 

The USE. 

* Great Ufe is made of this Propofition, orj 

< dinary Praftices frequently requiring us to 
t, divide a Line in the Middle, which Geometric 
c cians require fhould be done exaftly at the firft 
€ Dafti, by a Method that is infallible, and not 
c by Eflay s. ThisPradlice is likewife principally 

< ufeful for dividing Meafures into Icfs Parts. 

PRO- 
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PROPOSITION XI. 

A PROBLEM. 

la draw a Rrpendicvtar to a Line pven^ vgon a 
given Point of the fame Line. 

SUppofe foil were to caife 
a Perpendicular upon the 
Point A in the Line £C : Take 
two eaual Lines, ABandAC. ,/ t >j ' 
onbotn Sides the Point A, ana *' M " I d " 
make an Equilateral Triangle I )., 

BDC upon the Line BC (b^ 
thei.)t fay, The Line AD is Perpendicular j 
that is to fay» The Angles BAD and CAD arc 
^uaL 

Demonfiration, 

The Triangles BAD and CAD have th« 8!de 
AD common, the Sides AC and AB are equal, 
and the Bafes BD and DC alfo equal : There- 
fore (by the %.) the Angles BAD, and CAD, 
are equal $ and (by the lo. iej^n,) the Line AP 
Perpendicular to BC. 




PRO- 
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PROPOSITION XII. 

A PROBLEM. 

To draw a Perpendicular to a. Line given, from a 
Point which is out of the Line. 

A "T F you ivould draw a Perpfen- 

\ jL dicular to the Line BC from 

E \/ the Point A : Having fet the foot 

V, t ,,/^ of the Compafs upon A, defcribe 

XJV' the Circle BC, which ihall cut 

D the Line BC, at the Points B and 

C. Then divide the Line BG into two equal 
Parts at the Point E. I fay, the Line AE is 
Perpendicular to BC. Draw the Line AB, AC. 

Demonfiration. 

The Triangles BEA, andCEA, have the Side 
AE common •, and the Sides EC and EB equal, 
the Line BC having been equally divided at 
the Point E ^ the Bafes AB and AC, being 
drawn from the Centre A to the Circumference 
BC, arelikewife equal: Therefore the Angles 
AEB, and AEC are equal, {by the 8.) and the 
Line AE Perpendicular, {by Be fin. 10.) 

The Method in PraOiice, of dividing the Line 
BC in the Middle, is to defcribe two Arches at 

D, at the fame Interval, from the Centres B 
and C. 
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The USE. 

\ We have need of a Plummet or Squaring 

* line almofl: in all our Operations : No Angles 
\ are in Ufe in Building but the Right ., and all 

* Chairs, Benches, Tables, Buffets, and other 

* Moveables, are framed by the Square. NoSur- 

* vey of Land can be taken without malcingUfe 

* of Perpendicular Lines : Nor can Diallivg be 
i performed without them. The Carpenter's 
« Level contains a right Angle, and the fame is 
f preferred before any other, efpecially by the 
f Freyich^ in Fortification. Laftly, Not only 
I Mathematicians, but alfo the greateft part of 
^.praftical Artifans, require that we fhould 
f T^now how to draw; a Perpendicular. 
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PROPOSITION XIIL 

ATHEOREM. 

One Line falling upon another , makes with it either 
,two right Angles or two Angles equal to two 
Right ones. ' 

LE T the Line AD fall upon BC5 
; I fay, "'twill make with it ei- 
ther: two right Angles, or two An- 
gles^ one Obtufe, and the other A- \ 
cute, which join'd together, fhallbe g ^j — ^ 
of equal Value with two Right ones. 

Demonjfration. 

Suppofe the Line AD to fall perpendicularly 

ttponBC, then 'tis evident ("ij? J^/w. 10.) that 

• . C 2 the 
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he Angles ADB, and ADG, are equal, and By 
confequence right Angles. Or, 
K A Secondly, Silppofe the Line ED 

not to fall perpendicularly upon 
BC, then having drawn a Per- 
pendicular AD (i> tic II.) the 

Angles ADB, and ADC, are 

B D C right Angles, which are of equal 

Value with the three Angles ADC, ADE,EDB. 
But the Obtufe Angle EDC, and the acute 
Angle EDB, are of equal Valtre vrith the three 
Angles ADC, ADE, and EDB : Therefore the 
Angles EDC, and EDB, are of equal Value with 
two Right ones. 

This Propofition may be more eafily demon* 
firated, by defcribing a Semi-circle from the 
Centre D upon the Line BC. For the Angles 
EDB, and EDC, will require a Semi-circle for 
their Meafure, which is the Meafure of two 
right Angles, as I have fliown before (w the 8. 
Befn.) ^ 

Corollary i. If the Line AD falling upon BC, 
make one right Angle ADC, it is evident, the 
other ADB will be alfo a right Angle. 

Corolt. 2. If the Line ED, falling upon BC, 
make the Angle EDB Acute $ the Angle EDC 
will be Obtufe. 

7 be USE. 

* By this means, when we know •ne of the 

* Angles which is made by one Line falling up- 

* on another, we know alfo the other. As for 

* Example : 
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* Example : If the Angk EDB be one of 70 

* Degrees, taking away 70 from 1 80, there will 

* remain 110 for the Angle EDC. This Opera- 

* tion does frequently occur in Trigottometry^ and 

* alfb in Aftronomy^ for finding the Eicentricity 

* of the Circle through which the Sun annually 

* pafles. 



PROPOSITION XIV. 

A THEOREM. 

If two Lines meeting together at the fame Point of 
another Line^ make with it two Angles equal to 
two Right ones ^ they will make but one and the 
fame Line. 

SUppofe the Lines CA. arfd 
DA to meet at the Point A of 
the Line AB •, and that the An- 
gles adjoining, CAB, and BAD, 
are equal to two Right ones. I 
fay, the Lines CA and DA are 
but one and the fame Line •, (b that CA being 
continued, will fall precifely upon AD. 

Imagine, if you pleafe, that CA continued, 
will pafs on to E, and from the Centre A de- 
fcribe a Circle, 

Demonfiration. 

If you fay that CAE is a Right Line, the Arch 
CBE will be a Semi-circle. But 'tis fuppos'd, 
that the Angles CAB, and BAD, are equal to 

C 2 two 
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two Right ones^ and that therefore their Mea- 
fure is a Semi-circle. Therefore the Arches 
C B E and C B D will be equal 5 which is im- 
poffible, one being a part of the Other. There- 
fore the Line CA being continued, willmakebut 
one and the fame Line with AD, 
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PROPOSITION XV. 
A THEOREM:' 

If two Right Lines cut each other ^ the OppoJttB 
^ Angle's at the Top will he equal. 

* TMToi Ko^tcpifiv Eucj. au fimmtt. Gall. 

LE T the Line AB and CD 
cut each other at the Point 
E : I fay, The Angles AEC, 
and DEB, which are opppfite 
atthcTopi are equal, 

f' 

Demonjfration. 

The Line CE falling upon the Line AB, mates 
the Angles AEC and CEB equal to two Right 
ones, (by the 13.) In like manner the Line BE 
falling upon the Line CD, makes the Angle CEB 
and BED equal to two Right ones. Therefore 
the Angles AEC, CEB taken together, are e- 
qual to the Angles CEB, BED-, therefore taking 
away the Angle CEB from both the Angle AEC^ 
will remain equal to DEB (tjf the 3. Maxim.) 

CoroU. 
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CoroU. If two Lines DE, and EC, concurring 
at the fame Point E of the Line AB. foriri with 
it t}\Q oppofite Angles AEC, DEB equal, DE 
and EC make but one Right Line. 

Demovflratioft. 

The Line EC falling upon the Line AB, makes 
'the Angles AEC, and CEB equal to two Right 
ones, {by the i^.J 'Tis fuppos'd likewife that 
the Angle DEB is equal to the Angle AEC 
Therefore th^ Angles DEB, BEC, are equal to 
two Right ones. And (by the 14 J the Lines CE 
and ED make but one Right Line. 

The USE. 

' The two preceding Propo- B 
fitions are made Ufe of to 
prove, that two Lines make 
but one Total. As for Exam- d 
pie : In Catoptricks or Perfpe* 
dives, where that is required 
to prove, that of all the Lines ^ 
that can be drawn by Refledion from the Point 
A to the Point B, thofearethelhorteft, which 
make the Angle of Incidence equal to the 
Angle of Refledion. As for Example : If the 
Angles BED and AEF be equal, the Lines AE, 
and EB, are fhorter than AF, and FB. From 
the Point B draw a Perpendicular BD, and 
make the Lines BD and CD equal •, then draw 
EC, and FC. Firft, In the Triangles BED 
and CED, the Side DE is common 5 and the 

• C 4 t Sides 
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Sides BI> and BC being equal, as alfo the 
Angles BDE, and CDE ; the Bafes BE and 
C£ will be equal ^ as alfo the Angles BED, 
and DEC, (by the 4. j In like manner, I may 
jprove that BF and CF are equal* 

Vemonfiration. 

•The Angles BED and DEC art equal, antt 
the Angles BED and AEF are fuppos'd like* 
wife to be equal \ therefore the oppofite Angles 
DEC and AEF will be equal •, and (by the 
Coroll of the 15.) AEC one right Line-, and 
by confequence AFC is a Triangle, of which 
the Sides AF and FC muft be longer than 
AEC, that is to fay, than AE, and EB. But 
the Lines AF and FC are equal to the Lines 
AF, and FB •, therefore the Lines AF and FB 
are longer than the Lines AE and ^B. And 
iince Natural Caufes always z& by the 
ftiorteft Lines, the Refledion will always hap- 
pen in fuch a manner, that the Angles of Rc^ 
fledion and Incidence (hall be equal. 
* Further, Becaufe we can ealily prove, that 
all the Angles that can be made upon a Plane 
about the fame Point, are equal to four right 
Angles, (forafmuch as in the firft Figure of 
this Propofition, the Angles AEC and AED 
are equal to two Right ones, a& alfo BEC and 
BED to two more) we make a general Rule 
to determine what Polygones may be join'd in 
paving a Hall. Accordingly we fay, that Four 
Squares, Six Triangles, and threq HexagoneSj^ 

* may 
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* may be nfcd for that Purpofe : And that there- 
^ fore Bees are always obferv'd to make their 
i little Cells of the laft ^ that is, of Figures con- 
<> fifting of fix Sides. 
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PROPOSITION XVI. 

A THEOREM. 

The External Angle of a Triangle is greater than 
eitbef of tbe Internal Oppojite Angles, 

PRoduce the Side B C A £ 

of Triangle ABC: 
I Cxy, the External Angle 
AC P is greater than ei> 
ther of the Internal Op- 
pofite Angles, ABC, or 
BAC. Suppofe the Tri- 
angle ABC to be mov'd along the Line BD, 
PP4 carry'd into the Place of CED. 

Demonflration. 

'Tis impoffible that the Triangle ABC IhouU 
be fo mov d, but the Point A muft come into the 
-place of the Point E % and then 'twill appear, 
, <hat the Angle ECD j that is to fay, ABC, 
is lefs than the Angle ACD: Therefore the In- 
ternal Angle ABC is lefi than the External 

ACD. , , , 

'Tis likewife eafie to prove, that the Angle A 

is lefs than the External Angle ACD ; For 
haviogprcdong'd the Side AC as far as F, the 

oppofitc 
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oppofite Angks BCF, and ACD, are equal {by 
the 15.) Therefore caufing the Triangle AiiC 
to Aide along the Line ACF, I ihall demonitrate 
the Angle BCF to be greater than the Angle A. 

The USE. 

* We may draw from this Propofition many 

* ufeful Conclufions. As firft, That from a 

* Point given, only one Perpendicular can be 
I drawn to the fame Line. For Example : Sup- 

* pofe the Line AB to be Per- 
' pendicular to the Line EC ^ 
' I fay. That AC will not be 
' Perpendicular 5 becaufethe 
' right Angle ABD muft be 
' greater than the Internal 
' Angle ACB 5 therefore ACB cannot be a right 

* Angle, nor AC a Perpendicular, 

* Secondly, That from the fame Point A can- 

* not be drawn more than two equal Lines -, for 

* Example, AC, and AD ^ and if you draw a 

* third as AE, it will not be equal to the former. 

* .For fincfe AC and AD are eqnd, the Angles 

* ACD, and ADC are equal, (by the $.) but in 
*. the Triangle AEC, the External Angle ACB 
*'. IS greater than the Internal AEC : And there- 

* fore likewife the Angle ADE is greater than 

* the Angle AED. Therefore the Lines AE, 

* and AD, are not equal ^ nor by confequence 

* AC and AE. 

. * Thirdly, that if the Line AC makes the 
I Angle ACB Acute, and ACF Obtufe, the 

" ' Perpen- 
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* Perperidknlar drawn from the Point A will 

* fall on the fide of the acute Angle. For if 

* you fay that AE is a Perpendicular, and 

* that AEF is a Right Angle -, the Right Angle 
' AEF would be greater than the Obtufe ACE. 
' Thefe Conclulions are ferviceable for meafur- 

* ing Parallelograms, Triangles, and Trapefia, 

* and to reduce them into Redangular Figures. 

PROPOSITION XVII. 

A THEOREM- 

Any two Jiggles of a 7riangle are lefs than 

two Right oftes. 

LETthe Triangle be ABC 5 I 
fay, fhit any two of its Angles 
taken together, as BAC, and BCA, 
are lefs than two Right ones. Pro- 
duce the Side C A to the Point D. 

t 

Demo fijl ration. 

The Internal Angle C, is lefs than the Exter- 
nal BAD, (by the 16.) Add therefore to both the 
Angle BAC -, the Angles BAC, and BCA, will 
be lefs than the Angles BAC, and BAD-, yet 
thofe are but equal to two Right ones, (by the 
15.J Therefore the Angles BAC, and BCA, 
are lefi than two Right ones. 

After 
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After the fame manner I can demonftrate the 
Angles ABC, and ACB, to be lefs than two 
Right ones, by producing the Side BC. 

Coroll If one Angle of a Triangle be a Right 
or Obtufe Angle, the other are Acute. * 

* This Propofition is neceflary to demonftrate 
* thofe that follow. 

ft 



PROPOSITION XVIII. 

A THEOREM. 

In every Triangle whatfoever, the greatefi Sie is 
oppos'd to the greateft Angle, 



jn. 



SUppofe the Side B C of 
the Triangle ABC, to be 
. . , . greater than the Side AC j I 

^'^ Jj. %, The Angle BAC. that is 

** D Coppos'd to the, Side BC, is 

, great than the Angle B, which 
js oppos d to the Side AC. Cut the Lihe BC 
Ml D, fo that CD may be equal to AC 5 then 
drawtheLmeAD. 

Demenjlration. 

' Since the Sides AC and CD, are equal, the 
Triangle ACD will be an Tfofceles, and (by the 
y.) the Angles CD A, and CAD, equal Now the 
whole Angle BAC is greater than the Angle 
CAD: Therefore the Angle BAC is greater 
than the Angle CDA j which yet being an 
External Angle in refpea of the Triangle ABD, 
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is greater than the Internal B, (by the 16.) 
Therefore the Angle B AC is greater than the 
Angle B. 




PROPOSITION. XIX. 

A THEOREM. 

tn every Triangle, the great efi Avgle is oppasd to 

the greateft Side. 

LE T the Angle A of the 
Triangle BAG be greater 
than the Angle ABC I fay. 
The Side BC, which is oppos'd 
to the Angle A, is greater than 
the Side AC^ that is oppos'd to the Angle B. 

Demovfiration. 

If the Side BC be not greater than the Side 
AC, 'tis either equal*, and then the Angles A 
and B would be equal ^ (by the $.) which is con- 
trary to the Suppofition : Or lefs, and if fo, 
the Side AC being greater than BC, the An* 
gle BC would be greater than the Angle A, 
though the contrary be fuppos'd. It remains 
there&rr, that the Side BC is greater than the 
Side AC. 

The USE. 

1 

* We may prove from thefe Propofitions, not 
I only that no more than one perpendicular 

^ cao 
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^ can be drawn from the feme Point to the fame 

; Line 5 but alfo that it is the Ihorteft of alL 

j^ ' As for Example : If the Line 

RV be Perpendicular to ST, it 
will be lefs than RS; Becaufe 
the Angle RVS being a right 
Angle, the Angle RSV will be 
an Acute, (iji the Carott. of the 
1 7.) and the Line RV will be 
lefs than RS, (by the preceding.) Therefore 
Geometricians do always make ufe of a Per- 
pendicular, when they take the Dimenfions 
of any Thing, and redjice irregular Figures 
to fuch as have one or more right Angles. I 
add. That it being impoffible that more than 
three Perpendiculars ftioiild meet at the fame 
Point, it cannot be imagined that there fhould 
be more than three Species or Kinds of Quan- 
tity, ^ Line, a Superficies, and a Solid 
Body. 

' By thefe Propolitions we likewife prove. 
That a Bowl exaftly round cannot reft, but 
upon fuch a certain Point Fot Example: 

' Let the Line AB repre- 
' fent a Plane, and C the 

* Centre of the Earth, and 
' that CA be drawn Pcrpen- 
' dicular to the Line AB 5 

* I fay. That a Bowl being 

* plac'd upon the Point B, cannot reft there, 
' For a heavy Body cannot reft, when it may 

* defcend. Now the Bowl B moving towards 

' A 
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A, continually defcends, and approaches near 
' the Centre of the Earth C ; becaufe in the 

* Triangle CAB, the Perpedicular CA is fhort- 
' erthanBC. ; 

' In like manner we prove, that a LiqiudBo- 

* dy muft flow from B to A, and that its Super- 

* ficies muft be round. 



PROPOSITION XX. 

A THEOREM. 

Any two Sides cf a Triangle taken together, are 

greater than the tbiikl, 

TSay, that the two Sides TL, 
LV, are greater than the Side 
TV. Some Men prove this Pro- 
pofition; by the Definition of a 
Right Line, which is the fliorteft 
that can be drawn from one Point y 
to another: Therefore the Line 
TV is lefs than the two J.ine^s TL and 

But it may alfo he demonftratcd another wair. 
Continue the Side VL toR, fo that the Lines 
LR and LT be equal . theA draw the Lioc 
■RT. 

pemovfiratton. ■ 

The Sides LT, ^and LR, 'of the Triartgle 
LTR, are equal} therefore the Augle R, and 

LTR, 
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LTR, are equal •, (by the 5.) But the Angi<S 
R.TV is greater than the Angle RTL .* There- 
ford the Angle RTV is greater than the Angle 
R ; And (by tie 19.) in the Triangle RTV, the 
Side RV, that is to fa/t the Sides LT and LV 
are greater than the Side TV. 




PROPOSITION XXI. 
A THEOREM. 

tfa fmall TriatigU be iefcrlFi witUna greatei< 
upon the fame BaJCy the Sides of the fmall one 
trill be Ufs than tbofe of the greater } but tlef 
vill form a greater Angle. 

f ET the fmall Triangle ADB be 
I jdefcrib'd vrithin the Triangle 
ACB, upon the fame Bafe AB. I 
fay, Firft, The Sides AC and BC are 
B greater than the Sides AD and BD. 
Continue the Line AD to £. 

Demonfirailon. 

In the Trjangle ACE, the Sides AC and CE 
are greater than the Side AE alone, (by the 20.) 
Therefore, adding to them the Side EB 5 the 
Sides AC, andCEB, are greater than the Sides 
AE, andEB. In like manner in the Triangle 
DBE, the two Sides BE and ED are greater 
than the Side BD alone -, and adding toe Side 
AD, the Sides ADE, and EB, wiU be greatef 
than AD and BD. ^ > 
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4 tky further, TBat the Angle ADB is greater 
than the Angle ACB: For the Angle ADB is 
sm external Angle, in refpedl of the Triangle 
DBE, and therefore greater than the Inter* 
nal Angle DEB, (by the 16.) In like manner 
the Angle DEB, being an external Angle in 
refpeO: of the Triangle ACE, is greater than 
the Angle ACE therefore the Angle ADB is 
greater than the Angle ACB. 

The VSk 

* B7 the help of this Propoiition we demon- 
ftrate in Opttch^ that the Bafe AB viewed 
from the Point C, will appear lefs than when 
it is beheld from the Point D *, according t6 
that Principle, That Quantities viewed un- 
der a greater Angle, will appear greater. 
Therefore 'tis that Vitruvius advifes, not 
miich to leflen the Tops of very high Pillars 5 
becaufe they being fo remote from our Sight, 
quickly appear flender enough without being 
diminilhed^ 



i) PRO- 
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PROPOSITION XXII. 
A THEOREM. 

To defcribe a Triangle^ wbofe Sides Jball be eqval 
to three Sides given, provided that any two of 
them he greater than the third. 

LET it be proposed to defcribe 
a Triangle, whofe Sides (hall 
be equal to three Lines given, 
AB, D, and E. Meafure with the 
Compafs the Line D, and fetting 
one Foot thereof upon the Point 
B, make an Arch. Then take th^LineE, and 
placing the Foot of your Compafs upon the 
Point A, make another Arch, cutting the formet 
at the Point C : Which done, draw the Lines 
AC, and BC. I fay. That the Triangle ABC 
is (iich a one as you defire. 

Demonjtration^ 

The Side AC is equal to the Line E, because 
It reaches to the Arch which is drawn from the 
Centre A at the Diftance of the Line E 5 and for 
the fame Reafon the Side BC is equal to the 
Line D: Therefore the three Sides AC, BC, 
and AB, are equal to the Lines E, D, and AB^ 

I added a Provifo, That the two Lines ihould 
be greater than the third ; becaufe otherwiie, 
if the Lines D and E were lefs than the Line 
AB, the Arches could not cut each other, 

Ibe 



The iFirJi Ecok. 47 

The USE. 

* This Piopolition may be ufeful for de- 
fcribing a Figure equal or like to another : 
For having divided that, which is proposed to 
be equaird, or imitated, into Triangles •, and 
made other Triangles, having equal Sides wit|i 
the former 5 we mall have a Figure eiaftlv 
equal. But if we delire only one that, is 
like, but Icfs, as when we would defcribe a 
Plain, or Country, upon Paper : Having di- 
vided it into Triangles, and meafur'd all th^ir 
Sides, we muft make fimilar Triangles-, giving 
to each of their Sides fo many Farts of a 
Scale^ or Line divided into equal Parts, as the 
Sides of the Triangles proposed have of Yards 
or Feet. 

M I I iiy wm ■!■■ ■ . M il. 

PROPOSITION XXIII. 
A PROBLE M. 

lt» make an Angle equal to another at a Point of a 

Line given. 

Strppofe you were to make 
an Angle at the Point A of ' 
the Line AB, equal to the 
Angle E D F. Defcribe from 
the Points A and D as Centres, /W' 

two Arches BC, and EF^ at the fame W'idenefs 
of the Compafs ^ then take the Diftance EF, 

D 2 and 
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and having meafured as much in BC, draw 
the Line AC. I fay, the Angles BAC, and 
EDF, are equal. 

Demovfiration. 

The Triangles ABC, and DEF, have the 
Sides AB, and AC, equal to the Sides D£, and 
DF i fince the Arches BC and EF were defcri- 
bed with the fame Widenefs of the Compaft, 
the Bafes alfo BC and EF are equal ^ therefore 
the Angles' B A C and £ D F are equal, ( by 
the 8.) 

The USE. 

This Problem is fo neceflary in Gdodefa^ 
Fortifications^ PerfpeSive^ Dialling^ and all other 
Parts of the Mathematicks, that the greateft 
Part of their Operations would be impoffible, 
if we did not know how to. make one Angle e- 
qual to another, or of fuch a Number of De- 
grees as we pleafe. 



PRO- 
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PROPOSITION XXIV. 

A THEOREM. 

Of two Triangles^ having each two Sides equal to 
two of the other ^ that which has the greatefi 
AngUy has alfo the greatefi Bafe. 

LE T the Triangles, ABC, DEF 
have the Sides AB and DE, 
AC and DF equals and let the 
Angle BAC be greater than the 
Angle EDF. I %, The Bafe BC 
is greater than the Bafe EF, 

Make the Angle EDG equal to 
the Angle BAC, (by the 23.) and 
the Line DG equal to AC-, then draw the Line 
EG. Fuft, The Triangles ABC and DEG, ha- 
ving the Sides AB and DE, AC and DG, equal, 
and the Angle EDG equal to the Angle BAC ; 
their Bafes BC and EG will be equal, (by the 4.) 
and the Lines DG and DF being both equal 
to AC, will be equal betwixt themfelves. 

Demoftfirafion. 

In the Triangle DGF, the Sides DG and DF 
being equal, the Angles DGF, and DFG will be 
equal, (by the %.) But the Angle EGF is lefs 
than the Angle DGE, and the Angle EFG is 
greater than the Angle DFG. Therefore in the 
Triangle EFG, the Angle EF6 will be greater 

D 9 than 
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than the Angle EGF : And therefore (hy tie 1 8.) 
the Line EG oppos d to the greater Angle EFG, 
will be greater than EF, Therefore BC, being 
tq^ual to EG, is greater than EF, 



^f^ 



PROPOSITION XXV, 
A THEOREM. 

Of two Triangles . having each two Sides equal ta 
two of the other 5 that which has the ff^catefi 
Bafe^ has likewife the greatefi Angle. 

LE T the two Triangles ABC, 
DEF, have the Sides AB, 
DE, and AC, DF, equals and 
let the Bafe BC be greater than 
^ the BafeEF. I fay. That the 
"^ Angle A will be greater than the 
Angle D. 

DemonfiratioHn 

. If the Angle A be not greater than the Angle 
D 5 it will be either equal, and then the Bafes 
BC, EF, will be equal, (by the 4.) or it will be 
lefs, and the Bafe EF greater than the BafeBC, 
(by the 24,} but both are contrary to the Suppo- 
iition. 

* Thefe Prppoiitions arc neceflary to demon- 
I ftiat? thqfe tnat come after, 

PRO' 
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PROPOSITION XXVI. 

A THEOREM. 

If one Triangle has one Side^ and two Angles j e- 
qual to tbofe of another Triangle -^ ^tis equal 
to it in all RefpeSs. 

LET the Angles ABC, DEF; 
ACB, DFE, of the Triangles 
ABC, DEF, be equal 5 and the 
Sides BC, and EF, which are be- 
tween thofe Angles, alfo equal. I 
fay. That the other Side^are equal. 
For Example, AC, andDFj Ima- 
gine, if you pleafe, the Side DF to ^ E 
be greater than AC^ and cutting GF equal to 
AC, draw the Line GE. 

Demonjlration. 

The Triangles ABC, GEF, have the Sides 
EF, BC, AC, GF, equal-, the Angle C is alfb 
fuppos'd to be equal to F. Therefore (by the 4. ) 
the Triangles ABC, GEF, are equal in all 
RefpeSs ^ and the Angles GEF, and ABC, are 
equal. But we fuppos'd the Angles ABC, 
DEF, to be equal : And fo the ^nglLcs DEF, 
GEF, would be equal •, that is. The whole to 
the Part, which is impoffible. Therefore the 
Side DE will not be greater than the Side AB, 
nor AC greater than DF, becaufe the fame De* 
monftration may be made in the Triangle ABC. 

D 4 Again, 
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Again, Suppofe the* Angles A and D, C an4 
F to be equal ^ and alfo the Sides BG, and 
EF, opposed to the Angles A and D, to be cr 
qual. I fay, The other Sides are equal. For 
if DF be greater than AC, cut GF ecjual to AC, 
and draw the Line GE, 

Demonfiration. 

The Triangles ABC, GEF, having the Sides 
EF, BC, FG, CA, equal, will, (by the 4.; be 
equal in all Refpedls : And the Angles EGF, 
BAC, will be equal. But we fupposM, that 
the Angles A and D were equal, therefore the 
Angles D, and EGF, muft be equal, which is 
impoflible, fince the Angle EGF, being the 
external Angle in refpedl of the Triangle EGD, 
muft be greater than the internal D, {by the 16.J 
therefore the Side DF is not greater than AC» 

The US E, 

^ T&^ki made ufe of thisPropofition, to mea- 

* fure inacceflible Diftances. For Example: 

* The Diftance A D 

* being propofed, he 
' would draw from the 

* Point A, the Line 

* AC Perpendicular to 

* AD: Then defcribing a Semi-circle at the 

* Point C, woiild mealure the Angle ACD, 

* and take another equal to it on the other Side, 

* prolonging the Line CB 'till it meet with the 

* Line DA at the point B ^ and then demonftrate 




I 
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* the Lines AD and AB to be equal j fo that 

* raeafuring the Line AB, which was acceffible, 

* he could know the other which was not. For 

* the two Triangles ADC, and ABC, have tho 

* right Angles CAD and CAB equal, the An- 

* gles ACD, and ACB are alfo taken equal j 
« and the Side AC is common to both : There- 
« fore (by the 26.) the Sides AD and AB are e- 
< gual. 

A L ISM MA. 

A Line which is Perpendicular to one of tvo Pa" 
raUelsy is alfo Perpendicular to the other. 

ET the Parallel Lines be AB A E B 

J and CD, and let EF be Per- 

' pendicular to CD. I fay, 'Tis 

* alfo yerpendicular to AB. Cut 

* the LineCF equal to FD, and 

* upon the Points C and D raife two Perpendi- 
« culars to CD, which, by the Definition of Pa- 

* rallels, will be equal to fEj then draw th« 

* Lines EC and ED. 

Venonftration. 

* The Triangles CEF, ahd DEF, have the 
^ Side F£ common, the Sides CF, FD, equal 

* and the Angles CFE, and DFE, Right, and by 

* confequence equal j therefore (by the 4.. J the 
« Bafes EC, ED, and the Angles FED, FEC, 

* and FCE, FDE, will be equal j the two laft 

* of which being taken away from the right 
I ^ngle ACF and BDF, leave the two Angles 

' ACS 
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« ACE, and BDE, equal : Therefore the Tri- 

* angles CAB, DBE, will have (by the ^.) the 

* Angles DEB, CEA, equal-, which being ad- 
^ ded to the equal Angles CEF, DEF, make the 

* Angles FEB, and PEA, equal 5 therefore the 

* Line EF is Perpendicular to AB. 

PROPOSITION XXVII. 

A THEOREM. 

Jfa Line^ falling won two others^ makes with them 
the Alternate Angles equal, tbofe two Lines are 
far all eL 

LE T the Line EH, falling 
upon the Lines AB and 
CD, make with them the al- 
ternate Angles AFG, FGD 
equal. I fay, Firft, The Lines 
AB, and CD, will never con- 
cur, tho' continued as far a$ 
Tou pleafe : For fuppofe them to concur in I, 
knd that FBI, and CDI are two right Lines, 

Demonjlration. 

If FBI, and GDI, be two right Lines, FIG is 
a Triangle 5 and (by the 16,) the external Angle 
AFG, is greater than the Internal FGL They 
cannot therefore be equal, if the Lines AB and 
CD ever concur, 

' But 
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< But becaufe we have Examples of fome 

♦ crooked Lines, which never concur 5 and yet 
^ are not Parallels, approaching ilill nearer and 

* nearer to each other. 

I fay. Secondly, That if the the Line EH, fall- 
ing upon the Lines AB, and CD, 
makes the alternate Angles AFG, 
and FGD, equal 5 the Lines AB, 
CD, are Parallel, or in all Re- 
fpeds equally remote from each 
other, fo that the Perpendiculars 
between them will be equal. From 
the Point G draw the perpendicu- 
lar G A, to the Line AB ^ and taking GD equal 
to AF, draw FD. 

Demonfiration, 

The Triangles AGF, and DFG, have the Side 
FG common •, the Side GD is al{b taken equal 
to the Side AF, and the Angles AFG and FGD 
fuppos'd to be equal ; Therefore (by the 4.) the 
Safes AG and FD are equal, and the Angle 
CDF is equal to the right Angle CAB j there- 
fore FD is Perpendicular. I add. That the 
Line AB is Parallel to CD : For the only Parallel 
Line that can be drawn from the Point F to the 
Line CD, ought to pafs by the Point A, ac- 
cording to the Definition of Parallels J which 
requires, th^t the Perpendicular Lines AG and 
fl) be equal, 



PRO- 
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PROPOSITION. XX VIII. 
A THEOREM. 

If a Line^ falling upon two others^ makes the ex-' 
ternal Angle equal to the internal oppofte Angle 
on the fame Side •, or the two internal Angles on 
the fame Side equal to two Right ones^ thofe two 
Lines will be Parallel 

IN the precedent Figure, fuppofe the Line 
EH, falling upon AB and CD, to make firft 
the external Angle EFB equal to the internal 
oppolite Angle on the fame Side FGD : I fay. 
That tJie Lines AB and CD are Parallel. 

Demonfiration. 

The Angle EFB is equal to the Angle AFG, 
keing oppos'd to it at the Top, {by the ij.) and 
'tis fupposM that the Angle FGD is alfo equal 
to the Angle EFB : Therefore the alternate 
Angles AFG, FGD, will be equals and {by the 
27. j the Lines AB, and CD, will he Parallel. 

I fay. In the fecond Place, That if the Angles 
BFG, and FGDj which are the internal Angles 
on the fame Side, be equal to two Right ones, 
the Line^ AB and CD will be Parallel. 

Demonflration. 

^ The Angles AFG and BFG are equal to two 
right Angles, {by the 13 J and 'tis fuppos'd that 
the Angles BFG, and FGD are alfo equal to two 

right 
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tight Angles j therefore the Angles AFG, BFO, 
are equal to the Angles BFG, andfGD) there* 
fore talcing away the Angle BFG, which is 
common to both, the alternate Angles AFG and 
FGD will be equal ^ and (by the 27.) the Lines 
AB and CD will be Parallel 

PROPOSITION XXIX. 

A THEOREM, 

Ij a Line cut two Parallels, the alternate Angleg 
will he equal '^ the external Angle will be equal 
to the Internal Oppojtte Angle j and the two In- 
ternals on tbefam^ Side will be equal to two right 
Angles^ 

LE T the Line EH [fee Fig. frecedr\ cut the 
I two Parallels AB, and CU ^ I fay, Firft, 
The alternate Angles AFG, and FGD, axe e* 
quaL From the Points F and G draw the Per- 
pendiculars GA, and FD, which by the De- 
finition of Parallels are equal. 

Bemonfiration. 

In the Reftangle Triangles AFG, and FGD, 
the Sides F D and AG being equal, asalfothe 
Right Angles A and D, and the Side FG com- 
mon to both : I fay, Firft, That the Side GD 
is equal to AF. For if GD be greater-, having 
cut the Line DI equal to AF, and drawn the 
Line FI $ the Triangles AFG and FDI would 

have 
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have their Bafes G F and F I equal, ifrhidi is 
Impoi&ble. For fince the Angle D is aright 
Angle, the Angle FID is an Acute, and FIG 
an Obtufe, (by the ij,) Therefore (bj the i8.; 
in the Triangle FIG, the Side FG opposM to 
the Obtufe Angle, is greater than FI. There* 
fore DG is equal to AF^ and the Triangles 
AFG and FGD, having all their Sides equal, 
will have the alternate Angles AFG and FGD 
equal, as being oppos'd to the equal Sides AG, 
and FD. 

I fay again. That the external Angle EFB 
is equal to the external EGD •^ becaufe (by the 
I ?.) it is equal to its oppofite Angle AFG, which 
is equal to its alternate FGD. 

Laftly, Since the Angles AFG and GFB are 
equal to two Right ones ^ taking away AFG, 
and fubltitttting in its place its alternate FGD« 
the two internal Angles GFB, and FGD, will 
\yQ equal to two right Angles. 

m USE. 

* Eratojihenestonnd out ^ by thefepropofitions^ 

* a way of meafuring the Circuit or Circum- 

* ference of the Earth. In order to which, he 

* fuppos'd two Rays, proceeding from the Centre 

* of the Sun to two Points of the Earth, to be 

* Phy fically parallel ^ and alfo that at Syene^ a 

* Town in the higher Parts of Egypt ^ the Sun 

* comes exaflly to the Zenith upon the Day of 

* the Solftice, obferving the Wells there to be 
I then illuminated to the very Bottom ^ and 

* likewife 
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likewife compufed the Diftance between Al* 
exandria and Sjene^ by Miles or Ftwlougs. 
' Let us therefore fuppofe 
iSye?/^ to be at the Point A) and 
Alexandria at B, where we e- 
reft a Style BC Perpendicalar 
to the Horizon ^ and let the 
two Lines DF and EG repre- 
fcnt two Rays t)roceeding from the Centre of 
the Sun upon the Day oif the Solftice, which 
are parallel to each other. DA, which paf- 
fes by Syeve^ is Perpendicular^ that is, it pal^ 
fes through the Centre of the Earth. Hav- 
ing obferved by the Perpendicular Style EC 
the Angle GCB, made by the Ray of the Sun 
EG 5 I fay. The Rays DA and EG being par- 
allel, the alternate Angles GCB and BF A are 
equal : By which means we have got the 
Angle AFB, and its .Meafure AB ^ which 
gives us in Degrees the Diftance between 
Akxmdria and Syen^. And having fuppos'd 
it to be known in Miles, ifhe Circumference 
^ the Earth joay ^be found by the iimple Rvh 
of Three diied^ frying, Iffo fnafiy Degr^s 
givefo many Miks^ hap many will ^60 give > 
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PROPOSITION XXX- 

A THEOREM. 

tines parallel to a tbird^ are alfo parallel amoft^ 

tbemfelves. 

Uppofe the Lines AB 

_ and FE to be paralki 

to the Line CD: I fay, 

5- they are parallel betwixt 

. themfelves. Let the Line 

* AL cut them all three. 




s 



Demoftjlration. 

Forafmuch as the Line AB and CD are 
parallel, the alternate Angles AHI, and HID, 
are equal, (by the 29.) and becaufe the Lines 
CD and EF are alio parallel, the external 
Angle HID will be equal to the internal ILE, 
(by the fame:) Therefore the alternate Angles 
AHI, and ILE, will be equal, and the Lines 
AB and FE parallel, {by the 27.; 



PKO 
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PROPOSITION XXXL 
A PROBLEM. 

Th iraw a Line par aUel to another hy aPoxnt given. 

X ET itberequir'dtodraw 
I i a Line by the Point Q 
which fliall be parallel to the 
Line AB. Draw the line CE, 
and make the Angle ECD e- 
qual to the Angle CEA : I fay^ the Line CD is 
Parallel to AB. 

Demofifiration* 

The alternate Angles DCE and AEC are e- 
qual : Therefore the Lines CD and AB are 
Parallels. 

* The eleventh Maxim, i e. If a Line fallr 

* ing vpon two others makes the internal Angles left 

* than two right Angles^ tbofe Lines wiU concur^ 

* may alfb now be eafily demonftrated. 

Let the Line AC, falling up- a _E 

on the Lines AB and AD, 
iBake the internal Angles ACD, 
and CAB, lefs than two right 
Angles: I fay, the Line AB 
and CD will concur. Let the 
Angles ACD and C AE be equal to two right 
Angles : The Lines AE and CD will be Parab 
els^ (by the 28.) Take the Line AB as long as 
you pleaft, and by the Point B draw FE 

£ parallel 
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Parallel to C A. Then take the Line EB fo oft 
as is neceflarjr, to matfe it ijeach lowrM that the 
Line CD ^ as in the prefent Figure Lhave taken 
it only twice 5 fo that EB^nd BF are equal. 
By; the Point F draw a Parallel FG equal to AE,, 
a Ad ]oih the tine GB. I faf, That the Line ^ 
ABC is only one Line ^ ?nd that therefore tha 
LinB AB contrtrrring in FG, if the. Line CI) be 
continued, fince it, cannot cut its Parallel FG, 
it will cut the Line BG between B and G, 

Demoyifiration. 

T^e Triatigles AEB^afidBFG have the Sides 
AE and FG, BE and JBF^ equal •, as alfo the al- 
ternate Angles A^B^ and BFG, (by the 29.) 
therefore they are equal in allRefpedts, (by the 
4O And the. opppftte Angles ABE, FBG, are e-. 
qual 5 and by confequence (by the Coroll. of the 
15.) AB aiid BG make but one right Line. 

.:iheVsB:\ 

* The Ufe of Parallel Lines is very coinmon^ 

* as in PerfpeSivej^ forafmuch as theAppeajrance^ 

* -or Images of Lines parallel tp the Piftur? or 

* Table, are parallel among theipfe^yes,. in 

* Navigation^ the. Lines of %h^ 4fme Rhomb of 

* the Wind are ^efcribed by Parallels. Polar 

* Dials have the Hour-lines f ajallels. The 

* Compafs of Proportion -is founded ajifoupon 

* Parallels. - 

< * ' ' \ 

. . , ■ PRO- 
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PROPOSITION XXXII. 

A THEOREM. 

The externtl Angle of a Triangle is equal to both 
the internal oppojite Angles, taken together ^ 
and all the three Angles of a Triangle are equal 
to two right Angles, 

LE T the Side BC of the 
Triangle ABC be pro- 
duc'd to U I fay. That 
the external Angle ACD is 
equal to both the internal ^ 
A ngles A and B taken to: 
gather. By the Point C draw the Line CE 
-parallel to the Line AB. 

jDemofifirdtton. 

The Lines AB and G£ are Parallels-, there- 
forq,. {by thf ?9,j the alternate Angles EGA and 
BAG are equ^l 5 and (i> f ^^ fame) the external 
^ngle ECD is equal to the 'internal B:. And by 
COnfequence^ the^v^fhole Angle AGD, being equal 
to both the A ngles AGE,' an.d ECD, of which 
it is composed, Will, be equal to both the Angles 
A and B taken together. - - 

In . the . fecQpd . jjlafre ,: ; fhe Angles AGD and 
ACB are eq^al to^wp righli.Angles, (by tb& 1 3,) 
:andI'haye.4:^]^pnftrate(i>ti^e*^Angle ACD to be 
•equpko Wthi the Angles A and B taken together ^ 

E 2 therefore 
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therefore the Angles ACB, A, andB, that is to 
fay, All the Angles of the Triangle ABC, art 
equal to two right Angles, or, which is all one, 
to 1 80 Degrees. 

Corollary i. All the three Angles of one Tri- 
angle are equal to all the three Angles of ano- 
ther Triangle. 

CorolL 2. If two Angles of one Triangle be 
equal to two Angles of another Triangle, their 
third Angles are alfo equal, , . 

CarolL 3. If a Triangle has one right Angle, 
the other two will be Acute ^ and t^ken toge- 
ther, will be equal to one right Angle, 

Corolh 4. From a Point given, only one Per- 
pendicular can be drawn to the fame Line^ be- 
caufc a Triangle cannot have two right An- 
gles. 

Coroll. 5; . A Perpendicular is the fliorteft of 
all the Lines that can be drawn from the fame 
Point to the fame Line. 

Coroll. 6! In a Reftangle Triangle the right 
Angle is the greateft Angle 5 iand the Side op- 
posed to it the greateft Side. 

Cor ell. 7. Every Angle of an equilateral Tri* 
angle contains 60 Degrees \ That is to fay. The 
third Part of i'8o. 

Tie USiE, 

* This Propofition 16 of Ufe in JJlrsnomj^ ta 
^ determine the Sarallax. Suppofe the Point 
* A to be the Centre of the Earthy and that 

* from 
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from the Point A upon the 
Superficies be taken the Angle 
DBC, that is to fay, the Di- 
ftance of a Star from the Zenith 
D. If the £arth was tranfpa- 
rent, the Star would appear re^ 
mote from the Zenitb D^ according to the 
Bignefsof the Angle CAD, which is lefs than 
the Angle' CBD. For the Angle CBD being 
the external Angle in refpedt of the Triangle 
ABC, it is (by the 52 J equal to both the op- 
pofite Angles A and C Therefore the Angle 
C will be eqiial to the Excefs of the Angle 
CBD above the Angle A. Whence I infer. 
That if I can know by the Afironomical Tables 
how far remote from the Zenitb the Star ought 
to appear to him thatfliould be at the Centre 
of the Earth, and obTerye it at the fame time 
from the Superficies^ the Difference of thofc 
two Angles will be the Parallax BC A. 
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\ • 

PROPOSITION XXXIII. 

A THEOREM. 

Two Lines drawn towards the fame PartSy freni 
the Extremities of tvfo other Lines that are equal 
and parallel^ are alfo tbemfelves equal and pa^ 
rallel. ... ' 



D C y E T the Line AB and CD 



be parallel %xA equal 5 apd 

let the Lines AC and BP b« 
^ drawn from their Extremities 

towards the fame parts : I fay, 
That the Lines AC and BD are equal and par 
rallel. Draw the Diagonal Line BC. 

Deinonfiration. 

Since the Lines AB and BD are parallel, the 
alternate Angles ABc and BCD will be equal 
(by the 29.) Therefore in the Triangles ABC 
and BCD, which have the Side BC common, 
and the Sides AB and CD equal, together with 
die Angles ABC and BCD equal alfo, the Bafes 
AC and BD will be equal, {by the 4.) and alfo 
the Angles DBC, and BCA 5 which being al- 
ternate Angles, the I^nes AC and BD will be 
parallel, (by the 27.) ' 

The USE. 

* This Propofition is reduc'd to Praftice for 
* the meafuring the perpendicular Heights, 

I AG, 
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* AG, of the vafteft Mo.untains •, 
*, and ^Jfo their horizontal Lines, 

' ' CG, which are hid by their Bulk. 

* Take a large Square ADB, and 

* place it fo at the Point A, that 
':* the Side DB may fall perpendi- 

* cularly \ then meafure the Sides AD and DB. 

* This done, do the fame again at the Point B, 

* and meafure BE and EC : The Sides i:)arallel 

* to the Horizon AD, BE^ added. together, give 

* the Horizontal Line CG •, and the perpendi- 

* cular Sides PB arid EC, give the perpendi- 

* cular Height AG. This way of Meafuring 
. * is call'd ^ Cvltellation. 

•* Menfunng hy PiecemeaL 

■ I ■[ BP ■■ ■ill» 1 ^ I I I II ■ II ■ ■ ■ » ' .1 I ■ 

f RGPGSITION XXXiy. 

A THEOREM. 

■7be pppbfite Sides a>id Angles of a Paraiklogyam 
are equal j and the Diameter divides it into two 
eqnal Parts. 

SUppofe the Figure ABDC {See the Fig. of the 
preceding Prop.} to be a Parallelogram, that 
is to fay, that the Sides AB, CD j AC, andBD, 
are parallel. I fay. The oppolite Sides yVB, 
CDj AC andBD, are ^qualj as alfo that the 
Angles A and D^ ABD and ACDj and th^t 
the Diameter ' BC equally divide^ the whole 
Fig^ire'. 

E 4 Demon* 
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Demonfiration. . 

The Lines AB, and CD, are fuppos'd to be 
Parallels : Therefore the alternate Angles ABC 
and BCD will be equal, (hy the 29.) In like 
manner the Sides AC and BD being fuppos'd to 
be Parallels, the alternate Angles ACB and 
DCB will be equal. And further. The Trian- 
gles ABC, and DCB, having the fame Side BC •, 
and the Angles ABC, BCD5 ACB, and CBD 
equal, will be equal in all refpefts, {hy the 28J 
Therefore the Sides AB, CD ^ AC and BD, and 
the Angles A and D, are equal : And the Di- 
ameter divides the Figure into two equal Parts. 
And iince the Angles ABC, BCD, ACB and 
CBD,^ are equal, joining together ABC and 
CBD -,< and likewife BCD and ACB, we infer 
that the oppofite Angles ABD and ACD are 
tquah 

The US B. 

E B * Surveyors have need of this 

'^^'^ * Propofition for dividing Grounds* 

* If the Field be a Parallelogram, 

^ ^ — =. * they can divide it into two equal 
^^ ^ c paj,^s i^y ^]^e Diameter AD But 

* if you be obligM t6 divide it by the Point E ^ 
' divide firft the Diameter into two equal Parts 

* by the Point F, then draw the Line EFG, 

* which will divide the Figure into two equal 

* Parts. For the Triangles AEF and GFD^ 

* having the alternate Angles EAF, GDF ^ 

* and 
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and AEF, FGD ^ and the Sides AF and FD 
equal, are equal (by tie 26.) and lince the 
Trapezium BEFD with the Triangle AEF 5 
that is to fay, The Triangle ADB, is half the 
Parallelogram, (by the 34.; the fame Trapezi- 
um BEFD with the Triangle DGF will behalf 
the iame. Therefore the JLine EG divides 
it in the Middle, 




PROPOSITION XXXV. 

A THEOREM. 

FaraMograms^ having the fame Baje, and beittg 
between the fame Parallels^ are equal. 

LE T the Parallelograms be 
ABEC, and ABDF, hav- 
ing the fame Baf^ AB, and be- 
ing between the fame Parallels 
Afiand CD: I fajr. They are 
equaL 

Vemonjlration. 

The Sides AB, CE, are equal {by the 34.) as 
alfo AB, FD, : Therefore CE andED are equal ^ 
and adding to them EF, the Lines CF and ED 
will be equal. The Triangles therefore CFA, 
andEDB, Have the Sides C A, EB, as alfo CF, 
and ED, equal together with the Angles 
DEB, and FCA, (by the 2^.) one being an ei- 
ternaly and the other an internal Angle, on the 

faiqe 
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^fetneSide: Therefore (*yti/ 4.) the Triangle 
.ACFand BED are ^gtml 5 aiti^ talcing from them 
jbatli, that which* li common, :4^f%. the littfe 
Triangle EGF, the Trapeziam.^FGBD will be 
•equal to the Trapezium CAGE; and adding to 
'fcoth the Triangle aGB, the Parallelogriams 
JLBEC and ABDF will be equal. 

The USE. 

* Scotm^ and fome Divines fince him; have 

* made ufe of this Propofition, to prove, that 

* AytgUs may extend themfelves to what Space they 

* pleafe. For, fuppofing they can afTume any 

* Figure, provided they have not a greater E?- 

* tenlion 5 it is evident. That if an Angle 

* fliould poflefs the Space of a Parallelogram 

* ABEC, it may likewife occiipy the Space of 

* the Parallelogram ABDF^ and becaiife Pa- 

* rallels may be continued in infinitum, (with- 

* out end, ) and Parallelograms may be ftill 

* formed longer and longer, which will all l>e 

* equal to ABEC 5 an Angle will be able to «- 

* t^nditfelfftill farther and farther* 

A Demovftration of the fame Propofition byfhe 

Method of Indivifibles. 

* This Method was lately invented by Cava- 
, * lerius'^ which has found different Accept^tioii 

* in the World, fome approving, and others re- 

* jeding it. His Method conlifts in this 5 

* That we imagine Superficies to be composed 

* of 
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of Lines like fo mdfly Thr/^adf. . Ani-'tif cef-- 

* tain, that two Pieces of l^hheh t)eJll . be c- 

* qual, if they hdVe hothtbe fame Number of 

* Threads, of equal length, and equally com- 
^pafteij. . • *: '..->. ' :• ■ .'.. . \ 

^ Let two Pacalklograms 
< therefore ABEC, and ABDF 
^ bepropos'd, having the fame 

* Bate AB, and being between 

* the fame Parallels AB, CD : 
' Divide the Parallelogram 

* ABEC into as many Lines as you pleafe, 

* parailelto AB, which continue to the other 

* Parallelogram ABDF. 'Tis evident, There 

* will be no more in one, than in the other j 

* and that they will be of equal Length, be- 

* ing all equal to the Bafe AB ; and that they 
^ will not' be more clofely compared in one, 

* than in the other 5 therefore the Parallelo* 

* grams will be equal. 
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PROPOSITION. XXXVI. 

A THEOREM. 

Parallelograms^ Vf on equal Bafes^ and between the 

fame Parallels^ are equal. 

E T the Bafes CB and OD 
the Parallelograms 
ACBF, ODEG, be equal •, aAd 
let both be between the fame Pa- 
rallels AE, CD. I faj. The 
Parallelograms are equal, draw the Lines CG, 
and BE. 

Detnonftration. 

The Bafes CB, and OD, are equal : OD, and 
GE, are alfo equal : Therefore CB and GE are 
equal, and parallel •, and by confequence (ac- 
cording to the 33.) CG and BE will be equal 
and parallel •, and CBEG will be a Parallelo- 
gram equal to CBFA, (by the 35.) having both 
the fame Bafe. In like mannner, taking EG for 
the Bafe, the Parallelograms CODE and CBEG 
will be equal, (by tba fame.) Therefore the 
Parallelograms ACBF and ODEG are equal. 

The USE. 

* We oft reduce Parallelograms, which have 

* Oblique Angles, as CBEG, or ODEG, to 

* Reftangles^ as CBFA: Sothat meafuringthe 

* latter, which is eafie, being only to multiply 
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' AC by CB, the Produft being equal to the 

* Parallelogram ACBF, we may by confe- 

* quence know the other Parallelograms CBEG, 

* or ODEa 

* 

■ ■ ' ■■'■■ * ■ ■ '■ ■ !■ 11 n il I II ■ ■ 

PROPOSITION XXXVII. 

A THEOREM. 

TriangUi hmnug the fame Bafe, and beittg between 
the fame ParaMs^ are equal. 

F the Triangle ACD and 

CPE, have the fame Bafe 

CD, and be inclos'd between 

the fame Parallels AF, and — — . 

CH, they will be eqnal. ^ D G H 
Draw the Lines DB, and DF, parallel to the 
Lines AC and CE, and you will have form'd 
two Parallelograms. 

Demotifiratiort. 

The Parallelogram ACDB, and ECDF, are 
equal, (ij» the 57.) and the Triangles ACD. 
CDE are the Halfs of thofe ParaUelograms! 
(by the 34.) Therefore the Triangles ACD, 
CpE, are equal. .0 » 



I 
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- PROPOSITION XXXVIII. - 

A THEOREM. 

Triangles J that have equal Bafes^ and are inclosed 
mthin the fame Parallels^ are equal. 

IF the Triangles ACDand EGH, Zfee Fig. 
preced.'^ have equal Bafes CD, and GH, and 
•re intlo^'d within the fame Parallels AF and 
CH, they are equal. Draw the Lin^s BD and 
HF parallel to the Sides AC, and EG 5 and you 
Willhave forni'd two Parallelograms. * 

pentonjl ration. 

The Parallelograpis ACDB, and EGHF, are 
. -equal, (hjthe.^S^BxAxYi^ Triangles AGD . and 
. •*?.(/ H* ^re th& Halfs of thofe Parallelograms, 
(jj^ tftft 34.) therefore they are ajfb equal, : 

The USE. 

* We have in this Propofition Diredlions for 
f dividing a Triangular Field into two equal 

A - '**I!^r^^ i ^^^ Example, the xri- 
■^ ^ ^ * angle ABC. Divide .the Line 

* !)^^^ y^" ^^^^ 5^^^ f^ P^^ Bafe, 
- - V *^"as iSc, into two 'equal Parts in D: 

6 D ^C - ^ I fay ,^ the Triangles ABDi, and 

* ADC, are equal For if you luppofe a Line 

* drawn by A, parallel to BC, thofe Triangles 
*; will have equal Bafes, and be inclos'd within 

* the fame Parallels: and by confequence will 

* be 




r ■ 
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' ht ^qual. Other Diviflohs, grounded upon the 

* lame.Propofition, might be made -, but I a* 

* mit Jtnem, that I might not be tedious. , 
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PROPOSITION XXXiX'. 

ATHEOREM. 

Equal Triattghs vpon the fame Bafe^ are within 

the fame Parallels. 

IF the Triangles ABC, 
and DB C, haying the 
fame Bfijfe BC, be equal-, the 
Line A D drawn by the Tops 
will be parallel to the Bafe B C 
BC. For if AD and BC be not parallel •, if yon 
draw a Parallel by the Point A, it will fall ci-. 
tber below the line AD, as AO 5 or above it^ 
asAF* Suppofeitto fall above, and produce 
BD 'till it meet thtf Lifae AE at the Point E 5 
then draw the Line CE. 

Demonjlration. ^ 

The Triangles ABC artd EBG are equal,, (by, 
the 37.^fincethe Lines AE.and BQ are Paral- 
lel ^ 'tis likewife fut)pos'd' that the Triangles 
ABC, and BDG are ^qual : Therefore iU Tri- 
angles DBC and EEC *\rould be equal : which U 
impoflible, the jfirft being part of i the fQCond. 
Whence I conclude, that a Line parallel to BC 
cannot be drawn above AD, as, AF« 

I add; 
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I add. That a Parallel cannot be below AD, 
as AO ; Becaufe the Triangle BOC would be e- 
qual to the Triangle ABC, and by Gonfequence 
to the Triangle DEC 5 that is to fay. The Part 
Would be equal to the Whole. It muft therefore 
be confefs'd, thftt the Line AD is parallel to the 
Line BC. 

PROPOSITION XL. 

A THEOREM. 

Equal Triangles^ having equal Safes, if they he 
taken upon the fame Line^ are between the fame 
Parallels. 




I 



F the equal Triangles ABC 
_ and DEF, have equal 
Bafes AB and DE •, taken up- 
on the fame Line AE 5 the 
Line CF drawn by their Tops, 
will be parallel to AE. For, 
if it be not parallel, having drawn by the Point 
C a Line paralkl to AE, it will pafs either 
above CF, as CG •, or below it, as CI. 

Demonfiration. 

If it pafs above CF, as CG, continue DP 
^ill it meet with CG in G5 and draw the Line 
eg; The Triangles ABC and DEG would be e- 
qual, {hythe 38.; and ABC and DEF being fup- 
pos'd to b^ equal, DEF, DEG, would be alfo 

equals 

/ 
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equal i which, one being part of the other^ 
cannot poffibly be : Therefore the Parallel can- 
not pafs above CF. 

I add, that neither can it pafs below it, as 
CI 5 becaufe then the Triangles ABC and DEI 
would be equal \ and by confequence DEI, and 
DEF 5 the Part and the Whole : Therefore 
only CF can be parallel to AE. 



PROPOSITION XLI- 

A THEOREM. 

A Parallelogram mil be double to a Triangle^ if 
they be between the fame Parallels^ and have e- 
qUal Safes. 

IF the Parallelogram ACBD, 
and the Triangle EBC, be 
between the fame Parallels AE 
and BC •, and have the fame Bafe 
Be, or only equal Bafes •, the 
Parallelogram will be double the 
Triangle. Draw the Line AB. 

Demonftration. 

The Triangles ABC and BCE are equal, (by 
the 37.) But the Parallelogram ACBD is double 
the Triangle ABC, (by the ^4.; It is therefore, 
double the Triangle BCE. It would be alfo 
double a Triangle, that, having a Bafe equal 
to BC, Ihould be between the fame Parallels. 

F The 
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The USE. 

* The ordinary Method of Mea- 
' faring the Area or Superficies of a 

* Triangle is built upon this Propo- 

* pofition. If the Iriangle ABC he 

* propos'd-, from the Angle A we 

* muft draw AD perpendicular to the Bafe EC j 

* then multiplying the Perpendicular AD by 

* half the Bafe BE, the Produd gives the Area 

* of the Triangle 5 becaufe multiply ine AD, 

* or, what is the iame, EF by EE we have a 

* Reftangle BEFH, which is equal to the Tri- 

* angle ABC For (by the 41.) the Triangle 

* ABC is half the Redangle HBCGj and fo 

* likewife is the Reftangle BEFH. 

• We meafure all forts of Redilineal Figures^ 

' as ABODE, by dividing them 

* into Triangles, as BCD, 

* ABD, AED 5 drawing the 
' Lines AD, and BD s and 

* the Perpendiculars CG, BF, 

* and EI. For multiplying half 

* of BDby CG,'and half of AD by BF, and 

* ty EI, we have the Area of all thofe Trian- 

* gles: Adding which together, the Sim is^e- 
y qual to the Redilineal Figure ABODE. 

. ' We find that Area of regular Polygones, 
^ by multiplying half their Circuit by a Per- 

* peadi* 
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l^endicalar drawn 
from their Centre 
to one of their y 
Side*. For multi- 
plying AG by IG, 
we {hall have a 



JIK 




v*>*^ 



A GB 



Reftangle HILM equal to the Triangle AIB : 
And repeating the fame for all the other Tri* 
angles, taking tilways half of the Bafes, we 
fliall have a ReSangle HKOK, which will 
have the Side KO compounded of all the half 
Bafes, , and by confequence equal to half the 
Circumference ) and the Side HK equal to the 

Perpendicular IG. 

* 'Tis according to this Principle, that Ar^- 
ebtmeies has demonfirated, that a Circle is e« 
qual to a Redangle comprised under the Semi* 
diameter, and a Line equal to half the Cir« 
cumference. 



"m^ 



PROPOSITION XLII. 

A PROBLEM. 

To make a Parallelogram equal to a Triangle given^ 
having QW^iingletqual to an Angle given. 

T 0T a Pargllelogrftin be de- AF G 

<1 jjiredegg^lto the Triangle /jV A 

ABC, and having an Angle e- / \f\/L 

final to the APgle E. Divide fox: 
tl^ej^e BC into two equal 



Fa 



Patt3 
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Parts at the Point Dj and draw the Line AG 
parallel to BC {by the 31 J then , make the An- 
gle CDF equal to E, (by the 2? J And laftly. 
Draw the Line CG parallel to DF: The Figure 
FDCG is a Parallelogram, becaufe the Lines 
FG, DC; FD andGC, are Parallels j and its 
Angle CDF is equal to the Angle E 5 and furr 
ther, 'tis alfo equal to the Triangle ABC. 

Demonfiration. 

The Triangle ADC is half the Parallelogram 
FDCG, (by the 41.) 'tis alfo half the Triangle 
ABC i fince the Triangles ADC and ADB are 
equal (by the 58.) Therefore the Triangle ABC 
is equal to the Parallelogram FDCG. 



PROPOSITION XLlir. 

m 

A T H E O R E M. 
The Ctmplemeftts of a Parallelogram are equal. 

IN the Parallelogram ABDC, 
the Complements AFEH, 
and EGDI, are equal. 

Demoriftration, 
The Triangle* ABC, and BCp, are equaL 
(by the 34.) Therefore if the Triangles HBE, 
andBIEj PEG, and CGE, which are alfo e- 
qual ( by the fame) be fubftraaed, the Comple- 
ment* AFEH, CDIE, which remain, wiUbe 
equal. " PRO- 




I 
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PROPOSITION XLIV. 
A PROBLEM. 

To defcribe a Parallelogram upon a Line givev^wbicb 
Jball be equal to a Triattgle given^ and have fucb 
a certain Angle ^ i. e. equal to one given. 

SUppofe you be required 
to make a Parallelogram 
which Ihall have one of its 
Angles equal to the Angle E, 
and one of its Sides equal to 
the Line D, and be equal to the Triangle ABC. 
Make the Parallelogram BFGH, (^by the ^2.) 
which has the Angle BFG equal to the Angle E, 
and is equal to the Triangle ABC. I'roduce 
the Sides GF, and GH, fo that HI may le equal 
to the Line D; and draw the Line IBN 'till it 
tuts GF, produc'd to N5 and from the Point 
N draw the Line NO parallel to GI, and lO 
parallel to BH ^ producing alfo the Side FB to 
K, and BE to M : The Parallelogram MK is 
that which you defire. 

Demonftration. 

GF and HM being Parallels, the alternate 
Angles GFB or the Angle E, and FBVI, are e- 
quHl (by the 29.) In like manner the Lines KB 
and MN being parallel, the alternate Angles 
FBM, andBMO, are equal-therefore the Angle 
BMO is equal to E, and the Side K B is equal 

F 3 to 
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to the Line HI, orD: And laftly. The Taral- 
lelogram MK is equal to the Farallelogram 
GFEri, (by the preced.) anAthzt was made equal 
to the Triangle ABC: Therefore the Parallelo- 
gram MK is equal to the Triangle ABC. 

The USE. 
B * This Propofition contains a 

D « tind of Geometrical Divifion : 
H ' For in Arithmetical Divifion a 
' Number is propos'd, which may 
„ 'be loolted on as a Reflangle : For 
■^ ' Eiample,theRea:angleAB, con- 

* fifting of twelve Square Feet, which is to be 
' divided by another Number, fuppofe two j 
' that is to fay, another Redangle is defir'd to 

* be made equalto AB, having one of its Sides, 

* BD, equal to twoj and the Qjieftion is, how 

* many Feet the other Side ought to contain j 

* which is, as it were, the Quotient. This is 

* done Geometrically by the Rule and Com- 

* pafs, thus; Take BDconfifting of two Feet, 

* and draw the Diagonal DEF : The Line AF is 

* that which you feek. For, having compleat- 
' ed the Reaangle DCFG, the Complements 

* EG, and EC, are equal, (by the 43.) and EG 

* has for one of its Sides EH, equal to BD, of 
' two Feet in lenth i and EI equal to AF. This 

* kind of Divifion is caird y^PfjficditiDH, bccaufe 

* the Redlangle AB is apply d to the Lino BD 

* or EH : And from hence tis, that Divifion is 
' frequently caird^jjp/ic«(io«i becaufe the an- 

* cient 
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• cient Geometrkiarts made mpre Ufe of the 
* Rule and Compafi, than of Arithmetic^ 




PROPOSITION XLV. 

A PROBLEM. 

To iefcribe a B^raltelogr^my which Jhall have a 
cmain Angk ^ w4 h equ^l to a ReHiUneal 
Fisure gioeu. 

IETthe ReaiUneal Fi- 
jgure proposed be AB 
CD, to which you are re- 
quired to make an equal Fa- 
rallelogram^^ which ihall have 
an Angle equal to the Angle E. Divide the 
Reftilineal into Triangles by the Line BD : And 
(by the 42 J make a Parallelogram FGHI, which 
has the Angle IHG ^qual to the Apgle ^, and 
is equal to the Triangle ABD ^ and (by the 44.^ 
make the Parallelogram IHKL equal to the 
Triangle BCDr having one Side equal to IH; 
and the Angle LIH equal to the Angle E. The 
Parallelogram F G K L will be equal to the 
ReaHineai APCf). 

Demov^ration. 

Kothing need be prov'd, but that the Paral* 
lelograms FGHI, ^ndHKLI, make up but one 4^ 
that i$ to fay, GHaad HK, make but one right 
Liae. The Angles GHI, and LKH, are equal 

F 4 t3 
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to the Angle E. And the Angles LKH, and 
KHI, are equal to two right Angles, becaufe 
KHIL is a Parallelogram : Therelore the An- 
gles GHI and KHI are equal to two right An- 
gles, and (bjth^xtf^ GH and HK make one 
right Line. 

The USE. 

* ThelJfe of this Propofition is the fame with 

* the preceding 5 both ferving to meafure the 

* Capacity of any Figure whatfoever, by re- 

* ducing it into Triangles, and then making a 

* Reftangle Parallelogram equal to them. 

* ^Tis eafie likewife to make a Reftangular 

* Parallelogram upon a determinate Side, which 

* may be equal to many irregular Figures. In 
^ like manner, having many Figures, aRedan- 

* gle may be defcrib'd equal to their Difference, 

PROPOSITION XLVL 
A PROBLEM. 

To defcribe a Square upon a Line given. 

C D ryi O defcribe a Square upon the 

X Line AB, draw two Perpendi- 
culars AC and BD equal to AB, and 
draw the Line CD. 

Demonfiration. 

The Angles A and B being right 

Angles, 



B 
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Angles, the Lines AC and BD are Parallels, (hy 
the 28 J They are alfo equals therefore the 
Lines AB ana CD arc Parallels, and equal, Ch 
the 33.) and the Angles A and C equal to tvro 
right Angles i as alio B and D, (by the 29.) and 
lince A and B are both right Aneles, the Angles 
C and P will be fo likewife : Therefore the Fi- 
gure AD has all its Sides equal, and all its An- 
gles, right Angles, and by confequence is a 
Square. 

PROPOSITION XLVII. 

A THEOREM. 

The Square of the Safe of a ReSattgle Triavgle^ 
is equal to the Squares of both the other Sides 
taken together. 

SUppofe the Angle ABC to 
be a right Angle, and that 
Squares were defcribed upon 
all the Sides BC, AB, and AC: 
That upon the Bafe BC, which 
is opposed to the rieht Angle, , . , 

will be equal to the Squares D H £ 
of both the Sides AB, and AC. 
Draw the Line AH parallel to BD and GE ^ 
and join the Lines AD, AE, FC, and BG. I 
will prove the Square AF is equal to the Rectan- 
gle BH, and the Square AG to the Redangle 
CH 5 and therefore the Square BE is equal 
to both the Squares AF and AG. 

Demo7i^ 
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Demonfiration* 

The Triangles FBC, and ABD, have the Sides 
AB, Bl^i BD and BC equal: And the Angles 
FBC, and ABD, are equal, each containing the 
Angles ABC more than their refpedtive right 
Angles. Thereibre {by the 4.) the Triangles 
ABD and FBC are equal. But the Square F is 
double the Triangle FBC, {bythe^A^i.) having 
the fame Bafe BF, and being between the fame 
Parallels B F, and A C. In like manner the 
Redangle B H is double the Triangle ABD, 
having likewife the fame Bafe BD, and being 
between the fame Parallels BDand AH. There- 
fore the Square BF is equal to the Reftangle 
BH. By the fame Method the Triangles ACE, 
and GCB may be prov'd to be equal, {by the /\.) 
and the Square AG to be double the Triangle 
GCB 5 and the ReftangleCH, double the Tri- 
angle ACE, {by the 41.) therefore the Square 
AG is equal to the Reffcangle CH 5 and by con- 
fequeace the Squares AF and AG are equal to 
the Square BDEC. 

The USE. 

* 'Tisfaid, th2it Pythagoras ^ having found out 

* this Propofition, facrific'd a Hecatomb^ i. e. 

* a hundred Oxen, to the Mufes^ to return them 
^ Thanks for their Affiftance 5 fuppofing it, 

* itfeems, above the Power of bare Human In- 

* vention. Nor was his Efteem thereof fo 

* irrational, as to fome perhaps it may appear ^ 

* this 
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this Propofition b«ing the Foundation of ft 
very confiderable part of the MathemalickA. 
For in the firft place^ Trigonometry cannot 
poffibly fiibfift without it, it fefting neceflary 
to compofe ^ Table of alf the Lines that may 
be inferib'd^ in a Circle, as Chords, Sines, 
Tangents, Secants^ as will appear l^yone 
Example : Suppofe the Stfmi* g 
diameter AC to be divided inta 
locooo Pairts, and that the Arcli 

BCcontaiht 30 Degrees. Since 

the Chordy or Line that fubteri& ^^ 

60 Degrees is equal to the Semi-diamef(gr AC y 
BD the Sine of 50 Degrees, wfH be equal to 
half AC, and therefore contain 5 coco Parts. 
Now in the Reaangular Triangle ADB, the 
Square of AB is equal to the Squares of AD 
and BD. Make therefore the Square of AD, 
by multiplying I coocc by locooo, and from 
the Product fubftrad the Square of 5 0000 or 
BD^ the Remainder will b6 the Square of 
A D ^ or F B the Sine of the Complement ^ 
and extradling the Square Root of that Nam* 
ber, you will have the Line FB^ This done, 
making as AD to BD, fo AC to CE, you will 
have the Tangent CE •, then adding together 
, the Squares of AC and CE, and Produd (J?j 
the 47 J will give the Square of AE ; extraft- 
ing therefore from that Number the. Square 
Root, you will know the Length of the Line. 
AE, which is the Secant, 

! By 
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* By this alfo we may 

* augment Figures as much 

* as we pleafe. For Ei- 
' ample : To double the 

.1. «-j ^ ^ / Square ABCD, continue 
the Side CD, fo that AD and DE may be e- 
qual 5 the Square of AE will be double the 
Square ABCD 5 fince (by the 47.) it is equal 
to both the Squares of AD and DE. Mak- 
mg the right Angle AEF, and taking EF e- 
qual to AB, the Square of AF will be triple 
the Square ABCD. Again, Making the right 
Angle AFG, and taking FG equal to AB, the 
Square of AG will be quadruple, or four times 
the Square of ABCD. And that which I fay 
of the Square, may be underftood of all Simi- 
* lar Figures. 



PROPOSITION XLVIII. 
A THEOREM. 

Jfin a Triangle the Square of one Side be equal to 
the Squares of both the other Sides, taken toge- 

tber-, the Angle oppojtte to that frfl Side will be 
a Right Angle. 

IF the Square of the Side NPbe 
equal to both the Squares of the 
Sides NL and LP, taken together j 
the Angle NLP will be a right An- 
gle. Draw LR perpendicular to 

NL, 




The Firft Book. 89 

ML, and equal to LP \ then draw the Line 
KR. 

Dimonftration. 



- X 



In the Reftangular Triangle NLP, the Square 
of MR is equal to the Squares ML, and RL, or 
LP, (by the 47.) Now the Square of NP is alfo 
equal to the feme Squaries of ML and LP ^ there- 
fore the Square of MR is equal to the Square of 
MP, and by confequence the Lines MR and NP 
are equal. And becaufe the Triangles, MLR 
and NLP, have the Side NL common ^ the Sides 
LP and LR equal, and their Bafes NP and NR 
alfo equal -, the Angles NLP and NLR will be 
equal, (by the 8.) then the Angle NLR being a 
right Angle, the Angle NLP uiuft be fo 
too. 



Tm^ 
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JJCLiJ) in thi&^Pook tjents .©f dip 
Powers of rigbt Xines •, that ^is to fay, 
of ^tbeir Squares ^ comparing .the direrg 
tReL£fcarjglc;s, .which aire jnade upoHva J.iiie di» 
vided, as well with the Square, as the keaftO** 
gle, of the whole Line, 'Tis a Part exceed* 
ing ufeful, ferving for the Foundation of the 
principal Operations of Algebra. The three 
firft Propofitions demonftrate the third Rule 
or Operation of Aritbmetick^ viz. Multiplica* 
tion. The Fourth teaches to extrad the 
Sauare Root of any Number whatfoever. 
Tnofe that follow to the eighth, ferve upon 
manj Occasions in Algebra. The reft inftrud 
.U8 HI Operations proper for Trigonometrj. 
This Book feems at firft^Yiew veryiifficult | 
becaufe Men are apt to imagine there is 
fomething myfterious contained therein | 

* neverthe- 
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* Jncvertshelefs die greateft igmt 6( its Dcmon- 

* Orations are giounded on this moft evident 
' iPrinciple, ^atihe Whole is^qual to all it* 

* iPbrts tabsn together. But it ought not to 
' difcourage any, iif they fhould not at thefiitft 

* Attempt fully comprehend them. 



D E T INI T I O N S. 

I. A ReBangular TaralUhgram is coJffpmd under 
two Lbtes^ that form a right Attgle. 



AF 
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OBferve, that hencefor- 
ward, by a Rciftangle, 
we fhall intend fucha Paral- 
'lelogram whofe Angles are 
all right Angles, diftinguifli- 
ing it by giving its Longitude 
and Latitude, naming two of its Sides, which 
contain one of its Angles, as the Lines AB 
and BC. For the Redangle ABCD is com- 
priz'd under the Lines AB and BC ^ BC de- 
noting its Longitude, and AB its Latitude \ 
and the other Sides being equal to thefe, it 
will not beneceflary to name them. 1 have 
alio formerly intimated, that the Line AB, 
remaining perpendicular to BC, and being 
mov'd from one Extremity thereof to theother^ 
producer the Refiangle ABCD ., and that that 
Motion has fome reiemblance to ,4^rtfci«^tictfZ 
Multiplication i fo that, as the Line AB 

* moving 
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moving over the Line BC, that is, taken fo 
m^ny times as there are Points in BC, com- 
pofes the Redangle ABCD ^ fo the Multi- 
plication alfo of AB by BC, will give the 
ReOangle ABCD. As, Suppofe I knew the 
Number of Mathematical Points^ that are in 
AB, for Example 40, and that there were 60 
in BC: It is evident that the Reflangle 
ABCD will have fo many Lines equal to AB, 
as there are Points in BC^ and that multiplying 
40 by 60, theProduftwillbe 2400, which is 
the Number of Mathematical Points in the 
Reftangle ABCD. 

* I may take what Quantity I pleafe for a ATa- 
thematical Pointy provided I do not afterwai[ds 
fubdivide it 5 it muft therefore be obferv'd, 
that when I meafure a Line, for a Matbemati* 
cal Poiftty I take that Meafure which befi fuits 
with my Occafions ^ for Example, when I fay 
a Line of five Foot in Length, my Mathema- 
tical Point is a Line of a Foot long ^ which I 
take without confiderine that it is compos'd 
of any Parts. In meafuring a Superficies 
likewife I do the fame, taking fome known 
Superficies^ for Example, a Foot Square^ 
which I do not afterwards fubdivide. I make 
ufe of a Square rather than any other Figure ^ 
becaufe its Length and Breadth being equal, 
there is no need of naming more than one of 
its Dimenfions to defcribe it. Accordingly^ 
when I would mark the Area of the Redangle 
ABCD, I do not confider the Sides as fimple 

* Lines 
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Lines, but as Redrangles of a determinate 
Breadth: For Example 5 when I fay that the 
Reftangle ABCD has the Side AB of four 
Foot long, iince a Foot is to me inftead of a 
Mathematical 'Point j I conceive the Side AB to 
have alfo a Foot in Breadth, and to be as the 
]R.eaangle ABEF, Therefore Icnowing how 
many times the Breadth BE is contahrd in the 
Line BC, I fhaTl know how many times the 
Line AB is contained in theReftangle ABCD 5 
that is to fay, multiplying A B (which has 
four Foot Square^ by 6, the Produft will be 
24 Foot Square. In like manner, knowing 
the Magnitude of the Reflangle ABCD to be 
24 Foot Square, and one of its Sides AB to 
be 4; dividing 24 by 4, the Qpotient wjU 
give me the other Side BC, conlifting of fix 
Foot Square. 

2- * Having drawn the Diameter of A ED 
a Redarigle, one of the IclTer Rea- 
angles, thro' which it paffes, toge- 



ther with the two Complements, is g—Trri 
caird the Gnomon. As the Red- ^ 
angle EG, through which the Diameter BD 
piaffes, together with the Complements EFand 
GH, is caird the Gnomon ^ their Figure toge- 
* ther reprefenting a Carpenters Square. 



PRO- 
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PROPOSITION, h 

A THEOREM. 

Jf two Lines he propos^d^ whereof one is dividei 
into divers Farts ^ the ReSangle contain d ««♦ 
der tbofe two Lines is equal to the ReSang^les con* 
tainCd under the Line which is not divided^ and 
the Parts of the Line divided. 

CG H D Y E T the Lines proposed be 

I ; AB, and AC 5 and let ABbe 
divided into as many Parts asyoa 
1 j^ — J pleafe. The Reftangle AD con- 
A E F B tain'd under the Lines AB and 
AC, is equal to the Reftangle AG contain'd un- 
der AC and AE • to the Redlangle EH contained 
under EG equal to AC, and EF •, and to the 
Redangle FD contain d under FH equal to AC, 
and FB taken together. 

Demoftjtraiion. 

The Reftangle AD is equal to all its Part? 
taken together-, which are the Reftangles AG, 
EH, and FD, and no other. Therefore the 
RedJangle AD is equal to the Reftangles AG, 
EH and FD taken together. 




S9 
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fy Numbers. 

This Propofition holds true Ukewife in ilum^ 
tiers. Suppofe the Lin? AC to be five Foot 
long J AE two, EI* four, FB tjirce •, and br 
tonieqtience AB nine : The Redangle contain d 
uB^et AC five, and AB nine, that is to fay^ 
jiv^ times nine, which makes forty five, is e- 
qual to twice fiv«, or ten, four times fiye, or 
tw^ty; and three times five, or fifteen*) for 
ten, twenty, and fifteen^ make forty five^ 

The USE. 

* By this Propofition is demon- 
^ ftrated the ordinary Operation 
^ of Multiplication. For Example ^ 

* If you were to multiply the 

* Number A, which is 53, b^r the 
VNumbw £, that is 8. Divide 
^ the Numl^r A into fo many 
^ Parts as there are Charaders : 
' that is, two, $0, and ^ ^ which 

* multiply by 8, faying, eight times three if 

* twenty four j and fo you make one Re£l$ngle. 

* Then multiplying the Kumber 50 by 8, the 

* Produa will be 400. But 'tis evident, that 

* the Produft pf eight times 5 3, being 4I4, is 

* equal to the Produft 24, and the Pyodttft 4qp 
I tuen together. 

G 2 PRO- 
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PROPOSITION II. 

« * 

A THEOREM. 

The Square of any Line is equal to the ReSangUs 
contained under the whole Line, and aU its Farts, 

CGHD y ET the Line propos'd be AB, 

i i and its Square ABDC. I fay, the 

Square ABDC is equal to the Reftan* 

gic contained under the whole Line 

^ ^ ^ ? aB and AE 5 another under AB and 

EFi and a third under Ali and FB taken toge* 

ther. 

Demonfiration. 

The Square AB D C is equal to all its Parts 
taken together, which are the Redangles AG, 
EH, FD- The firft AG is contained under AC c- 
qual to AB, and AE The fecond EH is con- 
tained tinder EG equal to AC or AB, and FE. 
The third FD is contain'd under PH coual to 
AB, and FB : But 'tis the fame thing to be con- 
tain'd under a Line equal to AB, and to be con- 
tain'd under AB itfelf. Therefore the Square 
of AB is equal to the Rectangles contain'd un- 
der AB, and AE, EF, FB, the Parts of AB. 

By Numbers. 

Let the Line AB reprefent the Number 9^ 
its Square will be 8 1. Let alfo the Part AE be 
four-, EF three J andFB twoj nine times four 

make 
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makes thirty fix \ iiine times three, twenty 
feven j and nine times two, eighteen 5 and 'tis 
plain that 56, 27, and 18 make 81. 

7he USE. 

* This Propofition ferves likewile to prove 
* Multiplication ^ as alfo for Equations m AU 
^ gebra. 



PROPOSITION III. 
A THEOREM. 

Jf a Line he divided into two Parts^ the ReSavgle 
contained under the whole Line^ and one of 
its PartSy is equal to the Square of the fame 
Part^ and the ReSangle contain d under both the 
Parts. 

LET the Line AB be divided 
into two Parts at the Point 
C 5 and let a Redangle be made 
of the whole AB and one of its 
Parts AC ^ that is to fay. Let 
AD be equal tp AC 5 and then if the Reftangle 
AF be compleaied, it will be equal to the 
Square of AC, and the Re^ngle contained 
under AC «nd CB. Draw the Perpendicular 
CE. 
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DitmH/lraHott. 

The Rcflangle AF contain'd under AB and 
AD equal to AC, is equal to all its Parts, which 
are the Rcftangles AE and CF. The firft AE 
is the Square of AQ the Lines AC and AD 
being equal ^ and the Red angle CF is contai&'d 
under CB, and CE equal to AD, or AC. There- 
fore the Redlangle contain'd under AB and AC^ 
is equal lolhe Square of AC, and the B^e^angU 
contain'd under AC and CB. 

By Numbers. 

LetABbe 8-, AC 3h and CBjfj the Reft-^ 
angle contaih'd Under AB and AC, will be 
three times eight, or 24 : Th$ Square oF AC 3, 
is nine -, Und the ke6tangle contained under 
AC 3, and CB 5, is th?ee times $ or ly. But 
it is evident that i $ and 9 make 24. 

The USE. 

' The trfe df this Propofition ia 

* ftill to demonftrate the ordinary 
^ Pradlice of Multiplication. For 

* Example •, If you Would multiply 
*^ the Numbejr 43 by 4^ having divid- 

* fed the Number 4? into 40, and 3 ; 

* Three times 45 Will amount to aa 

* tuany ias three times three, ot fiine, that is 

* the Square of three 5 and three times 40, that 

* is, 1 20 ^ for three times forty three is 129, 

I Bcginn?rs ought pot to be difcourag'd, if they 

^ do 




The Second Book. 99 

^ do not prcff ntly apprehend thefe Propofiti- 
^ ons^ which yet, in truth, are not difBcult, 
^ but as they are conceiv'd to contain Tome 
* flxange Myfiery , 

PROPOSITION IV- 

A THEOREM. 

If a Line be divided into two Butts, the Square of 
the whole Line will be equal to the Squares of 
both the Parts ^ and two ReSangks contain d mh" 
ier the fame Parts. 

L£ T the Line AB be divi- 
ded in Q and its Square 
ABDE defcrib'd ^ let its Dia- 
gonal aKo £B be drawn» and a 
Perpendicular cutting it CF: ^ ^ ^^ 
And by that Point let the Line GL be drawn 
parallel to AB. Tis evident that the Square 
ABDE is equal to the four Rcdangles GF, CL, 
CG, and LF. The two firft of which are the 
Squares of AC and CB : And the two Complex 
nents are contain 'd under AC and CB. 

PepiQnJfration. 

The Sides AE and AB are equal ^ therefore 
the Angles A£B^ and ABE ace half right An- 
gles: And becguCe the LioesGLand ABare 
Parallels, the Angles of the Triangles, of the 
Sqoare GF (by the 29, i.) will be equal, as alfo 

C 4 their 
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their Sides (hy the 6. i.) Therefore GF is the 
Square of AC. In like manner CL is the Square 
of CB : The Rectangle GC is contained under 
AC, and AG equal to BL or BC^ and the 
Re&angle LF is contained under LI) equal to 
AC, and FD equal to BC 

CoroU. If you draw the DiagonaJ of a Square, 
the Rectangles which it cuts are Squares. 

Demoftftration. 



A, 144 

B, 22 

C, 12 



* This Propofition teaches the 
' Method of extradling the Square 
' Root of any Number proposed. Let 
* the Number be A, or 144 reprefent- 
ed by the Square AD, and its Root by the 
Line AB. I fuppofe it known from other 
Principles that it requires two Charaders. I 
imagine therefore that the Line AB is divided 
in C, fo that AC may reprefent the firft 
Charaaar, and BC the fecond. Then fearch- 
ing the Root of the firft Charafter, of thfe 
Number 144, which is loo, I find it to be 
10^ and making its Square 100, reprefented 
by the Square GF, I fubflxadit from 144 ^ 
and there remains 44 for the Redangles GC. 
FL, and the Square CL : But becaufe the 
Figure of a Gnomon is not proper for this 
Operation, I tranfport the Re£tanele FL un- 
to KG, making oqe whole Redlangie KL, that 
is 44. I know alfo already almoft the whole 

Side 
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Side KB: For AC being lo, KG mufi be 2c : 
I muft therefore divide 44 by 20^ that is to 
fay, for my Divifor, doubling the Root founds 
I enquire then how many times 20 1 can havcf 
in 44 ? And £nd twice i and therefore take 9 
for the Side BL*, and becaufe no was not the 
intire Side KB, but only KC; that two 
which came in the Quotient, I add to the Di- 
vifor, making it 22 ^ which Kumber being 
found precifely twice in 44, adding 2 to the 
Root before found, I conclude tbe whole 
Square Root of 144. to be 12. You fee the» 
that the Square 144 is equal to the Square of 
lo, which is 100, is Square of 2, that is 4 ; 
and twice 20, which make the two Redan-* 
f gles contained under two and ten. 



PT5. O 
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PROPOSITION V. 

A THEOREM. 

If a Line be Hvided into ttPO equal Parts^ ai^i two 
Parts that are une^al ^ the ReSangle cov:ain d 
under the unequal rarts^ together with t ' e Square 
d/ the intermediate Part ^ is equal to the ^quara 
of half the tine. 

P the Line AB |>e divided 
_ittto two equal Psirts in C, 
and two unequal Parts in D ^ 
the Re6langle AH contain'd 
tinder the unequal Segments 
AD, and DB, with the Square of CD, will be 
equal to the Square of CB, that is, the Square 
CF. Compleat the Figure as you fee , the 
Reftangles LG and DI will be Suuares, {by the 
Coroll. of the 4J * I will prove tnen, that the 

• Reftangle AH, contain'd under AD, and DH 
' equal to BD, with the Square LG, is equal to 

* the Square CF. 

Demofifiration. 

The Itedhngle AL is equal to the Redangle 
DF, both being contail)'d under half the Line 
AB and DB, or DH, which is equal to it. Add 
to both the ReSangle CH; the Reftangle AH 
will be equal to the Gnoijkon CBG. Add there- 
fore again to both the Square L G ; and the 

ReSangle 
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Rcdtngltf AH, with the etfme tG, triU U e^ 
fttaltot})eS(^areCF. 

iy N»mhtn. 

Let AB he 10 1 AC will be 9, «nd CB like* 
wife i and let CD be i, and BD ? t th« Rea- 
angle contained under AD 7, and OB ), that is 
to fay- SI, with the SqUMtM CD 2, that is 4, 
will be equal to the Squart of CP t » which ii 2^. 

TUffS i. 

• Thi« Projofitteft a vtsty ttftful in tlie thtfd 

* Book: It i» allb os'd in At^^fa^ to dtmon-' 

* ftrit* the Wafltttif bf finding the Root of an 

* »^aeibrittipawSqu«e. 
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PROPOSITION Vh 
A THEOREM. 

Jfa lint he Jivideiintwttpoeqvd Partt^ ^nd to it 
another line aiiei ^ tie Re3a9td$ contain i tm- 
^er the iAne vonifwniei tf ihoji two^ mi tidt 
which u ndiei^ with the Square ^f half the ilvi- 
iei Line^ is equal to the Square eftbe JUnetpm^ 
fonndeiff that h^lfy ^ni tbtUnethat h added. 

IF to the tine AB, tlivided ^. Q E 

into two equa] Pfirts in C, 
be added the Lifie Bt) 5 the 

HeOattgie X% CbUhiihM uttdct 

the Line AD, 46d jyH Mtial to AC ~ B D 
3D, With tite 5qtisfl* «r CB, it t^! tt)the 

Square 




I04 ^^^ Elements of Euclid. 

Square of CD; Make the Square of CD, and 
having drawn the Diagonal FD, draw alfo BG 
parallel to FG, cutting FD at the Point H, 
through which pafles the Line HN p vftUel to 
AD •, \G will be the Square of CB j and BN, 
that of BD. 

Demonftration. 

The ReSangles AK and CH, being upon e» 
qual Bafes 'AC and CB« are equal, (by the ^6. 
I.) The Complements CH and HE are equal, 
{by tbe^^.i.) therefore the Rectangles AK and 
HE are equal. Add to both the Rei3:angle CN, 
and the Square KG : then theRedangles AK 
and CN, tnat is, the Redlangle AN, with the 
Square KG, will be equal to the Redtangles 
CN and HE and the Square KG, that is, by 4. 
2. the Square CE, 

By Numbers. 

Let AB confift of 8 Parts ^ AC of 4 5 and 
CB of 4 5 BD of 3 -, fo that the whole AD be 
II. 'Tis evident the Reftan^le AN is three 
times 1 1, that is 3 5 5 which with the Square of 
KG, (equal to CB 4.J that is 16, makes 49/and 
therefore is equal to the Square of CD 7, which 
is 49 I for 7 times 7 make 4^. 

The USE. 

* Maurolycbus, by the help of this Propofi- 
^ tion, meafiir'd the whole Earth at one £ngle 
* Obfervation. To effe^ which, he adviles^ 

! that 
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ihftt from the Top of a Moun* 
tain of a known Height A, you 
obferve the Angle BAC, made 
by the Line AB, tduching the 
Superficies of the Earth at B, 
and the Line AC paffin^ thro* 
the Centre 5 Atid that in the 
Triangle ADF, knowing the Angle A, and 
the right Angle ADF, you find, by Tri- 
gonometry y the Sides A F and F D : And be- 
caufe 'tis eafie to demonftrate that FB and FD 
are equal, you will then know the Line AB, 
and alfo its Square. Kow we have demon* 
ftrated in the preceding Propofition, th^t 
the Line ED, being divided into equal Parts 
in C, and the Line AD iadded to it •, thp R^ft- 
angle contain'd under £ A and AD, with the 
Square of CD, andvCB, is equal to the 
Square of C A 5 and the Angle A3C, being 
aright Angle, (as is prov'd in the third 
Book) the Square of C A is equal to the 
Squares of AB and BC \ therefore the Reft- 
angle under AE and At), with the Square of 
B C, h equal to the' Squares of A B and 
B C. Take therefore from them both the 
Square of BC, and the Redtangle under AE 
and AD^will be equal to the Square of 
AB* Divide therefoife the known sKauareof 
A B, by the Height of the Mountain A D, 
, and th« / Quotient will be the Liiie A E •, 
from which fubffra^ing the Height of 

' the 
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the Mountain, the Heiw^fr willbe the Dxa 
met«« of the garth PE, 
* W«Ittvenw»d«ufc lifcewifeof thtfamepro 
pofit jon in am Mi$h0, tp ^emonftnite th< 
thirteenth P«opQliti^ of the thiiJd Book, ti 
fini the Root ojf a 3aiiare oqua] tQ » Kuinbef 
more a certain tlumUr <^ Jlopti. The twc 
that follow do alio fe?v« |^ th« Proof of th< 
like Opwatiow. 



iWM*W 
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PROPOSITION yu. 

A pROBtEM. 

i/tf liite ^ ^idei, the S^urt of tU wMt Liift 
with th«t of one of Us Pm^i, h eqtml tQ two 
ReQsmUi wntidn'i unief the »boU line^ ami 
thiafrBfcat^ tog^btr wkb the Square of the 

other FMTt. 

LZl ^ liae AB be (Uvidcd 
iwiy vKerff ia C ^ the Sqiure 
ADof tb«Liae AB, with the 
^qf»t^ AL, will be e^al tp two 
Ke^fmgle« eostain'd lUider AB 
«nd AC, with the Squaee of CB< 
WkM ihf>^9H»9 of AB, and having drawn the 
©iagaB*l£B. «»d the I^s Of and HGI j pro- 
bag FA & fw, «fl that AK may be eqi^a to 
AC i fo Afc wiU be the ftpiare of AC, and HK 
\rill be «^«tl to AB » tut HAis e^ial to GQ 

and 
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elilttid GC, is equal to CB^becaufe d is the Square 
of CB (h the Corott. of the ^,) 

mis Tis evident, that the Squares AD end AL 

; (R are equal to the Red:af)gles HL and HD, and 

r lii the Square CI. Kow the Kc^Pj^e HL is con- 

tainM under HK equal to AB, wtidi KL equal to 

^ AC. In like manner the Reftangle HD is ocm- 

^ tain'd under HI equal to AB, and HE equal to 

AC. Therefore the Squares pf AB and AC 

are equal to two KeQangles contain'd under 

AB and AC, and the Square of CB. 



In Numbers. 



& 
If 

1^ Suppofe the Line AB to confift of 9 Parts; 
AC of 4, and CB of 5. The Square of AB 9 
is 81^ and that of AC 4 i$ 16 ^ which 81 andl 
i 16 added tiigether make 97. ^owone Redapgle 
i under AB and AC, or four time3 % make 3^^ 
5S which taken twice, is 72 5 and the Square of 
r^ CB^is 2$) which 72 and 23; added togethec 
make alio 97, 



PRO: 
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PROPOSITION VIII. 

A THEOREM. 

Ifjiou divide a Line, and add amther to it equal to 
one of its Parts, the Square of the vhple com- 
pounded Line. will be equal to four Re3 angles con^ 
tained under the frjl Line^ and thatpaH that 
is added, together with the Square of the other 
Part. 



•A 
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LE T the Line AB be divid- 
ed any where in the Point 
C, ahd BD equal to CB added td 
it : the Square of AD will be e- 
qual to four Reftangles contained 
under AB^ and BC or BD, and the Square of 
AC: Make the Square of AD, and^ having 
drawn the Diagonal AE, draw likewife the^Per- 
pendiculars BP and CN, cutting the Diagonal 
m O and I ^ and alfo the Lines M G H and. 
GIH parallel to AB. The Reftangles <5C, LK, 
PH, MB, and NR, will be Squares, (by the 
CoroU, of the 4.) 

Demovjiratiop: 

The Square ADEF is equal to all its Parts i 
and the Reftangles LB, OD, PM are contained 
under Lines equal to AB and BC •, and if vott 
add the Redangle MI to the RedtanglePH, they 
together will give you another Redtangle con- 
tained under a Line equal to AB, and another 

equal 
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equal to C A or BD. B«fide8 which, ^ there re- 
liwins nothing but the Square QC, which is the 
Square <X AG. Therefore the Square AD is ^ 
qual to four Reftangles eontain'd under AB and 
BD, and the Square of AC. 

In Numbers, 

Let the Line AB confiftof 7 Parts, AC of j, 
and CB of 4, as alfo BD. The Square of AP 
1 1 will be 1 2 1. And one Reaangle luider AB 
7, andBD4,malce8 jS-, which taken four times, 
is 112; and thofe together with the Square or 
9, which is 9, make alfo 121. 



PROPOSITION IX. 

A THEOREM. 

If a Line he dlviiei into two equal PartSf and tmo 
vtiequd% the ISquares of the Mnefpul Partt wtU 
double the Square of half the Line^ and the Squart 
of the intermediate Part. 

LET the LineABbedi- E 

vided into two equal 
Parts at the Point C, and 
two unequal at the Point 
D; the Squares of the un- 
equal Parts AD and DB 
will be double the Squares of AC, which is half 
AB, and CD the intermediate Part. Draw CE 
perpendicular to AB, and equal to ACj draw 

H iiUo 
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zVo the Lines AE and BC^ and the Perpendi- 
cular DF, a$ likewift F G pawHel to C D. 
Then |aiH th^ Line AF. 

Iktuqnfiration. 

The Lines AC apd CE are eqaal, and the 
ApgleCis a right Angle: Therefore {by the 
|. I ) the Angles CAE and CEAare ecjual, and 
jronfequentjy half right Angles. In like man^ 
ner, the Angles CEB, CBF, GFE, and DFB, 
' are lialf right Angles ^ and the Lines OF and 
€E, DF and DB, equal, {hy the 6. i.) aud the 
whole Angle AEB is a right Angle. Now the 
Square of AE Q?y the 47. i.) is equal to the 
Squares of AC ^nd CE, which ate equal: 
Therefore it is double the Square of AC. For 
the fame Re^f pn^ the Square of £F is double 
the Square of GF, or CD. Now the Square 
of AF is fqpal ta the Squares of AE and Ef , 
ii«c4vfe ^6^ Angle AEF \fi a Right Angle ^ 
tbm^Coiiethe Square of AF is double the Squares 
of AC and CD. The fajne Square of Kf is 
likewife equal to the Squares of AD, and DF or 
i>B, the Angle D being a right Angle. There- 
fore the Squares of aQ and DB ar-e doubly the 
Squjares of AC and CD. 

Ill Numbers. 

Let AB be 10, AC $, CD ^, and DB 3 v Ae 
Squares of A^ 8, and DB 2, thatis to fay, ^4 
and 4, which make 68, are double the Squares 
of AC 5, that is, 25 •> aiud of CDi ?, vhich 

is 
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is 9 •, for 25 and ^ mate 34» which is half of 
68. 

The USS. \ 

* I have not met with this Propofition, ei- 
* cent in jtgibra •, lio more than that which 
^ follows. 



PROPOSITION X. 

A THEOREM. 

tfd Line be added to another that is divided into 
tipo equal Parts •, the Square of the Line com- 
founded ef thofe two^ with the Square of that 
which is added^ makes double the Square of hpdf 
the Line^ and the Square of that which is cofhr 
founded of balf^ and the Line that is added. 

LE T the Line AB be 
divided inthemiddle 
at the Point C, and the 
Line BD added to it: 
The Sduares of AD and 
BD will be double the 
Squares of AC and GD. D«aw the Perpendi- 
cularsCE and DF equal to AC \ and then draw 
the Lines AE^ EF, and producing FB toC, fo 
that DG may be equal to BE), join the Lki^ 
AG and EBG. 




H 2 
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Demonftration. 

The Lines AC, CB, and CE, being equal, and 
the Angles at the Point C being right Angles ; 
the Angles CAE, AEC, CEB, and CBE, will 
be halt right Angles. In like manner, the 
Angle D being a right Angle, and the Lines BD 
and DG equal, the Angles DBG and DGB will 
be half right Angles ^ and fo will Ukewife 
GEE, the Angle F being a right Angle ^ there- 
fore the Lines EG and FE are equal, (by the 6. 
1.) and EF is equal to CD, (by the i'^. i.) Now 
the Square of AE is double the Square of AC, 
and the Square of EG is alfo double the Square 
of EF, or CD, (by the/^-j. i.) But the Square of 
AG is equal to the Squares of AE and EG, (hy 
tfee/iw^;) therefore the Square of AG is double 
the Squares of AC and CD. The fame Square 
of AG is likewife (by the fame 47.) equal to the 
Squares of AD, and DG equal to DB : there- 
fore the Squares of AD and DB are double 
the Squares of AC and CD. 

By Numbers. 

Let AB contain 6 Part, AC 3, and CB 3, 
BD 4 ^ the Square of AD 10 is 100 •, the Square 
of BD is 16, which make together 116. The 
Square alfo of AC 3 is 9 : The Square of CD 
7 is 49. Kow 49 and 9 make 58, the half of 
116. 

PRO- 



-—1 




K 



F G 



1 

The Second Booh 115 

PROPOSITION, xr. 

A PROBLEM. 

To divide a Line in fuch a manner^ that the ReS^ 
angle under the whole Line^ and one of its Partsy 
jball be equal to the Square of the other fart. 

SUppofe the Line AB to be Q 

divided in fuch a manner JD 
that the Reftangle under the E 
whole Line AB and BH, may be ^1 po p 
equal to thq Square of AH, Make 
the Square of AB {by the 46. i.) 
and dividing AD in the Middle E, 
draw EB, and take EF equal to EB. Then make 
the Square of AF, that is to fay, let AF and 
AH be equal. I fay, the Square of AH will be 
equal to the Redangle HC, contained under 
HB, and BC equal to AB 

Demonftration. 

The Line AD is divided equally in the Point 
F, and the Line FA added to it ^ therefore (by 
the 6.) the Reftangle DG qontain'd under DF, 
and FG equal to AF, with the Square of AE, is 
equal to the Square of EF, equal to EB : now 
the Square of EB is equal to the Squares of a£ 
and AB, (by the 47. i.) Therefore the Squares 
of AB and AE are equal to the Redangle DG, 
and the Square of aE^ and fubtradting from 
both the Square of AE v the Square of AB, 
that is, AC, will be equal to the Redangle 
PG : Taking away therefore the Reaangle DH, 

H 3 which 
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which is common to both, the Reftan^le HC 
will be equal to the Square of AH, that is, AG, 

The USE. 
* This Propofition teaches how to cut a Line 
' according to the extreme and middle Propor- 

* tiou, ais will be fhew'nin the fixth Book. Tis 

* alfp frequently made Ufeof in the fourteenth 

* Book of Euclid*s ElemenU, to find the Sides 

* of Regular Solids. It is ufeful alfo in the i>, 

* of the 4. to infcribe a Pentagon in a Circle, a^ 

* alfo a Pentedecagon (or a Figure with 15 
^ Angles.) You win fee alfo other Ufes thereof 

* in dividing Lines after this manner, in the 

* 30th Propofition of the 6. 

«■— y— ^^1 ■ ■ ■' ■ I ■'■ " ■ II- — '■ ' . 

PROPOSITION XI 

A THEOREM. 

/;/ an Obtufs-angkd Tnattgle^ the Square of the 
Side opposed to the Obtvfe An^e^ is equal to the 
Squares of both the other Sides^ and two ReSan-^ 
gles contain d under the Line upon which a Per-' 
pendicular wiU fall, and the Line which lies be-n 
twixt the X^i<*ngU and the PerpenScular. 

LE T the Angle ACB of the 
Triangle ABC be obtufe, 
^« and let AD be drawn Perpendicu- 
lar to BC •, the Square of the Side 
A<B is equal to the Squares of the Sides AC and 
CB, and two Reftaigles contained under the Side 
€B and CD. Demon^ 
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Demoftflration. 
The Square of AB is equal to the Squares of 
AD and DBy (by the 47. i.) But the Square of 
BD 18 equal to the Si|Udres df DC and CB, and 
two Reftangles contain'd under DC and CB (by 
the 4.) Therefore the Sqti^te ttf AB is equal t« 
th6 Squares of AD, DC, &nd CB, diid two Reft- 
angles contain'd lilider DC feriJ CB. Inftead of 
the two firft Squares of AD and DC, put the 
Square of AC, which is equafl to them, {by the 
47. 1.) then the Square of AB will be equal to 
the Squares of AC and CB, and two Redan- 
gles contain'd under DC and CB. 

The USE. 
* This Propofitioii is ufeful in Trigonometry^ 
to meafure the Area, of a Triangle, whofe 
Sides are known. For Etariiple, Suppofe the 
Side AB to confift of 20 Foot, AC of 13, feC 
of 1 1 i the Square of AB Will be 400, that of 
AC 159, and that of BC 121. , the Sufti 6( 
the two laft is 290 J which fubftradled from 
400, there will remain i lo for the two Rectan- 
gles under fee aind CD. The half of which, 
55, will make one half of thofe Reftangles^ 
dividing which Number by BC, li, we Ihall 
have ? for the Line CD •, whofe Square 25 be- 
ing fubftradted from the Square of AC, 169, 
leates t;he Square of AD, 144, whofe Root 
1 2 will be the Side AD ^ which being multi^ 
plied by J, the half of feC, will give the 
Area of the Triangle ABC, that is, 66 Foot . 
♦ Square, 

H4 PRCK 
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PROPOSITION xm. 

A THEOREM. 

In any Triangle wbatfoever, the Square of the Side 
opposed to the acute Angle, with two ReSangles 
contain d under the Side upon which the Ferpen- 
dicular falls, and the Line which is betwixt tbe^ 
Perpendicular and that Angle, is equal to the 
Squares of both the other Sides. 

^Uppofe the Triangle to be 
I ABC, and the acute Angle 
C, and AD the Perpendicijar 
falling upon BC ^ the Square 
of the Side AB, oppos'd to the 
acute Angle C, with two Reftangles contained 
under BC and CD, will be equal to the Square 
of AC and BC. 

Demonjlration. 
The Line BC being divided in D, (by the 7.) 
the Squares of^BC and DC are equal to two 
Reaangles under BC and CD, and the Square 
bf BR Adding to both the Square of AD -, the 
Squares of BC, DC, and AD, will be equal to 
two Reftangles under BC, and CD, and the 
Squares of BD, and AD. Inftead of the Squares 
of CD, and AD, put the Square of AC, which 
is equal to them, (by the 4,^ \) zni inftead of 
the Squares of BD, and AD, fubftitute the 
Square of AB, which is equal to them (^^ the 
fame:) then the Squares of BC and AC will be 

equal 
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equal to the Square of AB, and two ReSangles 
contained under BC and CD. 

The USE. 
* Thefe Propofitions are very ufeful inTrigo-^ 

* Ttometry: I have made ufe of them in the 
' eighth Propofition of my third Book, to prove 
*. that in a Triangje the Sine Total has the fame 

* Propofition to the Sine of an Angle, as thq 

* Redangle containM under the Sides, which 

* form that Angle, to double the Triangle. I 

* have us'd them likewife in the feventh, and 

* divers other Propofitions. 



■** 



PROPOSITION XIV. 
A PROBLEM. 

To defcribe a Square equal to a Re3ilhieal Figurf 

given. 

l^^jT^ O defcribe a Square equal 

I to the Reailineal A : 
make (by tie 45, i,) a Redan- 
gle BCDE equal to the Refti- 
lineal A. If the Sides CD and ^ 

CB were equal, we fhould have U H 

wh^t we defir*d : But being unequal, continue 
the Line BC, fo that CF may be equal to CD ; 
and dividing the Line BF in the middle at the 
Point G, defcribe the Semi-circle FHB ^ this 
done, prolong DC to H. The Square of CH is 
equal to the Rcftilineal A. Draw the Line GH. 

Dem^n^ 
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Demonfiration. 

The Line BF is divided into two equal Parti 
in Of and two unequal iti G •, therefore (by the 
y.) the Reftangle cotttain'd under BC, CF, or 
CD-, that is to fay, The Reaanglfe BD, with 
the Square of CXj, i^ equal to the Square of 
GB, or GH, which equal to it. Now ^j the 47. 
I.) the Square of Gn is equal to the Squares of 
CG, and CH: Therefore the Redangle BD, 
and the Square of CG, are equal to the Squares 
pf CG, and CH s and therefore, taking away 
the Square of CG, which is common to both^ 
there will remain the Square of CH equal 
to the Redangle BD, or, which is the fame, 
tjie ^e£fcilineal A. 

The USB. ! 

* This PropoCtion teaches us, in the firft 

* Place, to reduce any Rediilineal Figures to* 

* Squares ^ which being the chief Meafure of 

* all Superficies, becaufe its Dimeniions are 

* both equal, we can by this means take the 

* Magnitude of all forts of Rectilineal Figures-^ 

* Again, it helps us to find a middle Propor- 

* tional betwiit two Lines given, as we uiall 

* fee in the thirteenth Propofition of the fixth 

* Book. 

^ Arijlotlehrings this Propofition as an In- 

* ftance of a formal Definition : For, in his 2d 
^ Book, de Anima^ § 1 2. di^ingHifhing betwixt 
^ a formal and a cauCal Definition, he explains 
' them thus : If when 'tis demanded, v;hat it is 

' tQ 
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^ to fquare a Redangle ? Anfwcr be return'd, 
^ X^ it 48 to deicribe^i Square equal to a Rec* 
■ tilineal given ^ this Anfwer contains the for- 

* mal Definition. But X it be faid, That it is 
^ to find a middle Proportional betwixt two 
^ Lines, ^hfs gives tlie caufal Defifiitioh. For 

* to find a middle Proportional, istheCaufeof 
^ making a 3quaK efim to the Redtilineal pro^^ 

* pos'd. 

* Tfeis Propoiition «ay«lfo be farther ufefol 
^ '{or^ iquarifig of (xooked figures ^ and fiSo^ 

* as rar as is poffible, even the Circle itfelf ^ 
' far «21 SMok of cnioiced Fsgures may^ at letft 
^ as far as is difcem&le by Senie, be reduced to 
^ RjodibuBcak. As fior Example : if tve iAfcribd 
^ ina Cirdie a Folrgon confifting of a thoufanc} 
' Sdes, thaewiUbenofeniible difierence be^r 
^ twiictit and thcCifcle^ therefore reducing 
^ this Pdfgoa to a Square, we do, as far as 
^ our Senfes ace capable of ludging, Iquare th$ 
f Ciarclp. 
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Third Book 

O F T H E 

Elements of E UC LID. 

HIS Third Book explains the Pro- 
perties of a Circle, and compares 
divers Lines which may be drawn 
' within, or without, its Circumference. It 

* confiders likewife the Circumftances of Circles, 

* that cut each other, or touch a right Line ^ 
^ and the Differences of Angles that are made 
^ either at the Centres, or Circunrferences. In 

* fine, it lays down the firft Principles for efta- 

* blifhing the Praftical Part of Geometry 5 for 
^ which the Circle is moft commodioufly made 

* Ufe of in almoft aJlTreatifes of the Matbe-^ 

* matich. 
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DEFINITIONS. 



I. Thofe Circles are equal, 
whofe Diameters or Semi-diame- 
ters are equal. 



2. A Line is faid to touch a Circle, whent 
meeting with its Circumference, it does not cut 
it ; As the Line AB. 

3. Circles touch, 
when meeting, they 
do not cut eacli other : 
As the Circles A, B, 
and C 

4. Thofe Lines are equally re- 
mote from the Centre •, when the 
Perpendiculars, drawn from the 
Centre to the Lines, are equal. 

* As for Example •, If EF, and EG, ^ 

* Perpendiculars to the Lines AB, and CD be e- 

* qual, AB and CD will be equally remote from 

* the Centre 5 becaufe the Diftance ought al* 

* ways to be meafur'd by perpendicular Lines* 

5. A Segment of a Circle is 
a Figure terminated on one Side 
by a right Line, and on the other 
by the Circumference of a Circle: 
!A8L0N, LMN. 

6. The 
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6. The. Angle of the Segment is the Angle 
which the Circumftrcnce tnaifees With the right 
Line : As the Angles LNG, NLMi 

« 

7. An Angfc is in that Sfegftrent 
in- which' aretfte Lines that form it ? 

* As the Angle FGH, i^ in the 

* Segment FGH. 

8. An Angle is Upon that Ardi, to- which it 
is oppos'd^ or which is as its Bafe : ^ iA t}>e Afir' 
* gle FGH, is upon the Arch FlH. 

9. The Seftwp is a Figwe con^ 
tain'd under twa Seffii-d^ameter?^ 
and the Arcjii which ferves tbsm 
for a Bafe : * A« the Figurt 
* FIGR 
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PRlOPOSKT ION r. 

A PROBL.EM. 

Topti the Outre of a CircU. 

TO find the Centre of th* 
Circle AEBD, draw th6 
Line AB, ani diWe it ia the 
middle at the Point C-, througli 
which, draw the Perpeiidicimr 
£D, which alfo divide into two equal Pacts dC 
the point F, then that Point & will be th* Ceir- 

tre 
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tre of the Circle. If it te not, fuppoft the 
Point G to be the (Sentre s, and ^aw tne Lines 
GA, GB, and GC. 

DemottftratioJt. 

If the Point G be the Centre, the Triangles 
GAG and GBC will have the Sides GA and GB 
equal, (by the Definition of .a Grcle :) And AC 
9Mi Cfi will be equal \ the Line AB being divLd-' 
ed in the middle at the Point Q and CG being 
common, the Angles GCB and GCA will be e* 
qual, (&y the 8. i.j andCG a Perpendicular, not 
CP^ wnicb is contittrj to the Su£poiition. 
Thejeefore the Centre muft of neceliity be in 
the line CD. I add, That it raaft be at thfe 
Point F, where it is divided into, two equal 
Parts ^ otherwife the Line^ drawn from the 
Centre to the Circumference would not be e- 
qpal. 

CotfoU. The Centre of aCir^^l^ i% ia that Line 
which, falling perpendicularly upon anothes, 
. divides it iato two equal Parts* 

The USE. 

* This Propofition i^ neceflar/ to demonfirate 
^ thoft that follow. ^^ 
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PROPOSITION ir. 

A THEOREM, 

A Right Line drawn from ane Point of the Cir^ 
cumference to another^ falls wholly within the 
Grcle. 

ET a Line be drawn from 
_ J the Point B to the Point C : 
I fay, it will be wholly contained 
within the Circle. To prove, 
that it cannot fall without the 
Circle, as BVC5 having found 

the Centre of the Circle A, draw the Lines 

AB, AC, audAV. 

Detnovftration. 

The Sides AB and AC, of the Triangle GBC, 
are equal : Therefore (by the J- i.) the Angjes 
ABC and ACB are equal. And iince the Angle 
AVC is an external Angle inrefpefl: of the Tri- 
angle AVB, it is greater than the Angle ABC 
(by the 16. 1.) and then alfo it will be greater 
than the Angle ACB. Therefore (by the 19. i.^ 
in the Triangle ACV, the Side AC, oppos d to 
the greater Angle AVC, will be greater than 
AV^ and by confequence AV ought not to 
reach to the Circumference of the Circle, if the 
Line B VC was a right Line. 

Tbc 
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* Tis by this Propofition that they demon* 
ftrate, that a Circle can touch a right Line 
but in one Point. For irthe Line touched 
two Points of the Circumference, it would 
be drawn from one of its Points to another: 
and by confequence, according to this Pro- 
poiition, would enter the Circle 5 though, by 
its Definition, the Line that touches ought 
not to cut the Circumference. Theodofins 
makes ufe of the fame Demonftration to prove, 
that a Globe can touch a Plane only in one 
Point \ for otherwife the Plane would enter 
within the Globe. 



PROPOSITION m. 

A THEOREM. 

If the Diameter divide a Line which does not pafi 
tbrovgb the Centre into two equal Parts^ it will 
cut it at right Angles-^ and if it cut it at right 
Angles^ it will divide it into two equal Parts. 

IF the Diameter AC cut the 
Line BD, which does not pafs 
thro' the Centre F, into two e- 
qual Parts at the Point E, it will 
cut it at right Angles. Draw ^ 
theiiaesFBandFD, 




Demon* 
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Demonfirdtlon. 

In the Triangles FEB and FED, the Side EF 
i^ common ^ the Sides iBE and ED are etjual 5^ 
becaufe the Line BD is ecjuallj divided m E, 
and their Bafes FB and FD are equal : There- 
fore {by tie 8. l.) the Angles BEF and DEF are 
equal, and by coiifequence right Angles. 

I add. That if the Angles BEF and DEF be 
yigbt Angles, the Line BD will be divided into 
two equal Parts at E, that is to fay, the Lines 
BE and EP will b€ equal. 

DemonJIfatioH. 

The Tlrian^es BEF and DEF are Reaaagu-. 
lar : Thgrcfor^Y^ ti^47. '--^ ^^ Square of the 
Side DF will be equal to tlie Squares of the 
Sides ED amd EF; Now. tte Squares of BF and 
FD are equal, becaufe the Lines arc equal 5 
therefore the Squares df BE and EF aae cqaal 
to the Squares of DE aod EF v and taking «way 
the Square of BF, which is commnn, the 
Squares of BE and EDwiUbe equal, aaa4 by 
confequence the Lines. 



PRO- 
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PROPOSITION IV. 

A THEOREM. 

Tsr# lAnes iravn within a Grch^ canntft cut each 
other intatvo equal Parts, nnlefs they bothfafi 
thrw$h the Centre. 

iF the Lines AC and BD cut 
each other at the Point I, 
ich is not the Centre of the 
Circle, they will not eoually , 
divide each other. Firlt, If ^x^^Kv/^^ 
one of thofe Lines, as AC, ^*^-*'^ 
pafs through the Centre, 'tis evident it cannot 
equally be divided but at the Centre. But if 
neither pafs through the Centre, as BD and 
EG, draw the Line AIC through the Centre. 

Demoftfiratio9L 

If the Line AC divide the Line BD into two 
equal Parts in I, the Angles AID and AIB will 
)se right Angles, (hy the ^.) In like manner, if 
the Line £G was equally divided in I, the 
Ang^e Ai£ would be a right Angle «, and con** 
Icguently the Angle AIB and AIE would be e- 
qiial, which 18 impoflible, one being but part of 
the other. In a wiard. The line AJEC, vrhidi 
pafles through the Centre, would be perpendi- 
cular to the Lines BD and EG, if they were 
both equally divided at the Pc^nt L 

I 2 The 
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7bf USE. 

* Thefe two Propofitions are us'd in Trigo- 

* Hometryt to demonftrate. That the Half of a 
« Chord of an Arch is perpendicular to th« 

* Setni-diametcr •, and confequently, that it is 

* the Sine of half the Arch. By thefe alfo they 
« demonftrate. That the Sides of a Triangle 

* have the fame Proportion as the Sines of the 
« oppoiite Angles. We alfo make Ufe of it to 
« find the Eccentricity of the Circle, which the 

* &in defaibes in his Anvual Motion. 



1 ^ 



PROPOSITION V. 

A PROBLEM. 
Grcles that cut each other ^ have not the fame Centre. 

THE Circles ABC, and ACD, 
which cut each other in A 
and C, have not the fame Cen- 
tre. H"they had the fame Ceiitre, 
fuppofe £, the Lines £A and ED 
would be equal, (by the DefinhtM of a Grcle^) 
«6 alfo the Lines EA and EB: Therefore the 
Lines ED and EB would be equal } whidi is 
impoffible, one being part of the other. 




PRO- 
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PROPOSITION Vf. 

A THEOREM. 

Two Circlet that touch each other on the inner Siie^ 

have not the fame Centre. 

rp HE Circles B D and B C, 




X which touch each other on 
the inner Side at the Point B, 
have not the fame Centre. For 
fliould the Point A be fuppos'd to be the Centre 
of both the Circles, the Lines AB and AC, AB 
and AD, would be equal, (by the Definition of 
a Circle ;) and confequeutlv the Lines AD and 
AC would be equal, which U impoffible, one 
being part of the other • 
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PROPOSITION VIL 

A THEOkEM. 

Jf 'many Lines he ircmn from any one Point wffciw 
the Circle^ whith h not its Centre^ to the Cir- 
cumference: I. That which pajfes tbrDUgb the 
Centre is tbt greateji: 2. The Remainder of ff, 
continud to the eppojite part of the Circum- 
ference^ istheleajf: 3. That which is nearejf 
. if^ihe greatefi^ exceeds thofi that are more re- 
. inote : 4. There tan he no more than titfo of 
them tqnal to each other. 

Uppofe many Liaes to be 
drawn ftom the Point A, 
being not thef Centre, of die 
Circle, to the Circumference; 
and the Line AC to pafs through 
the Centre B : I will demon- 
ftrate, that it is greater than any of the other j 
for Example, that it is greater than AF. Draw 

FB. 

Demonjlration. 

1. The Sides AB and BF of the Triangle 
ABF, are greater than AF alone, (by the qo. i.) 
Btit BF and BC are equal, (by the Definition of 
a Circle :) Therefore AB and BC, that is to fay, 
AC, is greater than AF. 

2. I add, in the fecond Place, That AD is 

the leaft ^ for Example, that it is lefs than A£ : 

Draw BE. 

Denfon-^ 
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Demortfiratiov. 

The Sides £A ^nd AB dxt greater than BE 
alone, but BE is equal to BD \ therefore AE 
and AB are greatier tfa«n H) s taking therefore 
from ^h that which is comoAon AB, AE will 
reiDAin greater than AD. 

9. Farther, AF, whkh is nearer AC than AE, 
h alio greater than AE. 

Demonjtration, 

The Triangks FBA^ and EBA, have the 
SHiiA BF and B£ t({vsL\, and SA is common to 
both: But the Angk ABF is greater than the 
Angle ABE : Therefore, (by the 24. i.) AF i^ 
greater than AE. 

4. Laftljr, I fay^ That no. iBote than two 
lining tflat art eqtial to each other, can be 
dnawniirdm the Point A to the Circumference. 
Take the Angles ABE and ABG equal •, and 
draw the Lines AE and AG. 

Demovfiration. 

The Triangles ABG and ABE, having the 
Sides BE and BG equal ^ the Side AB common 
to both, and the Angles ABE and ABG equal •, 
therefore their Bafes AE and AG will be equal, 
(bj the 4. 1 J But all the Lines that can be drawn 
either on one Side or the other, will be either 
nuardlT AC, than AE and AG s or more remote 
from it -, and accordingly will be either greater 
or lefs than AG. Therefore there can be no 
more than two Lines ?qaal betwixt themfelves, 
drawn from the Point A to the Circumference. 

I 4 Tfce 
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The USE. 

* Tbeodojiusy advantageoufly ufcs • this Pro- 
' pofition to prove. That if from any Point of 

* the Superficies of a Spnere, which is not the 

* Pole of any certain Circle, divers Archil of 

* greater Circles be drawn to the Gircumference 

* of that Circle, that which paffes through its 

* Pole will be the greateft. For Example •, If 

* from the Pole of the World, which is difiin£t 

* from the Pole of the Horizon, ffor the Zenith 

* is its Pole,) divers Arches of greater Circles 

* be drawn to the Circumference 5 the Arch of 

* theMeridian, which pafTes through the Zenith, 

* will be the greateft Arch. This Propolition 

* isalfo brought toprove, that the Sun, when 
^ in his Afogmtny is moft remote from the 

* Earth- 
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PROPOSITION vm. 

A THEOREM. 

If from a Voint taken without the Circle^ many 
Lines be drawn to i%s Circumference : j. OfaU 
tbofe that e^teni to the Concave Circumference^ 
that which vajfes through the Centre is the great- 
ejl: 2. Ihofe that lie near eft to it, are greater 
than thofe that are more remote : 9. Amongthofe 
that fail upon the. Convex Circumference^ that 
which being contitaid pajfes through the Centre^ 
is the leafi : 4. The nearer to that^ are lefs than 
thofe farther off: 5. There can be but two equal 
Lines drawn pom the fame Pointy either to the 
Concave or Convex Circumference. 

SXJppofe rnznj Lines were 
draMm from the Point A to 
the Circumference of the Circle 
GCDE. 

Firft, The Line AC, which 
{)afres through the Centre B,, is 
the greateft of all thofe that reach 
to the Concave Circumference j 
fbr Example, it is gjreater than ^D. Draw the 
LineBP. 

Hemonfiraticn. 

In the Triangle ABD, the Sides AB and BD 
»re greater than AD alone i bvt the Sides AB 

and 
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and BC are equal to AB and BD : Therefore 
AB and BC, or AC, is greater than AD. 

2. AD is greater than AE. 

VtmofifiraltiM. 
The Triangle lABD and ABE have the Side 
KB common to both, and the Sides BD and BE 
equal, and the Angle ABD is greater than the 
i^ngle ABE •, therefore {b^ the 24. i.) the Bafe 
AD is greater than the Baft AE, 

3. AF, which bting continued, pafFes thnwigh 
the Centre, is the leaft of all thofe Lities that 
ate drawn to the Conver CircmnferenxJe tFlK i 
for Example, It is Ids thah Al» Draw IB. 

DemoTiflrcttton. 
In the Triangle AIB the Sides AI and IB are 
greaterthan ABalone, (Irythti^. i.) therefore 
taking,' from both, the eqtial Lhies BI ahd^BF, 
AF will remain lefs than AJ. 

4. AI is left than Ait. , praw the tiiie BK. 

In the Triangles AIB and AKB, the SMfs 
AK and KB are |;reater .than the Sides AI , and 
IB, (hytU 214 I.) therefore, taiing from ^oth, 
the equal Sides . BK and Bl, , AI will remain lifs 
than aK. * ' . ; > 

5:, There jqanbe but two' Lj^nes equal, betwict 
themfelves ^di'awn from A. Take tl?e Angles 
ABL, andABK^asalfo AB]^, and ABG, equal. 

Demcmfir^Oton. 

The Triai»i^s ABfc, ; ap4: ABK, will^ave 
|;heir ^aies AJL and AKcegual, {by tU^ i.) 
aitd by the fame alfb AE and AG will be equal 5 

but 
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but DO ether Lkie ctn be drawiy, that will not 
be either neater to, or more r^ote From AF, 
or AC *^ and confequenlly, that will not be ei- 
ther greater or lefs than AlT and AL, A£ and 
AG. 



PROPOSITION IX. 

A THEOREM. 

Tial feint from jpbmct tbnv rqval thttt tan be 
drawn to the Ormnfereiitcc c/ u Orcle^ is itt 
Centre. 

IF the Point were not the Centre of a Circle, 
there c6old be but two equal Lines draiiTn 
irom it to the CfrcuinfereaDe, (by tke 7, and 8.) 



PROPOSITION. X. 

A THEOREM. 
• Tmo Cir<ie$ cut each other only in two Points. 

IF two Qrcles AEBD, and 
ABFD, flioiild cut each o- 
ther in three Points, A, B, and 
D i find (by the 1 .) the Centre C 
of the Circle AEBD ^ and draw 
the. Lines ,CA, CB, and CD. 




J)emon^ 
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Demofifiration. 
The Lines, CA, CB^ and CD, drawn from, 
the Centre C to the Circumference of the Cir- 
cle AEBD, are equal : . But the fame Lines are 
alfo drawn to the Circumference of the Circle 
ABFD : Therefore {by the 9.) the Point C will 
te the Centre of the Circle ABFD. So that 
two Circles which cut each other, will have the 
fame Centre \ which is contrary to the fifth Pro- 
pofition. 




I 



PROPOSITION XI- 

A THEOREM. 

Jf two Circles touch each other on the Infiie^ a Line 
drawn through both the Centres^ will alfo pafs 
through the Point where they touch. 

F thie two Circles EAB and 
_ EFG touch each other on the 
Infide, at the Point E •, a Line 
drawn through both their Cen- 
tres will paft through the Poiftt 
E. For if the Point D were the 
Centre of the lefler Circle, and C that of the 
greater •, fo that the Line CD pafling through 
both, Ihould not pafs through the Point E: 
Draw the Lines CE and DE. 

Demonjtration. 
The Lines DE, and DG, drawn from the 
Centre of the leffer Circle D to its Circumfe- 
rence, 
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rence, would be equal : And adding the Line 
CD, the Lines ED and DC, would be eoual 
to CG. Now ED and DC, are greater than 
EC alone, (by the 20. i-) and fo CG will be 
greater than CE : Yet C being the Centre of 
the greater Circle, CE and CB are eaual*, there- 
fore CG will be greater than CB, which is im- 
poflible. 



PROPOSITION XIL 
A THEOREM, 

If two Circles touch each other on the Outjide^ a 
Line drawn through both their Centres^ willpafs 
through the Point where they touch. 

IF the Line AB, which does not 
pafs through the Point C where 
the Circles touch, be faid to be 
drawn from the Centre A to the 
Centre B : Draw the Lines AC and 

BC 

Demouftration. 

In the Triangle ACB, the Sides 
AC and BC would not be greater 
than the Side AB alone, (which is contrary to 
the 2o- I.) becaufe AD and AC, as alfo BE and 
BQ are equaL 
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PROPOSITION xin. 

A THEOREM. 

3>(> Circia% can touch each other only in one- Pbhtt 

FIrft, if two Circles touch each 
other on the infide, they will 
touch but in one Point only, viz. 
the Point C, which is mark'd out 
by the Line BAG paffing through 

•r XV n. ,2*^ *"^^ Centres, A and B. For 
if they fhould touch likewife m the Point D, 
draw the Lines AD, and DB . 
, DemoiiJiratioM. 

The Lines AC and AD, drawn fcooi the Cen- 
tre of the lefler Circle to its Circumference, are 
equal J and adding AJB^, t^ tines B A and AC 

J «^ ^"* ^^' *°»1^ ^ «qPal- ^w^ BC 
and BD, dra.wn from the Centre of the giieater 
Circle to It* Cufcujnfeaence^ will ke awl i 

u o*'- J ^^* ^^^^^ ^-^ *^^ ^^ ^U te emirf to 
the Side BD alone, which is contrary to the ap. i. 

^^ ~ Secondly, If two Circles 

toucb eaol other on the out- 
fiHej dVawing the Line AB 




* Ml /< » "'^'"^ ^'^'^ Centre to the bther. 
itwiUpafothjpoogh thePbintC, where tfieGr- 
cles touch, (by the 12.) But if you fay, Tliat 
they touch alfo at the point D5 having drawn 
the Lines AD and BDj the Lines BC andBD 

AC 



Tk€ Third Bcok. 

JiC and A]>, bein^ ec^l, the two Sidea of a 
Triangjle t^eA together, woiil4 be equal to the 
third, which i& Qonusmy to the ao. i. 

m USE. 

^ Thefe four FropofitioQs are very cleat and 
• evident, and alfo Beccflar j in ^royroinjp, whea 
' we make Ufe of Epycy^ks, to explain the Mo* 
' tioos of the Bams. 
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PROPOSITION XIV, 

A theori:m. 

E^al Lines irawn pithin a Grcle^ are' eqaallf rt^ 
mote from their Centre ^ and tbofi that are e^ 
qually resMtefrcm the Centre^ are equal. 

SUppofing the Lines AB and CD 
> to be equal : 1 wjil prove, that 
ithe Perpendiculars^ EF and E6, 
drawn from the Centre, are alfo 
eqi»aL Diaw the Lines EAand EC . 

Demnfiration, 
The Perpendiculars EF and EG divide the 
tine* AB and CD in ihe middles at the Points 
F and G, (by the 3.. 3.) therefore AF and CG 
are eqi»l. The Angles F and G are right An- 
gles : Therefore (iy the 47. i.) the Square of 
£A is equal to the Sqiudres of EFand FA^ as 
alio the Square of EC is equal to the Squares 
of EG and GC^ , But tha Squares of EA and 
EC are equal, becaufe the Lines EA and EG 

are 
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are equal : Therefore the Squares EF and FA 
are equal to the Squares EG and GC : And 
talcing away the equal Squares AF and CG, 
there will remain the Squares of EF and EG 
equal J and confequently the Lines EF and EG, 
which are the Diftances of the Lin s AB and 
CD from the Centre, are equal. 

But fuppoling the Diftances, or Perpendicu- 
lars EF and EG to be equal s I will prove after 
the fame manner, that the Squares of EF and 
FA are equal to the Squares of EG and GC •, and 
taking away the equal Squares of EF and EG, 
there will remain the Squares of AF andCG e- 
qual. And therefore the Lines AF and CG, 
and their Doubles AB and CD, are equal. 
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PROPOSITION XV. 

A THEOREM. 

the Diameter' h the greatefi of aU Lines infers 
in a Circle^, aftd, of the reft, that ts the greateft, 
which is neareft the Centre, 

TH E Diameter A B is 
the greateft of all 
Lines that can be drawn in 
the Circle GIDC: As tor 
Example, it is greater than 
CD i for draw th« Lin« 
£C and ED. 

Demowr 
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l)emonfiration. 

in the Triangle CED, the Sides EC and ED 
are greater than CD alone, {by the 20. i.) but 
AE andEB, or AB, is equal to EC and ED ^ 
therefore the Diametef AB is greater than CD. 

Secondly", Let the Line GI be more rfemote 
from the Centre than the Line CD 5 that is to 
fay, let the Perpendicular EH be greater than 
the perpendicular EF. I fay. That CD is greater 
than GI : Draw the Lines EC, and EG. 

Defnoujl ration. 

The Squares of CF and FE (pythe 47. i.) are 
tqual to the Square of EC : But the Square of 
EC is equal to the Square of EG„a^id the 
Square of EG equal to the Squares of GH and 
HE: Therefore the Squares of CF and FE are 
equal to the Squares of GH and HE j and tak- 
ing from one Side the Square of HE, and from 
the other the Square of EF, which is lefs than 
the Sqtiare of HE, the Square CF will remain 
greatet than the Square of GH. Therefore 
the Line CF will be greater than the Line GH5 
and the Whe/le Line CD, the double of CF, 
will be greater than GI, the double of CH. 
^ Ibe USE. 

* Theodofiiis makes Ufe.of thefe two Propo- 

* fitions, to demonftrate, that in a Sphere the 
^ lefler Circle's are more remote from' the Cen- 

* tre. I have alfo made dfe of them in my Books 

* of Afirolabes. To thefe Propofitions may like- 

* wife be referred that Mechanical Propofition 
' of Ariftoile^ by which he Ihows, that the 

K Rowers 
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* Rowers at the middle of a <jally have greater 

* force, than thofe tjiat are at eitfoer the for€or 

* hinder part th<?reof •, becaufethe Sides of the 

* GaBy being crooked, the Oars of the middle 

* part are longer, i. e. reach farther than the 

* reft. The Demonftrations relating to the 

* Irts^ or Rainlx)w, do alfo fuppofe the Truth 

* of th^fe Propositions. 

PROPOSITION. XVI. 

A THEOREM. 

A Line dramn p^rpendicuJarly upon the Extremity 
of the Diameter^ jaUs wholly on the Outfide of 
the circle^ and touches it. but any other Line 
iravn Betwixt that and the Circumference of the 
Circle^ enters within the Circh^ and outs it* 

y ET the Perpendicular AC be 
JLj drawn apf>n the Point vAt 
which is the Extremity of the 
Diameter AB: I fay, fir ft. That 
all the oth6r parts of ^he (km^ 
Line, for Example, the Point C, fall on the 
Outfide of the Circlp. Draw the Line DC. 

Demovfiration. 
Since the Angle D AC of the Triangle DAC 
is a right Angle, DCA will be an Acute : And 
{by the 19. i.) the Side DC will be greater than 
the Side DA ^ therefore the Line DC reaches 
beyond the; Circumfereiice of the Cirde* 

I add. 
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I add, That the Line CA touches'the Circle ; 
becaufe that rneerii^ with it at the J^oint A, it 
doe$ not cut it^ but all its Points are on the 
Outfide of the Circle. 

I fay alfp, that no other Line can he drawii 
from the Point A below CA. which does not 
dut the Circle. If there could, fujyppofe EA 
to be iuch an one ^ and from the Point D draw 
a Perpendicular to it, DL 

iJemovftration. 
Since the Angle DIA is a riffht Aogle, and 
theAngle AID anAcute, /^ will be greater than 
Dl. : Therefore the Line DI does not reach to 
the Circumference, but the Point I is within the 
Circle, 

The USE. 
* £!oQie Philofophers ufe this Propofition, 
but altogether in vain, to prove that Quan- 
tity 13 nc^ diviiiblewf ivfvkum^ or that there 
really ire in the World fuch thin.gs as Zenoni- 
cfl/, i. e. ahfohtely and in their own nature i»- 
divijible Points. For the Propofition does not, 
as?they would have it, prove, that a Circle 
tquches a right Line in a Zenonicaly but in a 
Matbfmatieal Pointy which is nothing elfe but 
a Quantity confider'd without Diftindion of 
Parts, that is to fay, without conceiving them 
diftin^t and fepar^te one from the other^ 
whether in Reality it has 4uch Parts or not, 
majcing no Matter. We can therefore take 
any Quantity whatlbe^r for a Mathematical 
PoiMt^ which being jonce eftablilh'd, our 

K 2 ' Circle 
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Circl€V?ill confift of fuch Points, and Will 
be MathetnaticaUy perfeft, provided it touch 
not a riglit Line, but in a part equal to that 
quantity which we have taken for a Point. 
But if we afterwards take alefs part for our 
Mathematical Pointy the Circle which was ex- 
adly perfeft according to the firft Suppofiti,-^ 
on, will be imperfed in the fecond, and de- 
generate into a Polygone. I believe, 'tis as 
impoflible to defcribe a Circle, that accord- 
ing to any Suppoiition whatfoever Ihall be 
moft exaftly perfeS, as it is . to conceive the 
leaft poflible Quantity. 
' Secondly, Thofe Confequences, which fome 
Men draw from this Propofition relating to 
the Angle of ContaS, which they take to be 
lefs than any Refiilineal Angle, are ground- 
ed upon this Miftake, That they imagine art 
. Angle to be a true Quantity ^ the contrary of 
which may appear from hence. That the 
Lines, that contain an Angle, being produced 
to any Length, the Angle becomes not at all 
the greater. Further, It cught to be duly 
conlider'd, what we mean, when we fay, 
that one Angle is greater than another -, fojf 
this is all wcAinderftand, That* a Circle be- 
ing defcrib'd from the Point of Concourfe af 
any Diftance whatfoever, the Lines of that we 
call th^ greater Aagle will contain betwixt 
them a greater Arch of that Circle, than thofe 
.of that we call the lefi;- which is the Ible 
jntaniiig of the JEatcefs of one Angle above 

* another. 
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another. Fro m whence I infer, that the An- 
gle of Con tad no more can be compared with 
a Reailineal Angle, than a Superficies with a 
Line, being at the fame time both equal and 
greater andlefs than a Rectilineal Angle. As 
for Example ^ From the 
Point A draw the Line 
AD, making with AE 
a Redilineal Angle •, I 
fay, Jt is both greater 
and lefs than, and e- 
qual to, the Angle of 
Contad. For if we fup^ 
pofe divers Circles defcrib'd from the Point 
A, as the Centre, whereby to meafure thofe 
Angks ^ it is evident that, according to the 
Arch drawn beyond the Point D, that is, the 
Arch EF, the Angle of Contaft is greater 
than the Reftilineal Angle. But, on the conr 
trary, according to the Arch CB, the Refti- 
lineal Angle is the greater of the two. And 
laftly, according to the Arch DG, palling 
through the Point in which AD cuts the Cir. 
cumference, they are both equal. From 
whence it follows, That the Angl? of Con^ 
tadt is at the fame time both \e£s and greater 
than, and equal to, the RediUneai Angle : 
And confequently, they ought not at all to 
be compared together In a Word, Angles 
are no Quantities •, nor are they ealFd lefs or 
greater one than another, but with fefpeQ: 
* to the Arches which they contain: So that all 

K 3 t the 
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the Difjputes about the Angle of Contad, and 
all the Paradoxcsr, concltide nothing cither fot 
or agaihft the Divifibility of Qciantity ; an 
Angle being no Species, but oiiiy a Property 
thereof. 




PROPOSITION XVil. 

A PROBLEM. 

F^'oni a Poirtt ghjen^ to Stair a Line that may tovcb 

a Circle. 

TO draw a Line from thd 
Point A touching the Circle 
BD, draw the Line AC to its Cen- 
tre 5 and at the Point B draw a 
Perpendicular BE, which may 
— cut an Arch of a Circle, defcrib'd 

from the Centre C through the Point A, at tb6 
Point E. Draw alfo the Lines EC, and AD. I 
fay. The Line AD touches the Circle in D. 

Demonfi ration. 
The Triangles EBC and ADC have the fame 
Angle C ^ and the Sides CD and CB, CE and 
CA, equal (bj the Defin. of a Circle :) And 
therefor* they are equal in all Refpeds, (by the 
4« ij and the Angles CBE and CD A are equal. 
But the Angle CBE is a right Angle, therefore 
the Angle CDA will be fo too, and (by the 16. 
S.) the Line AD will touch the Circle. 

PRO- 
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PROPOSITION XVIU. 

A THEOREM. 

A Line tr$»n from the Centre of ^ Circle to the 
Pdint pie^ a right Line touches ity is perpen- 
dicular to that Line. 

IP the Line CD be drawn 
from the Centre C to the 
Point of Conua D, CD will 
be perpendicular to AB. For 
if it be not, draw the Line CB 
perp^idicular to AB. 

Demonftratidn. 

Since the Line CB is fuppos'd to be perpen* 
dicular, the Angle B will be a right Angle, and 
confequently CDB an Acute, (by the 32. i.) 
Therefore the Line CB, opposed to the lefTer 
Angle, will be lefs than CD, which is impoffi- 
ble 5 becauf^ CF, which is but part of CB, is 
equal to CD. 




K 4 
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PROPOSITION XIX, 
A THEOREM. 

If a Live perpendipdar to the Tangent ^ be dran^ 
from the Point ajContaS^ it will pafi throifgb 
the Centre of tbp Circle. 

LE T the Line AB Zfee_ Fig. precedr\ touch 
the Circle at the Point D, and the Line DG 
be perpendicular to AB. I fay, That DC 
pafles through the Centre. For if it did not, 
drawing a Line from the Centre to the Pojnt D, 
it would be perpendicular to AB, (hy the pre- 
ceding,) and fo there would be two Perpendicu- 
Jars drawn to the fame Ppipt D of the fame Line 
CB, which cannot be. 

The USE. 

* The Ufe of Lines Tangents i$ very common 
' in Trigonometry '^ upon which account it is that 

* I have made a Table, whereby to meafure all 
^ forts of Triangles, as well Spherical as Reftir 

* lineal. In my Opticks likewife are divers 
' Propofitions founded upon Tangents y as when 

* it is determined what part of a Globe is en- 
■ lighten'd. The Phafes or Apparitions of the 

* Moon are eftablifhM alfo upon the fame Doc- 
' trine -, and that famous Problem of fiipparchus^ 

* by which he found the piftance of the Sun, 
f by. the Difference of the true and apparent 
! ^fadratures. In Dialling, the Italian and Ba-- 

* bylonian 
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* bylonian Hours 9re frequently defcrib'd by 
» Line* Tangents. Laftly, We take the Di- 
f menfions of the Earth by a Line that touches 

* its Sijperficies 5 and in the Art of Navigation^ 

* take a Tangent Line for our Horizon, 

PROPOSITION XX. 
A THEOREM. , 

The Angle at the Centre is double the Angle at the 
Circumference, v^hich has the fame Arck for its 
Safe. 

IF the Angle ABC, which is 
at the Centre, and the Angle 
ADC, at the Circumference, 
have the fame Arch AC for their 
Bafe, the firft will be double the 
fecon^. This Propofition has three 
different Cafes : The firft of which is, whep 
the Line ABD pafles through the Centre B, 
rhe I^ine AB in one Triangle concurring with 
the Line BD of the other. 

Peponfiration. 
The Angle APC is an external Angle in rer 
fpeftof the Triangle BDC: Therefore (by the 
52. I.) it is equal to both the Angles D and C, 
which bejng equal, (by the %. i.) becaufe thei^: 
Sides BC and BD are equal, the Angle A6C {s 
th{? ^uble of either. 

The 
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trhe Second Cafefe, When due 
Angle ittcfe^es the other, but 
lidueof the Liiift fhdt form them 
cottturr in one * as yon fee in the 
Figi^e anneM^d. The Angle BID 
is at the Centre, and the Angle 
BAD at the Circumference. 
Draw the Lme AlC through the Centre. 

The Angle BIC i« double the Angle BAC, 
a«d CID is doable the Angle CAD, (*f tAep/e- 
uiiH Cafe:) Therefore the Aqgle BID ^double 
the Angle BAD. 

The third Cafe is, When it happens that nei- 
ther one Angle ihdofcs the other, tot do any 
of the Lines that form them, concurr in one. 
Which Cafe is vrboUy omitted hy my Author, but fir 
the Readers SatisfaSion is here fupplieL 

Let the Angk at the Cen- 
tre be BED, and the Angle 
at the Circumference BCD, 
having the fame Arch for 
their Bafe BD. I fay, the 
Angle BED is double the 
Angle BCD. Draw the Liiie EC, and con- 
tinue it to the Point A. 

D^moftfiration. 
The Angle AED is double the Angle ACD, 
Ththd X. Cafe^J znd (by tha fame) the Angle 
AlB is doubk the Angle ACB : Therefore the 
Remainder of the one BED is <loable the Re- 
mainder of the other BCD. 

The 
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The USE. 



* That Problem, which is ordinarily proposed, 

* Ihewing how to defcribe an Horixmttal IA0I 

* by one fole opening of the Compafs, ia built 

* in part on this Propofition. Afid again, When 
^ we would determine the ApogAtm of the Sun, 

* or the Excentricjty of his Circle, by three 

* Obfervations, we iuppofe the Angle at the 

* Centre to be double that at the Circumfe« 

* rence. Ptolemy makes frequent Ufe of this 

* Propofition, to determine both the Excentfic 

* circle of the Sun, and the Epicycle of the 

* Moon. The firft Propofition of the Third 

* Book of Trigonometry is grounded alfo upoft 

* this here. 



PROPOSITIOR XXL 

A THEOREM. 

Ibe Angles that are in the fame Segment of a Circle^ 
or that have the fame Arch for their Bafe^ are 
equal. 



IF the Angles B AC and BDC 
are in the fame Segment of 
a Circle, which is greater than 
a Semi-circle, they will be e- 
qual. Draw the Lilies Bl and 
fpl. 




Demon-* 
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. Demovftratioft. 
The Angles A and D are each of them the 
h^f of the Angle BIC, (by the preceiirtg.) there- 
fore they are equal. They have likewife the 
fame Arch BC for theijr Bafe. 

Secondly, Let the Angles A and D 
be in the fame Segment BAD, which 
is lefs than a Semicircle 5* they will 
neverthelefs be equal. 
Demovjlration. 
All the Angles of the Triangle ABE are e* 
qual to all the Angles of the Triangle DEC, 
{by the i. CoroU. of the ^2. \ ) but the Angles 
AEB and DEC are equal, {by the 1$. 1.) Alfo 
the Angles ECD and ABE are <?qual, (by the pre- 
ceding Cafe^) being in the fame Segment ABCD, 
greater than a Semi-circle ^ therefore the An*- 
gles BAE and EDC are equal-, which, the An- 
gles at E being equal, and confcquently (by the 
CoroU. of the I 'y. I.) the Lines AE and EC, mak- 
ing but one right Line, as likewife DE and EB 
another-, are the Angles A and D, in the fame 
Spgment ABCD, and haying the A^ch BC for 
their Bafe. 

The USE. 
* This Propolition is produc'd in Optich^ to 
f prove, that the Line BC will apppax of the 
* f^me Greatnefi, when 'tis view'd from A, and 
' D, becaufe it is fcen in both Cafes under equs^l 
^ Angles. 

' The fame Prppolltion is us'd to ^^fcribp 
' large Circles without having thejr Centre^ : 
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For Example •, if we would make large Cop* 
per Bafofls of a Sj^herical Figure, fuch as we 
might Work upon in Polilhing Spedlacles and 
Glaffes to lee at a great Diftance. For hav- 
ing made in Iron an Angle B AC equal to that 
which is contained in the Segment ABC, arid 
at the Points B and C ftrongly faften d two 
fmall Iron Pins •, if the Triangle B AC be movd 
fo, that the Side AB may always touch the 
Pin B, and the Side AC the Pin C, the Point 
A will defcribe an Arch of the Circle ABCDl 
This manner of defcribing a Circle may alfo 
be us'd in making great Aflrolabes, 

• — 1 ■ ■ I, i 

PROPOSITION XXII. 

A THEOREM. 

^adrilateral Figures^ infcriVdin a Circle^ hav6 
their oppojite Angles equal to two right Angles. 

LE T a Qiiadrilateral Fi- 
gure, or a Figure, of fdior 
Sides, be infcrib'd in a Circle, 
in fuch fort that all rts An- 
gles may terminate at the 
Circumference of the Circle 
ABCb: I fay, The oppofite 
Angles BAD and BCD are equal to two right 
Angles. Draw the Diagonals AC, andBD. 

Dcmon^ 
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Demovjiration: 

All the Angles of the Triangle BAD are c* 
qual to two right Angles. Inftead then of t^e 
Angle ABD put the Angle ACD, which is equal 
to it {hy the 2 1.) being in thfi fame Segment 
ABCD: And inftead of the Angle ADB, put 
the Angle ACB, which is in the fame Segment 
of the Circle BCPA : Therefore the Angle 
BAD, and the Angles ACD and ACB^ that is 
to fay, the whole Angle BCD, ^re equal tp tyio 
right Angles. 

7he USE. ^ 

* Ptolemy mates Ufe of this Propofitipn to 

* frame the Table of Chords, or Lines fubtend- 

* ing Arches. I have alfo us'd the lame in my 

* third Book of Trigonomeiry^ to prove, that 

* the Sides of an Obtufe- Angle Triangle have 
^ the fame Proportion among themfelves as the 

* Sines of the Opppfite Angles. 

PROPOSITION xxm. 

A THEOREM. 

Tjpo Similar Segments of a Circle^ defcrib^d upon 

the fame Line^ are equal. 

I Call hofe Similar Segmente 
of a C ircle, which contain 
equal Angles; and I fay, that 
if fuch be defcrib'd upon the 
fame Line AB, they will fall 

one 
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one upon the other^ fM nat exceed each other 
in ai^ Part, for i^ either did ,ex^ed the other, 
w de the Segments At>6, and AjCB, they would 
not be Similar : To demonfirate which, draw 
the L>iies ADC, Bp and BC. 

Dcmoftjfration, 
The Angle ADB is an external Angle, in 
xefpea of the Triangle DEC : Therefore (by 
the 16.-1 )it is greater than the Angle ACB^ 
and 1>y confequence the Segments ADB and 
ACfi contain unequal Angles, which, I fay, i^ 
to be DiJimiUr. 



PROPOSITION XXIV. 
A THEOHEM. 

Two Simiyr Se^^ments of a Grcle defcrib^'d upon 

^valiLiH^Sj are equal* 

IF the Segments of the Circles, /^''^^N. 
AEB andCFD, be fimilar, / \ 

and the lines AB and CD equal, C^ S 

the Segments alfi) will be equal. 
Demofijiration. 
Sqppofe the Line CD to be {c 
placed upon the Line AB, being 
luppos'd to be eqnal, they will not exceed each 
other-, and then the Segments A^BandCFD 
wiU be delcrib'd upon the fame Line, and there- 
fore will be equal, \by tlefreadtvg) 

The 
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The USE. 
* Crbolced Figures are frequently reduc'^ to 

* Redlilineals by this Propofition. As for Ex* 

* ample^ If two Similar Segment* 

* of a Circle AEC and ADB, bt 

* defcrib'd upon AB and AC,, the 

* equal Sides of the Triangle ABC : 

* 'tis evident, that, tranfpofing the 

* Segment AEC unto ADB, the 

* Triangle A B C is equal to the Figure 

* ADBCEA. 




PROPOSITION XXV*. 

A PROBLEM. 

To compteat a Circle of which we have hut. a Part: 

HAving the Arch ABC 
given, to compleat the 
Circle we jriuft iind its Cen- 
tre-, to which end, draw the 
J^ines AB and BC, which ha- 
ving divided in the Middles at 
the Points E and D, draw thejr two Perpendi- 
culars EI and Dh which will meet at the Point 
I, the Gentreiof the Circle. 

litmovfratron. 
The Centre is in the Line DI, (h the Ciiroll 
of the I.) it is alfo in EI, {by the fame) therefore 
it muft be at the Point I. 
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The USE. 

^ This Propofition occurs very freguentlj ; 
but fometimes it is ezprefs'd in other Terms : 
As to infcribe a Triangle in a Circle^ or to 
defcribe a Circle through 
three Points given^ provi- 
ded the^ be not plac'd in a 
right Line. Let the Points 
proposed he A, B, and C ^ and 
placing theFoot of the Com- 

J^fs at the Point C, de- 
cribe two Arches F and E, at any Oifiance 
whatfocven Then remove the Foot of the 
Compafs to the Point B, and at the fame Difl 
tance defcribe two other Arches cutting the 
former in £ and F \ alfo from the Point B, as 
the Centre, defcribe at any Diflance the 
Arches G and H, and at the fame Difbnce from 
the Centre A two other Arches cutting them 
iq G and R Which done, draw the Linet 
through F and E, G and H, which Ihall cut 
each other at the Point D, the Centre of the 
Circle. The Demonftration is obvious enough | 
forif you had drawn the Lines AB and BC» 
you had, by thiis Operation, divided them e- 
quaily and perpendicularly. This Propofi- 
tion is exceeding neceflkry to defcribe Afirih 
labes, and compleat Circles, of which we have 
but three Points. That Propoliticm in Afiro- 
nomy^ which teaches how to find the j^Qgdwm^ 
and Excentricity of the Circle of tne San, 
][ virtually contains this. And I alfo have 

L • made 
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* made frequent TJfe of it in my Treatife, cpn- 

* cerning the cutting of Stones. 
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PROPOSITION XXVI- 

A THEOREM. 

E^al Angles, whether at the Centres^ or the Cir^ 
eumferences of equal Grdesy have equal Arches 
for their Safes. 

F the Angles D and I, at the 
_^ Centres of equal Circles ABC, 
and EFG, be equal ^ the Arches 
BC and FG will be equal.. For 
if the Arch BC was greater or lefs 
tijan the Arch FG, fince the An- 
gles are meafur'd by Arches, the 
Angle D would be greater or lefs 
than the Angle I. 

But if the equal Ahgl^sb^fup- 

pos'd to beat the Circumferences 

of equal (Jirctes, as A and E 5 the 

ytngle$ wjii^ch the;^ iriclofe at the Centres, as 

i) and J, being their Doubles, will be likewife 

equal,,' and. confequently require equal A^^^^s 

fcr theirBafe% BC,.aniFG;-,, which. Ai'chcs-are 

. likewife the Meafures' of . the Angles A arfd E* 
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t'ROPOSITlON XXVIL 
A THEOREM. 

I 

AkgUs^ ifhether at the CeMres or Circumferences of 
equal Circles, having' iqital Arches for their 
BafeSy dr^ -alfo equal. 

T F the Angles D and I (Fig. precel) at the 
JLCentres of equal Circles have equal Arches 
EC andpCfor their Bafes, they will be equal, 
hecauCe their Meafures BC and PG are equal. 
And if the Angles A and E, at the Circumfe- 
rences of equal Circles, have equal Arches BC 
.and FG for their Bafes, lince the Angles they 
incloft at the Centres will be equal, they alio 
that are the Halves of thofe Angles (by the 20 ) 
will be equal. 

PROPOSITION XXVIII. 

. A THEOREM. 

]Sqnal Liites, within equal Circles, anfwer to equal 

Arches, 

F the equal 

Lines BC and 

be applied to 
equal Circles, ABC, 
and DEF, they 

L 2 will 





V , 



i6o The Elements of Eudids- 

will be th^ Chords of equal Arches, B©, und 
EF. I^|8w the Lines AB, ,^p, DE, DF. fff 
* V* Demonflration. 

In ^e Triangles ABC Bn4* ^JEF, the Sirles 
A]? aria AC, DE and DF, are equa^, being the 
Semi-diameters of^ MiAl Circles ^^ >nd thek 
Bafes BC and EF are iuppos'd equal f therefore 
(by the &. i.) the Angles A and D will.be .fqual ^ 
and (by the 26.) the Arches BC and EF Will be 
-alfo equal. 



••■•-i^ 
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The Lines that fubtended equal Arches of equd 

Circles are equal. 

IF^the Lines BC and EF (fee Fig. preced. Prop,) 
fubtend (or are the Chords of) equal Arches 
BC and EF in equal Circles, they will be equal. 

Demovfiration. 
The Arches BCandEFare equal, and Parts 
of equal Circles ^ therefore (by the 27.) the An- 
gles A and Dwill be equal: Iheretore in the 
Triangles ABC, DEF, the Sides AB, AC, DE, 
and DF, being equal, as alfo the Angles A and 
D-, the Bafes BC, EF, will be equal, (by the j^. i.) 

7be USE. 
* Theodofus, by the 2 8 and 29^ demonftrates, 

* that the Arches of the Circles of the Italian 

* and Babylonian Hours, contained between 

* two 
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* two Parallels, j)re equal We have alfo de- 

* monfirated after the fame manner, that the 

* Arches of the Circles of the Aftronomcal 

* Hours, contained between two Lines parallel 

* to the EqnatBT^ are likewife equal. Thefe Pro- 

* pofitions are almoftof continual Ufe inSphe- 
' ticfsX Trigonometry^ and alfo in jDza/Z/V^ 



PROPOSITION XXX. 

A PROBLEM. 
To divide an Arch of a Circle into two equal Parts. 



Uppofe the Arch AEB was jr. 

to be divided into two equal 




s 

Parts I place the Foot of the Com- 
pafs at the Point A, and dcfcribe 
two Arches F and G •> then remov- 
ing it to the Point B, at the fame 
Diftance defcribe other two 
Arches, cutting the former in F and G ; the 
Line GF will cut the Arch AB equally at the 
Point E. Draw the Line AB. 

Demonftratioft. 

By this Operation we have divided the Line 
AB into two equal Parts. For fuppofe there 
were drawn the Lines AP, BF-, AG, and BG •, 
(which I have not done, left the Figure fiiould 
appear confusM J the Triangles F G A and 
F G B would have all their Sides equal-, there- 

L i fore 
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fore (hy the 8. i) the Angks.A F D aj[i4 IB F D 
would be equal. Again, The Triaijgl^ .D F A 
and DFB have . the Side DF common, the Side? 
AF an4 BF equal, and the Angles PfA and 
DFB equal : Therefore? (by the 4, i*) the Bafes 
AD and BD are equal; and alfq . the Angles 
ADF and BDF. We have therefore divided the 
Line AB equally, and perpendicularly at the 
Point D : Therefore (by the i.) the Centre of the 
Circle is in the Line FG. Suppofe it therito be 
the Point C, and draw the Lines CA and CB-, 
all the Sides of the Triangles ACD and BCD 
are equal ^ therefor^ (by the 8. 1 ^J the Angles 
ACD and BCD are equal, and (by the 26.) th0 
Arche$ AE and EB. » . 

The USK 
* Having frequent Occalion to divide an Arch 

* into two equal Parts, the Exercife of thisPro^- 

* politipn is very cprnmon. 'Tis thus that . w^ 

* divide the Mariners Compafs into ^% ."Winds: 

* For having drawn two Diameters cutting each 

* other ^t right Angles, we divide the Circle in 

* four Parts j and fubdividing each Quaf ter ii\ 

* th6 Middle, we have eight Parts ^ and again^ 

* fubdividing thofe twice, we make 32. We 

* have alfo Occafidn for the fame Operation in 

* the dividing a Semi-circk intQ 180 Degrees ^ 

* and, becaufe to compleaf that Diyifipn we are 

* obliged to divide an Arch into thr^f §qual Par tsv 

* all Geometricians have fought after A Method 

* of doing that Geometrically, buthsv^ not y^% 
f, been fo happy as to find cue. 

PRO. 
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PRb POSITION XXXI. 

A THEOREM. 

The Angle in a Semi-Circle is A right Angle ^ that 
which is in a Segment gruAer than a Semi^circle 
is dn Acute ^ and that vbieb is in a lejfer Segment 
is tm Oitufe. 

IF the Angle BAG be in a 
Semi-circle^ I will prov«e that 
It is a sight Angle^ Draw the 
Line BA* ' 

Vemo9tfiratioH. 

The Angle ADB being an external Angle in 
regard of the TriaDgj^ ^ I> AC, is equal to both 
the Inti^rijals DAC ,Apiji PCA, {bj the 72. 1.) 
andthofebeingcqi^lC^jli tib^5. i.j because the 
Sides lyA-mdiUC are equals it will be double 
the Ahgh'MAiC. la like manner the Angle 
ADC is dcpble the AiJgk DAB: Therefore the 
two A^g][e§ ADB and ADC, which are equal to 
two fight ^ligies, iSLve doul^le the wbolp Angle 
^AC, aii^ con^queat^y^the* A%le BAP is 9 
rightAngie^f. . .^^ 

• Se/condlyv iTh? A9g:)e AEC, which is in the 
Segment AFC lef^thai^.-Scuri)!^ ia an Obk» 

tufe Angle. For in the (^ladrilater-ai Bigi^re 
ABCE, the two oppofite Angles E and B are 
equal to two right Angles, (by the 22.) but the 
Angle B i3 an Acijte •, therefore the Angle E will 
beanObtufe. L 4. Thirdly, 
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Thirdly, The Angle B, which is in the Seg- 
ment ABC greater than a Semi*circle, is an. 
Acute ^ bccaufe in the Triangle ABC, the An- 
gle BAC is a right Angle. 

The US E. 
^ Mecbanicks make Ufe of this 

* Propofition to try if their 
' Squares be juft; for having 

* defcrib'd a Semi-circle BAD, 

* they lay down the Point A of 
^ their Square BAD upon the 

^ Circumference, and one of its Sides AB upon 
^ the Point of the Diameter B ^ and then the 
^ other Branch AD ought to pafs precifely 

* through the Point D, which is the other Ex- 

* treme of the Diameter. 

^ Ptohmj ufes this Propofition to compofe his 
^ Table of Chords or Subtendents, oi which he 
^^ has bccafion in his Trigtmometry. 

^ There is alfi> a Method of raifing a Perpen- 

* dicular at the end of a Line, grounded upon 

* this Propofition. For Example ^ To raiie a 
^ Perpendicular at the Point A of the Line AB, 

* I ^lace the Foot of the Compafi( upon the 

* Point C taken any-where, and deuribe a 

* Circle through the Point A, cutting the Line 
^ AB at the Point B. Then I draw the Line 
^ BCD-, and To 'tis evident, that the Line AD 
2 isiaaSenu-drde. 

PRO* 
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PROPOSITION XXXIL 

A THEOREM. 

A Line cutting a Circle at the Point of CantaS^ 
makis^ with, the Tangent^ Angles equal to tbofc 
in the aiternate Segments. 

LE T the Line B D cut the ^ 
Circles at the Point B, which 
is that where the Line A B 
touches it. I fay. The Angle 
CBD, made by the Line BD, and 
the Tangent ABC, is equal 
to the Angle F in the alternate Segment BFD » 
and that the Angle ABD is equal to the Angle 
£ in the Segment BD£. 

Firft, If tiie Line pals through the Centre, 
as the Line BE , it will make, with the Tan- 
gent, two right ^Angles, (bj the 18.) and the 
Angles of the Seini*circles would be alfo right 
Angles, (by the preceding i) therefore in this Cafe 
the Fropofition would be true. But if the 
Line do not pais through the Centre, as BP ; 
draw the Line BE through the Centre, and join 
the Line DE. / 

Demanfiratian. 

The Line BE makes with the Tangent two 
right Angles ^ and all the Angles of the Tri^* 
angle BPE are equal to two right Angles, (by 
the 92. i.^ therefore taking away the right 
AnglesCBE, and D which is in the Semi-circle, 
and likewife the Angle EBD which is common 
to both, there will remain the Angle ABD equal 
to the Angle £. Agaia, 
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Again, The An^le CBD is e(jaal to the An» 
gle F ^ becaufe ,in the .Qmitihtetal Kgure 
BFDE, which k infcfiVd i^ a Ciixle, the op- 
polite Angles E and F are^ equal f o .t\vo ri^ht 
Angles, (by the 21.) but the Angles ABD alid- 
CBDare allb equal to two right Angles, {ijthe 
13. I.) and the Angles ABD andE are equal, 
as I ha\re now deiponftrated ^ therefore the An?* 
gle$ CBD and F^e equal -. . ' 

.The use' 
' * This Propofition is nqceflary to prove that 
* which follows*. 

- 

— — — ' ■' ■■ ■ ' * W i>'i i ri»i III » i >li J * ♦ ■^> ' 

PROPOSITION, xxxvir. 

A PROB'LEM. 

- • * 

V$t>n a Line pijen^ to defcribe a Segment of a 
Circle capable of an Anfjle given. 

* « 

IET it be proposed to de- 
J fcribe a Segment of a Cir«»^ 
. cle upon tive LincAB capable of 
^^ the Angle C . l^f ke the Attgle. 
~7^ BAD equal to the Angje Cj .an4 

X draw AE pe^^pendicular to AD ^ 

laake alfo the Angle ABF eqvial tto thq Angle 
BAF: And in fine, from the fqiptFj/wber^ 
BF and AE concpr, at the|iift»m;e BFj^or FA^ 
4efcribe a Circle. The Segpi^mBEA is ^^pa-* 
He of an Angle equal to ttcL APg.k Q. ,; 




. The pird Booh, %6j 

I PmovJIration. 

The Angles BAF and ABF being equal, the 
LipiesFAaxid F3 are equ^l, {byth^6. i.) aid 
the Gicde, wbfch is (Jefcrib'd fero»i the Centre 
F, by A, pafles by B : Now the Angle J>h& 
being a right Angle^ the Line DA touches the 
Circk in A, {by tU\6.) therefor^ rhe Angle co»i-» 
tain'd in the Segment BE A, as the Angle E, is 
equal to the Angle D AB ^ that is, the Angle G, 
{by the preceding.) But if the Arigle given be an 
Obtufe, we mijft take an Acute it? Complement 
to i^o Degrees, 

PROPOSITION XXXIV, 

A PROBLEM/ . 

A Ctnle beiffg given^ to cut M Segment from It ca^ 

fable of u certain Angle. 

•*'••• * ♦ . ♦ • 

TOcnt a Segraiant of the 
Circle ^E f^upable of the. 
Angle A, draw (by the vj.) the 
Tailg^t B D, ^4 make the 
Angle DBG equal to the Angle 
A. ^ TTis evident (by the 32.) tMt » 
the Segment )BEC is capable; of an Angle 
equal to DBC, , and confeguently to the Anglf 
A. . 

Tie 
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The USE. 
* I have made Ufe of this Propofition to find 

* GeometncaUj the Excentricity of the Annual 

* Circle of the Sun, and his Apogaum^ having 

* three Obfervations given. 'Tis ufed likewife 
^ in Optich^ to find a Point where two unequal 
^ Lines proposed, may appear equal, or under 
^ equal Angles, by making upon each Line 
I Segments which will contain equal Angles. 

— — — ^— I ■ II I <l — i— w^— — 

PROPOSITION XXXV. 

A THEOREM. 

tf tn^o UneM cut each other within a Circle^ the 
IReSangU contained under the Parts of oM, u 
equal to the ReSangle contain d under the tdrts 
of the other. 

FIrfty If the two Lines cut each other in the 
Centre, they will be both equal, and both 
equally divided ; fo that in this Cafe it is evi- 
dent, the Redangle contain'd under the Parts 
of one, will be equal to the Redangle contaia'd 
under the Parts of the other^ 

Secondly, If one of the Lines 
pafs through the Centre F, as 
AC, and divide the Line BD in- 
to two equal Parts at the Point 
E: I lay. The Redangle con- 
tain'd under AE and EC is e* 
f ual to the ReOang^e contain'd 

under 
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under BE and ED, that is to fay, to the Square 
of BE. The Line AC is perpendicular to BD, 
ih the 3.) 

Demofift ration. 

Sinte the Line AC is divided equally in F, 
and unequally in E, the Redangle contained 
under AE, and EC, with the Square of FE ia 
equal to the Square of FC, or FB, (by the $. t.) 
Now the An^le E being a right Angle, the 
Square of FB is equal to the Squares of BE and 
FEj therefore the Reftangle under AE, EC, 
with the Square of E, is equal to the Squares 
BE and FE 5 and taking away the Square of 
EF, there remains the Redangle under AE, 
EC equal to the Square of BE- 

Thirdly, Let the Line pafs 
through the Centre F, and divide 
the Line CD into unequal Parts 
at the Point E : Draw FG per- 
pendicular to CD, and (by the 3.) 
the Lines CG and GD will be e- 
quaL 

Demoftfiration. 

Since the Line AB is divided equally in F, 
and unequally in E, the Reftangle contain d 
under AE, EB, with the Square of EF, is equal 
to the Square of FB, or FC, (by the 5. 2.) Inftead 
•f the Square of EF, put the Squares of FG 
and GE, which are equal to it, (by the 47. i. ) 

In like manner the Line CD being divided 
equally in G, and unequally in E 3 the Reft- 

angle 
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angle uiider CE^ ED, with the Square ot 'GE, 
is equal to the Square of GC- Add the Square 
of GF 5 the Reftangle under CE, ED, .with 
the Squares of GE and GF, will be equal to 
the Squares of CO andOF, that is to fay, 
(b^ the 47. I.) to the Square of FC. Therefore 
the Reftangle under AE, EB, with the Squares 
of .EG and GF, is ^qual to the ReSangle under 
CE, ED, with the fame Squares : And confe- 
quently taking away the fame Squares from 
both, the Reftangle AE, EB, will be equal to 
the Rcftangle CE, ED. ^; 

Fourthly, If the Lines CD and HI, cut each 
other in E, neither of the two paffingthroygh 
the Centre .- I fay. The Reftangle CE, ED is 
equal to the Reftangle HE, EL For dratuing 
the Line AFB, it is plain the Kedtangles 'CE,^ 
ED, and HE, EI, are both ' equal to thejleat- 
angle AE, EB, (by the preceding Cafe -J there-* 
fore they are equal betwixt theipfelves, 

Ihe USE. '■■ • 

* We are taught by this Propofition a Me- 

* thod of finding a fourth Proportional to 

* tht^e Lines given, or a third PJropotticmkl to 

* two. . . - * . ^ 






t 



PRO- 



. ^ 
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PROP OS IT I O N XXXVl. 

A- THEOREM. ^ 

. .*. 

if fmm a Pdhtt tahfn wkhout the Circle a Lhte he 

drarpn to touchy wi mother to cut the Circle. ; 

the i Square of the T^gent will he equal to th^ 

: ReSa^fgle cofftaind umder the whole Secant^ and 

the external Line, 

SUppofe the line A B to be 
drawn from the Point A, 
taken without the Circle, to 
touch the Circle in B 5 and 
the liine AC, or AH cutting 
it: XheSqjoareof AB willbe. 
^gual to the Reflangle con- 
taia'4 ui^der AC and AO, a^ , 
. alfo to the Reftangle contain'4 wider AH aijd 
AF. >If the Secanii^pafs through the Centre^ as 
AC, draw the Line EB. 

' Zkmonftratibii. 
Since the tin§ OC is divided in the rad- 
dle, at the Point E, and the Line AO added 
to it 5 the Redtahgle contain'd under AO and 
AC, with the Sqflare of OE, or EB, will be 
equal to the- Square of AE, fh *^^ 6. 2.) Now 
the Lifie AB is fuppps'd to touch th,e Circle at 
the Point B ; ^Therefore Y(!ij» the 18.) the Angle 
. B i? a right An4l^,/ and (by the 4,7. 1.) the 
5qaar6 of AE 'isTegilal to 'the Squares of EB 

and 
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and AB i therefore the Redangle under AC 
and AO, with the Square of EB> is equal to the 
Squares of £B and AB : And taking awaj the 
Square of £3 from both, the Redangle under 
AC, AO will be equal to the Square of AB. 

Secondly, Suppofe the Secant AH not to 
pafi through the Centre ^ and draw the Line 
EG perpendicular to FH, which will divide in 
the Middle the Line FH at the Point G i draw 
alfo the Line EF. 

Demtntftrathn. 

' The Line FH being divided equally at the 
Point G, and the Line AF being added to it ^ 
the Redangle contained under AH, AF, with 
the Square of FG, will be equal to the Square 
of AG. Add to both the Square of EG •, the 
Redanele under AH, AF, with the Squares of 
FG and GE, that is, (hytU^-j. i.) the Square 
of FE, or EB, will be equal to the Squares of 
AG and GE, that is, Q>j the 47. i J the Square 
of AE. Further, The Square of AE (by the 
fame) is equal to the Squares of EB and AB ; 
Therefore the Re&angle contaici'd under AH, 
AF^ with the Square of BE, is equal to the 
Squares of BE and AB : and taking away the 
Square of BE from both, the Redlangle con- 
tained under AH, AF will be equal to the Square 
of AB, 

Cor oil. 1. If you draw divers Secants from the 
fame Point, as AC and AH, the Reftangles 
under AC and AO, AH and AF, will be 

e(|ual 
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^uAl betwixt themfelves, lince they are both 
jequal to the Square of AB. 

CoroU. 2. If you draw two Tangents from 
the fame Point, asAB, A I, they will be equal) 
becaufe the Squares will be equal to the fame 
ReiSangle under AC and AO, and confequently 
betwixt themfelves 5 as alfo the Lines A B, 
Al. 



PR6t>OSitlON XXXVIL 

A THEOREM. 

If the ReSangle contairCi tinier the Secant and the 
External Line h6 equal to the Square of a Lint 
that falls upofi the Grcle^ that Line wiU touch 
the Circle. 

SUppofe the Secant to be AC, or AH, and 
the Reftangle AC, AO j or AH, AF, (fee 
Fig. precei.) to be equal to the Square of the 
Line AB 5 the Line AB will touch the Circle. 
Draw the Tangent AI, {bj the 17.) and the 
Line IE. 

Dentonfirationi 

Since the Line AI touches the Circle^ the 
Reftangle AC, AO •, or AH, AF, will be equal 
td the Square of AL But the Square of AB i< 
fuppds'd to be equal to either of thofe Reft- 
angles •, therefore the Squares of AI and AB 
are equal, and confequently the Lines AI and 

M AB. 
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AB. Therefore Ite Triahgles ABfi fttid AIE^ 
havinf all Sides equals tirillbe equias^^lar, (&>. 
^2^^ 8. i.) and becftdft the Angle AIE is a right 
Angle (bj the t8.) \h% Line AI being a Tangent^ 
the Aiiglfe ABE Will be a fight Angle, and tb* 
Litie AB a Tahgeni^ (ft> ti^ t6.) 

the USE. 

^ Mauryhcbus ma^es ufe of this Propofition to 

* find the Diameter oif the Earth. For obferr- 
^ ing from the Top of a Mountain OA, the Su- 

* perficies of the feafth by the Lifte B A, he takes 
^ notice of the Angle OAB, made by the Line 
^ AB and a Perpendicular AC: And by TH^ 

* fHfmHry calculates the Length of the Line 

* AB. Then multiplying AB by AB to have 

* its Sguiare, he divides the Produd by AO the 

* Height of t)^ Mbotitain, 5Jtrhich ffives the 
« QpoHfent AC, th* Diatmeter of t*e Earth, 

* Ivfth the tieight of the Mountain •, frdm 

* #Mch having fubdiidlfed AO^ there Will tt- 

* ftiain OG the Diameter 6f the Earth. ThJi 

* Propofition fervesalfo to prove the fifi&'of Ib6 

* third Book of Ti^^fMii^trj^ 



THt 
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Elements of £ a C Z. / 2). 

* f I '1 HIS J^i?irrt6 iiooh is exceeding ufe- 
« I ful in Trigonometry. For by infcribing 

* M^ Polygons in a Circle, we learn the 

* Methods of Compofing the Tables of Sub- 

* tendents. Tangents, and Secants ^ a Pradice 
^ nioft neceflkry for taking all forts of Dimen- 

* fions. 

* Again, By infcribing Polygons in a Circle, 

* we fold the divers Afpe6h oi the Stars, which 

* alio take their Names from thofe Poly- 

* gons. 

* Thirdly, The fame Operations give us the 

* i^airature of the Circle^ as exafl: as is need- 

* ful. And by them we alfo demonftrate, that 

* Circles are in the duplicate Proportion of that 

* of their Diameters. 

* Fourthly, AHUtary Archftefiure does fre- 

M ^ * quently 
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^ quently require to infcribe Polygons in a 
' Circle, to compofe the Defigns and Platforms 
* of regular Fortifications. 



DEFINITION S^ 




AReftilincal Figure Is in- 
fcrib'd in a Circle, or a 
Circle is defcrib'd about it, when 
all its Angles are in the Cir- 
cumference of the fame Cir- 
cle. 
• As the Triangle ABC is defcrib'd in a Cir- 

* cle, and the Circle is infcrib'd about the Tri- 

* angk-, becaufe its Angles A, B, andC, do all 

* terminate at the Circumference. The Tri- 

* angle DEF is not infcrib'd in the Circle, be- 

* caufe the Angle D does not terminate at the 

* Circumference of the Circle. 

2. A Reftilineal Figure is infcrib'd about a 
Circle, and a Circle defcrib'd within that Fi*- 

gure, when all the Sides of tfie 
Figure touch the Circumfe- 
rence of the Circle. * As the 

* Triangle, GHI is defcrib'd 

* about the Circle KLM, bt- 

* caufe its Sides touch the Qr- 

* cfimference of the Circle in K, L, and M. . 

3. A Line is apply'd to, or infcrib'd in a 

Circle, 
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Circle, when its two Extreams touch the Cir* 
cumference of the Circle. * As the Line NO. 
^ But the Line RP is not infcrib'd in the Cir- 

^ cle. 

aiWW^i— ^— — — i^i— II I III ■ . n I II —— »■ 

PROPOSITION I. 
A PROBLEM. 

To tnfcribe in a Gn le a Line^ that does not exceed 

its Diameter. 

LE T a Line be proposed 
to be infcrib'd in the Cir- 
cle AEBD, not exceeding its 
Diameter. Take the length 
of the Line proposed upon the 
Diameter 5 for Example, Let 
it be BC. Place the Foot of the Compafs upon 
the Point B, and defcribe a Circle at the Di- 
ftanceof BC, which may cut the Circle Ajj^BD 
in D and E, Then draw the Line BD^ or BE. 
'Tis evident they are equal to BC, (by the Def* 
nitzQ^ of a Circle.) 

The USE. 

• This Propoiition is neceflary for the Per- 
* formance of what is required in the following, 

M 3 . PRO. 
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PROPOSITION If. 
A PROBLEM, 

To w^cnhe in a Circle a Triangle equiangular t» 

another Triangle, 

-T E T the Circle be EGH, 

Ij in which a Triangle is 

tobc inlcrib'd, equiangular 

- ^ ^ to the Triangle A B C. 

Draw the Tangent FED, 

(by the 17. 5 J and at the Point of Contaft E 
make the Angle DEH equal to the Angle B, 
and the Angle PEG equal to the Angle C, (h 
the 2^. I.) and draw the Line GHj the Tri- 
angle EGH will be equiangular to the Triangle 




ABC. 



Jbemonfiration, 



Tbe Angle D E H is equal to the Angle 
EGH of the alternate Segment, (hy the 32. 3.) 
But the Angle DEH is equal to the Angle B, 
and confequently the Angles B and G are e- 
qual. By the fame reafon the Angles C and H 
are alfo equal, and (hj CoroU. 2. of the 32, i.) 
the Angle? A and GEH will be equal. There- 
fore the Triangles EGH ancl ABC are equian- 
^ular, 

PRO- 




The FoitFtb Book. 179 

PROPOSITION III- 

A Problem. 

To iefmht aTri$ngU abmapnU, EqurngvAfur 

tp awthmr Triangle. 

IF you would 
defer ibe a Tri- 
angle Equiangular 
to the Triangle 
ABC about the 

Circle OKH- Con- 
tinue otie of the Sides of the Triangle given 

BC to P'^nd F, and mak^ the Angle GIH equal 

to the Angle A3D, sjnd, HIK equal to the An- 

.gleACF: Th^ndraw the Tangents LGM^ 

i K J^, ^nd N H M thFQVgh the Points G, K, 

»ad S. Thefe Tangepis wrill compur ^ becaufe 

the Angl^« IKt *rid IQL Jbeyig right Angles, 

if you fhould draw g Lii>4 SO> the Ai^l^s 

%Qh and G|^L would ^e ^efs than two right 

Angles : Therefore the t*ine$ Gh and }SJu muft 

concqr, {by the ii. 4^em.) 

Demonjfration. 

All the Angles of the Quadrilateral GIHM 
«re equal to four right Apgl^% bfcauOe it 
m»y be divided into two Trwugles. The An- 
gles ICJA fmd I H M, which are xnad^ by 

M 4 the 
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the Tangents are right Angles s therefore the 
Angles M and I are equal to two right Angles, 
as are alfo the Angles ABC^ ^d ABD. But 
the Angle GIH is equal to the Angle ABD, 
therefore the Angle M will be equal to the An- 
gle ABC. By the fame reafon the Angles N and 
ACB are equal, and therefore the Triangles 
LMN and ABC are equiangular. 




PROPOSITION IV. 
A PROBLEM. 

To injcribe a Cfrcle itf a Triangle, 

IF you would infcribe a Cir- 
cle in the Triangle ABC, di- 
vide the Angles ABC and ACB 
Ty^ into two equal Parts, (by the 9. 
_ F C I.) drawing the |Lines BD and 

CD, which will concur at the 
Point p. This done, from the Point D draw 
the Perpendiculars DE, DF, and DG, which 
will be equal j fo that a Circle defcrib'd from 
the Centre D, at the Diftance DE, will paf^ 
thyou^h F and G. 

Veinottfiration. 

The Triangles DEB and DFB have the An- 
gles DEB and DFB equal, being both right An- 
gles : The Angles D B E and D B F are alfo 

! equal, 
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iequal, the Angle A E C having been divided 
into two e^ual Parts 5 and the Side D B is 
common: therefore (by the 26. i.) the Trian^* 
gles will be equal in all Refpefts, and the Sides 
DE and DF will be equal. After the fame 
manner might I demonftrate the Sides DF and 
DG to be equal, Tis poflible therefore to de- 
fcribe a Circle which ftiall pafs through the 
points E, F, and G •, and becaufe the Angle* 
E, F, and G are right Apglcs, the Sides AB, 
•AC, and BC will touch the Circle, which by 
confequence is infcfib'd in the Triangle. 

PROPOSITION V. 
A PROBLEM. 

To defcribe a Circle about a Triatigle. 

IF you would defcribe a Cir- 
cle about the Triangle ABC, 
divide the Sides AB and BC in- 
to two equal Parts, at the Points 
D and E, drawing the Perpen-^ 
diculars DF and EF, which will concur at the 
Point F* Which done, if you defcribe* a Cir- 
cle from the Center F at the Diftance FB, it 
will pafs through A and C j that is to fay, 
the Lines FA, FB, and FC are equah 

Demonfiration. 

The Triangles A D F and B D F have the 

Side 
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fiide DF common,, and the Side$ AD and PB «. 
jual, the Side AB having been divided eqiwUy 
inD; and the Angles at D are equal, beuw 
right Angles. Therefore (by the 4. i.; theBafS 
AF and BF are equal j as alfo the Bafei BF and 
CF, 

the USE. 

* Iliave frequent Ocdafion to inlcribe a Tri- 

* anele in a Circle j as, for Inftance, in the 
hrft Propofition of my third Book of Trir 

« govometrj. This Preformance aUb is hecef- 

* fanr fqr meafuring the Area of a Triangle • 

* and upon many other Occafions. * 



'' ' ' ■ 



PROPOSITION. VI. 
A PROBLEM. 

To infcribe a Square in a Circle. 

TOinfcrfbe a Square in the Cir- 
cle ACBD, draw the Diatne- 
terAB» andjperpendicular to it tjie 
14 Line DC palkng through the Cen- 
ter E i then draw the Lines AC, 
CB, BD, DA, and you will have infcrib'd in 
the Circle the Square ACBD. 

Dmenfiration. . 

The Triangles A EC and C E B have their 
Sides equal, and the A^^les AEC and CEB e- 

qual» 
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qnai, being both right Angles : therefore 
their Bafes AC and CB are eqoal, (by the 4. 
1,^ Farther, bccaufe the Sides AE and EC arc 
equal, the Angles EaC and ECA will be e. 
qual ^ and the Angle E being a right Angle 
they will be half-right Angles, (by tbe 52. i,) 
therefore the Angle E C B is half a right 
Angle, and confequently the Angle ACB 
will be a right Angle^ And the ftme Realbn 
holds for all the reft: therefore the Fignte 
ACBDisa Square. 




PROPOSITION VIJ. 

A PROBLEM. 

To defcribe a Sifuare ahvt a Circle. 

HAving drawn the two Dia- 
meters AB and CD, which 
cut each other perpendicidarly at 
the Center E, draw the Tangents 
l?aGH, HI, and IF, by the Points 
A,b,B,C, and you will have defcrib*d the 
Square FGHl about the Circle ACBD. 

VemofiJ^ration. 1 

The Angles E and A are right Angl^> 
therefore (by the 27.* i.^ the Lines FG a»d 
CD are Parallels. Aft^r the fame manner I 
may prove, that CD atad Hf, FI and AB, 
AB and GH, are Parallels, Therefore the 

Figure 



1^4 -^^^ Elements of* Euclid. 

Figure FCDG is a Parallelogram, and (by the 
34. I.) the Lines FG and CD are equal, as 
alfo the Lines CD and IH, FI and AB, AB 
.and GH-, and confequentiy the Sides of the 
Figure FG and HI are equal. Further, lince 
the Lines FG and CD are Parallels, and the 
Angle CDG is a right Angle, the Angle G will 
alfb be a right Angle (by the 29. i J After the 
fame manner I may demonftrate the Angles F, 
II, and I, to be right Angles. Therefore the 
Figure FGHI is a Square, whofe Sides touch 
the Circle. 



PROPOSITION VIIL 
A PROBLEM. 

To infcrthe a Circle in a Square. 

IF you would infcribe a Circle in the Square 
FGHI, C fee Fig. preced. 3 divide the Sid^s 
FG, GH, HI, IF, in the Middle at th<B Points 
A, D, B, C, and draw the Lines AB and CD i 
which may cut each other at the Point F. I 
demonftrate that the Lines EA, ED, EB , and 
EC are equal, and the Angles A, D, B, C, right 
Angles : and that therefore you may defcribe 
a Circle,, from the Center E, which will pafs 
through A, D, B, and C, and touch the Sides 
of the Square FGHL 

Demprt* 



^1 
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Demovfiration. 

Since the Lines AB and GH do conjoin the 
Lines AG and BH, which are parallel and 
equal, they alfo will be parallel and equal : 
therefore the Figure AGD£ is a Parallelo- 
gram ^ and the Lines AE and GD, AG and ED 
are equal : and AG and GD being equal, AE 
and ED will be equal alfo. 'Tis after the 
fame manner that the Lines AE, EG, EB, are 
prov'd equal. Further, A G and C D being 
parallel, and the Angle G a right Angle, the 
Angle D will be fo likewife. Therefore the 
Circle ADBC may be defcrib'd from the Cen* 
ter E, which will pafs through the Points A, D, 
B, C, and touch the Sides of the Square. 



PROPOSITION IX- 

A PROBLEM. 

To defcribe a Circle about a Square. 

TO defcribe a Circle about the Square 
ACBD, lfeeFig.inProp,6.1^&Taw thq 
Diagonals AB and CD, which will cut each 07 
ther at the Point E i the Point E will be the 
Center of the Circle, which will pafs through 
the Points A, C, B, D. It ought therefore to 
be demonftrated, that the Lines AE, EB, CE, 
aixi £D are e^uaL 

Demons 
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Demonflrattok. 

The Sdes AC and CB are iequal, and the Au^ 
rle C 13 a right Angle ^ therefore the Angles 
SAC and ABC afe equd, (by the 5. i.) and half* 
right Angles, (by tbt ^2. 1.) 

After the uMe manner I demonfirate, that 
the Angles ACD, ADC, BDC, and BCD, are 
half-right Ai^le& Therefore the Trian|^e AEC 
kayjng the Angles EAC and £CA half-right 
Angles, and coniequ^itly eqaal, vdll have taCo 
(by tbt 6. I.) its ^es A£ and EC equal Thft 
woe may be prov'd of the Lines EC and £B« 
BB, and ED, that they likewiie arc equftL 

The USE. 

t 

• We fliDW inthei^thBoofc, that Polygons 

* infcrib'd in a Qrcle, degerierate into Cir^ 

* cles ) and as thefc Polygons are always in the 

* duplicate proportion of that of their Diame- 

* ters, fo likewife are Circles. In pradical 
^ Geometry^ we have frequent Occasion to in- 

* fcribe a Square and other Polygons in a CSr* 

* cle, or to defcrihe them about it, jo reduce z 
t Circle to a Square. 



PRO- 
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PROPOSITION X. 
A PROBLEM. 

1 

» 

To defcribe an Ifofceles (or equicrttral) Trhtigte 
having its Angles at the Bafe^ each of tbevi 
double to the third Angle. 

TO defcribe an Ifofceles 
ABD, having each of its 
Angles ABD and ADB, double to 
the Angle A ; divide the Line AB 
{by then. 2.) fo that the Square 
of AC may be equal to the Red- 
angle under AB and BC \ and from the Cen- 
ter A at the Diftance AB defcribe the Circle 
BD, iti which infcribe BD equal to AC •, and 
i&r&Mbing the Line DC, <)efcribe a Circle about 
titfe Triangle ACD, {by the $.) 

Demnfiration. 

Since the Square df AC or BD is equal to the 
Hedlangle contdin'd under AB and BC, the 
'Line BD will touch the Ciroie ACD at the 
Point D, {by the 37. 3.) therefore the Angle 
BDC will be equal'to the Angle A, being » 
the alternate Segment CAD, (^j the 32. 5,) 
l^ow the Angle BCD, leing an external An^e 
in refpea of the Triangle ACD, is equal tp 
the Angles A and CDA j, therefore the Angle 

BCE> 
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BCD is equal to the Angle BDA Further^ 
the Angle aUB is equal to thft Angle ABD, 
(by the <}, i.) therefore DCB and DBC are e- 
qual, and (by the 6^ I.) the Sides BD and DC 
will be equal: and fince BD is equal; and lb 
likewife the Angles A and CD A. Therefor* 
the Angle aDB is double the Angle A< 

PROPOSITION Xi. 
A PROBLEM. 

To infcrlbe a regular Pentagon in a Circle i 




T 



O infcribe a regu- 
lar Pentagon in a 
Circle -, defcribe ( by the 
loj an Ifofceles ABC 
having each of its An- 
gles ABC, ACB, at the 
Bafe, double to the An- 
gle A- Infcribe in the Circle the Triangle 
DEF equiangular to ABC: then divide the 
Angles DEF and DFE into two equal Parts, 
drawing the Lines EG and FH« Laftly, joya 
the Lines DH, DG, GF, EH, and you will 
have defcrib'd a regular Pentagon 5 that is to 
fay, a Pentagon having equal Sides and equal 
Anglcsr 
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Demon fi ration. 
the Angles DEG, GEF, DFH, and HFE, be- 
ing the Halves of the Angles DEF, ahd DFE, 
each of which is double to the Angle EDF, are 
equal to the Angle EDF 5 and confequently the 
five Arches, Which are their Bafes, are equal, 
{by the 16. 3.) and the lines DH, HE, EF, FG, 
andGD, are equal, (bjthe 59. ^.) Secondly, the 
Angles DGF, GFE, and fo of the reft, having 
each three of thofe equal Arches for its Bafe, 
will be alfo equal, {hythe 27. 3.) Therefore the 
Sides and Angles of the Pentagon DHEFG are 
equal. 

PROPOSITION XII. 
A PROBLEM. _ 

lb defcribe a Pentagon about a Circle. 

IiNfcribe a regular Penta* ^ 
gon ABCDE in the Cir- 
cle, (by the II.) and having e^ 
dtawn Tangents through 
the Points A, B, C, D, E, h 
(bi the 17. 2.) you Will 
have defcrib'd a regular 
• Pentagon about the Circle. Draw the Lines FA, 

FG,FE,FH,FD. 

Demonfiratiofi. 

The Tangents GE and GA are equal, (b^ Ca- 
rol 2. of the 36. 3.) as alfo EH and HD: the 

N Lines 
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Lines FA and F£ ^QdilCo^tiwl (by tbeDejIntt* 
of a Circle^) ihjdre(oi:e(by thfi ^. i-) t^e Ifi- 
angles EGA and FGJE ane ^qu^l kk ^It reffKjft«i ^ 
an4 the Angles AFG and EFG axie egu^ as al&>* 
the Angles EFH and ErfB An4 Wcawfe (h^ 
the 27. 3.) th/e A^^g^^s EFA ^^4 BFD ar«-Qqu)a4^ 
theix Halves EFH and EfG will be ^qu«l •, and 
(by the 26. i.) th^Xria^gl^s Eff Hand EFG. wiJi 
be equal in all refpedls, an4 th^e Sldiss £G: and 
EH will be ajfo equal. Aftei; the faoie rnaDner £ 
cant demonjftra^te all the Sides to be divided ijita 
two equal Pai-ts-, and confequien.tly, iixtce the 
Lines GE and GA are equal, GH and GI will bfi> 
al£b equal. Further, the /uigles G and H being 
double to the Angles FGE andFHE, arealfo e- 
qual. Therefore we have defcrib'd a regular 

Pentagon about the Circle, 

• - — ' ^^'^ 

PROPOSITIO^N XUK 
A PROBLEM. 

To hfcribe a Circle in a regular ^ntfigofi. 

jK^ np O infcribe a. Circle in 

X the regular Pentagon, 
j^ ABCDE, divide the AngW A; 




and B into two equal Parts by 
^H the Lines AF and BF, which. 
i>\^^:-,.---2^c: concur at the Point F. Thptt 
drawing the Line F6 perpendicular to AB, de- 
fcribea Circle from the Center F at the Dift* 
ance FG. I fay it will touch all the other Si4fts^ 

that 
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that is to fay, having drawn FH perpendicular 
to BC, FH and FG will be equal. 

Defnovfi ration. 

Since the equal Angles A and B were divided 
into two equal Parts, their Halves GAF and GBF 
will be equal : and fince the Angles at G are right 
Angles, the Triangles AFG and BFG will be e- 
qualin all refpeds fZ'^ ti^ 26. i.) therefore the 
Lines AG and GB are equal. 

Fufther, I may prove the Lines BG and BH, 
, SIS alfo the Lines FG, and FH, tobeeqtraU and 
. the Sides AB and BC of a regular Pentagon be- 
ing equal, the Lines BH and HC will be equal •, 
and confequently the Angles at the Point H be- 
ing alfo right Angles, and equal, the Triangle 
BFH and HFC will be equal, in all refpedts, and 
the Angles FBH and FCH will be equal. And 
fince the Angles B and C, are equal, the Angle 
FCH will be half the Angle C. So pafling from 
one to the other, I will demonftrate, that all the 
Perpendiculars FG and FH, and the reft, are 
equal* 



K 2 PRO- 
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PROPOSITI ON XIV. 

A PROBLEM. 

To defcribe a Circle about a regular Pefitagon. 

TO defcribe a Circle about the 
regular Pentagon ABCDE^ 
divide equally turo of its Sides AB 
and BC at G andH, and draw the 
Perpendiculars GF and HF. The 
Circle drawn from the rCenter F, 
at the Diftance FA, will pafs through B,C, D, E. 

Demovft/ation. 
Suppofe the Circle defcribed, it is evident (by 
the I. ?.) that having divided the Line AB in 
the Mtcldle in G, and drawn the Perpendicular 
GF, the Center of the Circle muft be in that Per- 
pendicular I it is alfo in HF, therefore it is at 
the Point F. 

The USE 
* ThefePropolitions are folcly ufeful for the 

* compofing the Table of Sines, and drawing the 

* Platforms of Citadels, for their ordinary Fi- 

* gures are Pentagons. Obferve alfo, thatthefe 

* Methods of defcribing Pentagons about a Cir- 

* cle, may be applied iikewife to other Poly- 

* gons. But in luy Book of Military Archi- 

* tenure. 
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* tenure, I have ihown another Way of infcri-, 

* bing a regular Pentagon in a Circle. * 

PROPOSITION XV. 

A PROBLEM- 

To ivfcribe a regular Hexagon in a Circle. 

TO infcribe a regular 
Hexagon in the Circle 
ABCDEF -, draw the Diameter 
AD, and fixing the Foot of the 
Compafsat the Point D, de- 
fcribe a Circle at the Diftance 
of DG: then draw the Diameters 
EGB, and CGF ., and the Lines AB, AF, FE, 
and the reft. 

Demonfiration. 
'Tis evident, that the Triangles CDG, and 
DGE, are equilateral-, therefore the Angles 
CGD,DGE, and thofe opposed to them at theTop, 
EGA, and AGF, are each of them the third Part 
of two right Angles^ that is to fajr, contain 60 
Degrees. Now all the Angles that can be madg 
about the fame Point are equal to f( ur right 
Angles, that is to fay, 360 Degrees. Therefore 
taking away four times 60, that 15240, from 
360, there will remain 1 20 for BGC and FGE -,' 
which therefore each contain 60 Degrees. 
Therefore all the Angles, at the Center being 
equal, all the Arches and all the Sides will be e- 
qual 5 and every Angle, as A, B, C, &c. will be 

N 3 cam- 
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compounded of two Angles of 60 Degrees each, 
th at is, 1 20 Degrees, and therefore will be e^al/ 

Coroll The Side of a Hexagon is equal to the 
Semidiameter. 

The USE. 

* Becaufe the Side of a Hexagon is the Bafe of 

* an Arch of 60 Degrees, and is equal to the 

* Semidiameter, itsHalf wiljbe theSineof 305 

* by which Sine we begin the Table of Sines. 

* Euclid treats of Hexagons in the laft Book of 
' his Elements. 



PROPOSITION XVI. 
A PROBLEM. 

To infcrihe a regular Pentedecagoji in a Circle 




I 



Nfcribe in the Circle an 
equilateral Triangle ABQ 
yH {by the 2.) and a regular *pen-s 
tag(Vi, {by the 1 1.) fo that the 
^ Angles may meet at the Point 
A. The Lines BF, BI, and lEj 
will be the Sides of a Pen-? 
tedecagon^ and if you infcribe in the other 
Arches Lines equal to BF and BI, you will com- 
pleat the Polygon. 



DemoHr 
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DemovJlratioK 

Since the Line AB is the Sid-e of an equilateral 
Triangle, tlie Arch AEB will be the third Part 
of the whole Circle, that ^s, five fifteenths. 
But the Arch A E being the fifth Part will con- 
tain three fifteenths ^ therefore the Arch EB 
contains two : and if you divide it in the Mid- 
dle at the Point I, each Part will be aKfteenth, 

The USE. 

* This Propofition ferves only to open the 

* Way to other Polygons. We have in the 

* Compafs of Proportion fome moft eafy Methods 
^ of infcribing ail ordinary Polygons, but they 

* ure grotindedon this herfe. For it would be im- 

* p6i(!ible to mark Polygons upon that Inftru^ 
' tn^nr. iftheir Sides were not firft found by this, 

* or other like Propofitions. 
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THE FIFTH BOOK 

P F T H E 

ELEMENTS 

O F 

EUCLID 

f 'nr*^ HIS fifth Book is abfolutely nccef- 
^ I ^^^7 ^o demonflrate the Propofitions 

* JL ofthefixth. The Dodlrine it contain! 
^ is of upiverfal Ufe ^ and its Manner of Argu- 

* mentation by proportion, the moft fubtil, 

* folid and brief. Infomuch that all thofe Trea-^ 

* tifes, that are grounded on Proportions, are 

* obliged to make ufe thereof, as a kind of 

* Mathematical Logkh Geometry^ Aritbmetick^ 

* iWar/tlfe, Jftronomy^ Staticks, and in a Word, 
^ all Parts of Matbetnaticks^ are conftrained to 

* borrow fome^ of their Demonfirations from 
^ the Propofitions of thi« Book. The greatefi 

* Part pf Meafuring in PraSical Geometry is 

* done by Proportion. All the Rales of jtritk- 
^ metick are demonffarable by the Theorems 

* that 
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^ that occur here ^ fo that there is no Neceffi- 
ty of having Recourfe to the feventh, eighth 
or ninth Books for that purpofe. The Mujick 
of the Antients is fcarce any Thing elfe but 
the Do^rine of Proportions apply'd to Sounds. 
The f^me^may be laid of Statichj which con* 
fider the proportion of Weights. In fine, 'tis 
moft certain, that if the Knowledge of Pro^ 
portions which this Book affords, was taken 
away from the Matbematich^ what remain'd 
would be very inconfiderahle, 



mm 



DEFINITIONS. 



£ 
-I 

D 



I — B 



A Small Quantity 
compared with I A- 
a greater, is calVd a 
Part, * As for example, 

* if the Line CD, of 2 
^ Foot long, be com- 

* par'd with AB of 6, it will be calPd its Part. 

* Which Namealfo it obtains, though indeed 

* it be not contained in AB, provided AE, a 
^ J^ine equal to CD, be therein found. 

* The whole is anfwerable to the Part, and 

* therefore will be the greater Quantity com- 

* par'd with the lefs 5 whether it do really 
^ contain the lefs, or not. 
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^ A V%tt izhsa in Qentrnl is otdinarily^ii- 
' vided into fthat which is call'd) ^tt JfUqnot 
^ Part, and an jffifnaiiriP&rt. 

t. An Aliquot Part /''w^ich altme E»^fW de- 
fines in his 'Book) is a Magnitude of a Miagni- 
tade, a left gf a greater, when it exaCliy mea- 
ftres the greaten ^ That is to fay, 'Tis a leflet 
*' QuantitycomparVJwitha greater, ^hich pre*- 
^ cifcly meafures the greater. As 6 Litite tWo 

* Toot long taken three Times, is equal tb a 

* Line of fix Feet in length. 

2, A Multiple is a Magnitude of a Magni- 
tude, a greater of a lefs, when it is exadly 
meafur'd by the lefs. ' That is to fay, a Multi-. 

* pie is a greater Quantity compar'd with a 

* lefs, which it contains exaftly fo many Times. 

* For example, a Line fix Foot long is Triple 

* a Line two Foot long. 

An Aliquant Part, is a lefler Qaantity com- 
par'd with a greater, which it does not exa,ftly 
meafure. As a Line of four Feet in length is 
an aliquant Part of a Line ten Foot long. * In 

* a Word, An aliquot Part To many Titties re- 

* peated will equal the Whole : but an aliquant 

* Part, though it contains fuch a Quantity of 
•■ the Whole, yet repeated as you pleafe^ will 

* never exadly equal, but either come fhort 

* of, or exceed, the Whole. 

Equimultiples are Magnitudes 
which equally contain their 
aliquot Parts. * That is to fay. 



12, 4^ 6, 2. 
A, B-,C,D. 



* fo many Times. As for example, if A con* 

* tains 
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< taijis B, as many Times as C contains D, A and 
♦ C will be Equimultiples of B and D. 

3. * Proportion is a refpedtof one Magnitude 
to another of the fame Kind. 

* Gr^c. Aoy®-. Qall Raifon. 

4. ^atttiths are faid to have a certain pro- 
portion to each other, when being multiply'd 
they can exceed each other. * For which Rea- 

fon they ought to be of the fame Kind. For 
indeed a Line has no proportion to a Super- 
ficies 5 becaufe a Line tsiken Tnatbematicaliyy 
is confider'd without any Breadth at all, and 
therefore multiply'd as much as you pleafe, 
will never give any Breadth, which yet a 
Superficies contains. 

* For as much as Proportion is a Refped, or 
Relation founded upon Quantity, it ought 
to have two Terms. That which fome Philo- 
fophers would call the Fufidamentitm, or Foun- 
dation, Mathcmaticiam name the Anteceiefit^ 
and the Term is call'd by them the Confeqnent. 
As if we were to compare the Quantity A 
with the Quantity B, that Refped or Pro- 
portion would have for the Antecedent the 
Quantity A, and for the Cpnfequent the 
Quantity B. On the contrary, if B be com- 
pat'd'with A, that proportion of B to A would 
have B for the Antecedent, and A for the 
JConfequent. 

^ Proportion, or Refpeft of one Quantity to 
another, is divided into Ratif nal Proportion, 
and Irrational, 

• Rati- 
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* Rational Proportion is the Refpeft of one 
Qiiantity to another, which is commenfura*' 
ble to it •, that is, when both the Quantities 
have the fame common meafure, by which 
both may be exaaiy meafur'd. As the pro- 
portion of a Line four foot long to amother 
that is fix, is rational, becaufe a Line two 
Foot long may exadly meafure both. And 
when this happens, thefe Quantities have 
the fame Proportion as one Number to ar 
■other. For Example, fince the Line two Foot 
long, which is their common Meafure, is found 
twice in the four Foot Line, and thrice in 
that which is fix Foot long ^ the fir ft has the 
fame Proportion to the fecond, as 2 to 5. 

* Irrational Proportion is betwixt two Quan- 
tities of the fame Kind, which are incommen- 
furable, f. e. have no common Meafure. As 
the Proportion of the Side of a Square to its 
Diagonal. For there is no Meafure fb fmall, as 
will precifely meafure both. 

* Four Quantities will be Proportionals, wheu 
the proportion of the firft to the fecond, is 
the fame with, or like to, that of the third to 
the fourth ^ fo that, to fpealc properly, Pro- 
portionality is a Similitude of Proportions. 
But it is no eafy Matter to underftand in what 
this Similitude of Proportions confifts •, that 
is to fay, how two Refpefts or Relations may 
be alike. For Euclid has not given us a juft 
Definition thereof, or dch an one as might 
explain the Nature of the Thing, but content- 
ed 
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ed himfelf to fet down fome Mdrks or Signs, 
by which it may be known, whether or no 
(Quantities have the fame proportion. And 
'tis the Obfcurity of this Definition, which 
has rendered the whole Book fo difficult to be 
under flood ^ which Defed therefore I fhall 
efideavour to fupply. 

$. Euclid makes four Magnitudes to have the 
fame Proportion, when taking the Equimul* 
tiples of the firft and the third, and likewife 
the Equimultiples of the fecond and the 
fourth, according to any Multiplication what- 
fbever : If the Multiple of the firft exceed 
that of the fecond, the Multiple of the third 
will alfb exceed that of the fourth •, and if it 
be equal to, or lefs than the fecond, the third 
will be equal to, or lefs than the fourth. In 
fuch a Cafe the firft has the fame proportion 
to the fecond, as the third to the fourth. 

' As for Example, if four 
Magnitudes were propos'd, 
A,B,C, D, having taken the 
Equimultiples of A and Ci 
as their Quintuples E aadCj 
and F and H the doubles cf 
BandD^ In like manner ta- 
king K and M the Qiiadru- 
pies of A and C, and L and 

* N the Doubles of B and D^ Again, taking O 

* anddthe Triples of Aand C, and P and R the 

* Quadruples of B and D •, becaufe E beini 

* greater thau F, G is greg^ ter than^ H •, and 

being 



A, B : : 


"CD 


2, 4 :: 
E,F :: 


3, ^I 
G,H, 


lo, 8 : : 
K, L : : 


17,12 

M,N 


8 8 :: 


12,12 


O, P :: 


QR 
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^ being equal to L, M is equal to N^ and lafily, 

* O being lefe than P, dis Icfs than R : There* 
^ fbre A will hare the fame praportion to B, M 

* C to D. But methinks EncM ought to have 

* demonftrated this Propofition, it being too 

* perplexed and obfcure to pafs for a Defimtion. 

' To explain aright what Proportionality i», 

* 01 how four Magnitudes may be in the fame 

* Proportion ^ though it may be fufficient to fay 
^ in general, that the firft ought to be a like 

* Part, Of a like Whole in Refped of the fecond 5 

* as the third is, compared with the fourth \ 

* yet becanfc this Definition agrees not to the 

* proportioiD of Equality, I Ittall give a more 
^ general one ^ and to make it the more intelli* 

* gible, explain fiifi what is a fimilar, 01 like 
^ aliquot Part* 

^ Similar aliquot Parts, then, are fuch as are 

* contain'd in their Wholes as many Times one 
^ as the other •, as 3 in refpedt of 9 and 2 in 

* refpedt of 6, are limilar aliquot Parts ^ be- 

* caufe they are each contain'd three Times in 

* their refpedive Wholes. 

* The firft Quantity will have the fame pro- 
^ portion to the fecond, as the third to the fourth^ 

* if the firft contains fa many Times, fuch aK- 

* quot Parts of the fecond^ as the third contains 
^tbe like aliquot Parts of the f 
•fourth. As if A contains the |a,B,C>D, 

* hundredth, thoufarukh or hun- I 

* dred*thoufandth Part of B as oft as C contains 
^ the hundredth, thoufamdch, ox hundicd-thou^ 

* fandth 



* ^'™^I^^«* °f ® i (and the like may be faii 
•'Of aliottar ajaqwot Paats imaginable :) There 
« r Jf ^ proportion of A to- B, as of 

' To i€ad«r^thi$.Dt«mrionftiH more clear 1 
*^will ptt>v» fira that, if A has the iame mo» 

portion to B, as. C to D, A will ee«taift7b« 

* ajquot I^ts of B, as oft as C does the like 

< S'^P^J^^^*®?^^^' "^ ^ «»«ifa*n fhe aliquot 
Pasts of R asoft «.C does the like ef D, then 
there wiU be the femeptopoBtioa of A to B an 

* of C to IX wi^toB, a« 

/ 1J»= fij^ PbiBtt feetns fuiKcientlr evident 
ftoittthe very Noti«i.of tbeTernwi for if A 
contaiBBthe tentfe Part of B once moi^e than 
an hundred Tin»s an^ C contains the tenth 
Pattof D aa hundied Times only : the Qaanti- 

* IhL T-^ ** "^ 8"^'" ^^'°^^ compart to B, 
« h.?.^ '* ««P»rd toDi therefore it cannot 

Ipea or ftektion being not the faine 
. 'f ^ fecpnd.p«ittnt feems more difficult vk. 

»wts of another, CD, as oft as a third f 
.^I'^^^^^^^^theionr.t}^, F5 therflvfl 
be the feme proportion of AB to CD arof 
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* E to F. But if it Be 
*otherwife, let us fiip- 

* pofe AB to have a great- 

* er proportion toCD,than 
^ £ has to F I that is to (ky^ 
' that AB is too great to 

j • have the fame proporti- 
; * on to CD, thatE has top. 
^ Therefore a Quantity lefs than AB, as AG, 

* will Jiave the fame proportion to CD, as E 

* to F. Divide therefore CD in the Middle in 

* H, and HD in the Middle in I, and ID in 
' the Middle in K ^ continuing the like Divifion 

* till you arrive at an aliquot Part of CD lefi 

* than GB, which I will fuppofe to be KD. 

Demonftration. 
* Since there is the fame proportion of AG to 

* CD, as of E to F •, AG will contaiti KD, an 

* aliquot Part of CD, as oft as E contains the 

* like aliquot Part of F. Now AB will con- 

* tain KD once more than E contains the like 

* aliquot Part of F i which is contrary^ to the 

* Suppofition. 

9. The firft Qiiantity is faid to have a greater 
proportion to the fecond, than the third to the 
fourth, when the firft contains a certain ali-* 
quot Part of the fecond, oftner than the third 
contains the alike aliquot Part of the fourth : 

* As 1 01 has a greater proportion to 10 than 2od 

* to 20, becaufe loi contains the tenth Part 
I of 10, that is, I, once above a hundred Times 5 

t and 
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« and 2C0 contains the tenth Part of 20, i. e. 2, 
^ a hundred Times only. 

7. Magnitudes, or Qiiantities having the fame 
proportion, are call'd Proportionals. 

8 ^ Proportionality, or Analogy, is a Si- 
militude of Proportions or Refpedts. 

9. In each Proportionality are required at the 
leaft three Terms* ' For that there may be a 
' Similitude of Proportions, there muft be two 

* of them : And every Proportion having two 

* Terms, anAntecedent and a Confequent,there 

* feemsto be a Neceflity of four Terms ^ as 

* when we fay, that A has the fame proportion 
^ to B as C to D •, but becaufe the Confequent 

* of the firfi: proportion may be the Antecedent 
^ of the fecond, three Terms may fufBce •, as 

' * when A is faid ro have the fame proportion 
^ to B as B to C. 

10. Magnitudes are faid to be continually 
proportional, when the intermediate Terms 
are taken twice, t. e. both as Antecedents and 
Confequents. ' As if there be the fame proper- 
t tion of A to B, as of B to C, and of C to D. 

11. In that Cafe A will have the dupilcate 
proportion to C, and the triplicate to D, of 
what it has to B. 

* But here it is to otferv'd, that there is a 
great deal of Difference between double Pro- 
portion, and duplicate. We fay that the pro- 
portion of four to two is double, becaufe four 

is the Double of two-, the number two giving 
■■--■■—' Q t the 
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the Name to the Proportion, or ratheftoVKc 
Antecedent thereof. Accordingly, douWe, * 
triple, .quadruple, quintuple, &c. arc De- 
nominations drawn from the Niimhers two^ 
three, four, five, &c. compared with Unity ^ 
whichlinftancein, becaufe the more eafily 
we conceive the Proportion, the lefs are its 
Terms. Bat, as I faid, thefe Denominations 
do rather aftcft the Antecedents, than the Pro- 
portions themfelves •, for we call that double, ^ 
or triple Proportion, whofe Antecedent is 
double, or triple its Confequent. But by 
duplicate Proportion we underftand fuch an 
one, as is compounded of two fimilar Propor- 
tions. As, if there be the feme proportion tof 
two to four,as of four to eight : the proportion 
of two to eight being compounded of the 
Proportion of two to four, and that of four 
to eight, which are fimilar and equal, will be 
the duplicate of each of them. So three to 
twenty feven is the duplicate Proportion of 
that pi three to nine. The proportion of two 
to four is caird the Sub-double, becaufe two 
is the half of four-, but that of two to eight is 
the Duplicate of the Sub-double 5 which is as 
much as to fay, that two is the Half of the 
Half of eight, as three is the third Part of 
the third Part of twenty feven ^ where you 
may obferve, that the Denominators i arid y 
are taken twice. 

' In like manner, the proportion of eight to 
two is a duplicate proj)ortion of that of 
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eight to four, becaufe eight is the Double of 
four, but it is the Double of the Double of two. 
If there be four Terms in continual propor- 
tion, the proportion of the fir ft to the laft is 
triplicate of tnat of the firft to the fecond ^ as 
ihchefe four Numbers, Two, Four, Eight, 
Sixteen^ the proportion of two to fix teen is 
a triplicate of that of two to four, becaufe 
two is the Half of the Half of the Half of 
iixteeh. So alfo the proportion of fiiteeu to 
two is a Triplicate of that of fiiteen to eight, 
becaufe fizteen is the Double of the Double 
of the Double of two. 

* 1 2. Antecedents to Antecedents, and Con- 
fequents to Consequents, are calld Homolo- 
gous Magnitudes. As if there be the fame pro- 
portion of A to B, as of C to D', A and C and 
D, are Homologous 

* The following Definitions explain the di- 
vers Manners of arguing by Proportionals ; 
for the Demonftration of which this Book 
was principally composed. 

13.* Alternate Proportion is when we com- 
pare the Antecedent of the one with the An- 
tecedent of the other, and the Confequentof 
the one with the Confequent of the other. As 
for example, if becaufe there is the fame pro- 
portion of A to B, as of C to D, I infer, that 
there is the fame proportion of A to C, as of 
B to D. This manner of Argumentation holds 
onljr when all the four Terms are of the fame 
\ fficies or Kind •, i. e. either all Lines, or all 

O 2 * Super- 
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* Superficies's Or all Solids. 'Tis demonftrar 

* ted Prop. 16. ^ 

14. ^Inverted Proportion is the comparing 

* of the Confequents with the Antecedents, 

^ 'Araxc^^y^ End. Converfe. GalU 

' As, if becaufe there is the fettle proportion 

* of A to B, as of C to D, I conclude that there 

* is the fame proportion of B to A, as of D to 

* C Coralloj Prop. 16. 

15. Compofition of Proportion is the com- 
paring of the Antecedent and the Confequent 
taken together, with the Confequent alone, 

* As if, becaufe there is the fame proportion 

* of A to B, as of C to D, I conclude that there 

* is the fame proportion of A and B to B, as of 

* CandDto D. Prop. x8. 

x6. Divifion of Proportion is the comparing 
of the Excefs ot the Antecedent above the 
Confequent to the fame Ct)nfequent. * As, if 

* there be the fame Proportion of AB to B, % 
^ of CD to D 5 from thence I infer, that there 

* is the fame Proportion of A to B, as of C to 

* D. Prop. 17. 

17. Coiiverfion of Proportion is the compar 
paringof the Antecedent with the Difference 
oftheTenrs: ' As, if there be the fame Pro- 

* portion of ABto B, as of CD toD ^ I thence 

* conclude that there is the fame proportion 

* of AB to A, as of CD to C. Coroll of Prof. 

' 18. 

18. Proportion of Equality is the compa- 
ring of the ex tream Magnitudes, and omitting 

thofe 
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thofc in the Middle, * As if there XTR r71> 

* Be the fame Proportion of A to £ F G. H. 

* B, as of E to F, and of B to C, -— ' 

* as of F to G5 and of C to D, as of G to H5 

* I inter, that there is the fam^ proportion of 

* A toD, asofEtoR 

19. Proportionality of Equality orderly 
plac'd, is that in which the Terms are compar'd 
together in the fame Order. * As in theforer 

* going Exfj 'pie, Vrop, 22. 

2c. Proportionality of Equality diforderly 
plac^'l, is ^Katin w'l'ich theTermsare compar'd 
in a different Order. ' As' if, there being the 

* fame Proportion of A tp B, as of G toH^ 

* and of B to C, as of F to G 5 and of C to 

* D, as of E to F •, I conclude, that there is 

* the fam? proportion of A to D, as of E to H. 

* ?roj/. 23. 

* See in fliort all th^ different Manners of 

* Argumentation by Proportion. 

* As A to B, fo C to D i therefore, 

* By alternate Proportion: as A toC, foB 

' to D, 

* Inverted. As B to A, fo D to C, 

* Compofition. AsAB to B, fo CDto D. 
^ Divifion, If as AB to B, fo CD to D. 

* thenas A to B, fo C to D. 

* Converfion. As AB to A^ fo CD to C. 
Orderly Equality, if as A to B, fo C to D ; and 

;^sBtoE, foDtoF: then 
asAtoE^foCtoF. 

O 3 Dif- 
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Pforderly Equality. If as A to B, fo D to F, anil 
as B toE, fo C to D : then 
as A to E, foCtoF. 

< Eucli^s Fifth Book contains but 25 Pro? 
pofitions, to which nine more have fince been 
added, and are commonly received. And the 
firft fix in Euclid, ferying only for the Proof 
ofthofethat follow by the Method of Equi" 
tnultiples, fince I intend hot tomakeUfeof 
that Method, I (hall wholly omit 5 beginning 
yrith the Seventh, without changing either 
the Order or Number of the Propofition$. 

Demands, ar Suppojitions. 
Three Quantities, A, B, C, being proposed. It 
1$ required to be granted, that there is a fourth 
poffible, to which the Quantity C has the fame 
Proportion, as A to B/ 

PROPOSITION vir. 

A THEOREM. 

Equal ^antities bme the fame Prop&rtion to^ 
another Quantity ^ a^d another ^antity has the 
fame Proportion to Quantities that areequoL 



IF the Quantities A and B be equal, Ij^^g. 
they will have the fame Proportion ' c,4. 

8,8.' 



to the third C. 






Vfv^z 
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DemonfiratiGH. 

If one of the two, fuppofe A , had a greater 
Proportion to C, than B has to C ^ A would con- 
taia any aliquot Part of C, oftner than B could 
eont^in the fame \ and confequently A would be 
jreaterthan B, which iscoMrary to what was 
luppos'd. 

Again, I fay, if the Quantities A and B be 0- 
Qiml, the Quaiitity C will have the fame Propor- 
tion to A a^ to B. 

Demonfiration. 

. If the Quantity C had a greater proportion to 
A, th^n to B, it would contain a certain ali*- 
quot Part of A, oftner than the like Part of B ; 
which P^rt therefore of A muft be lefs than 
the like aliquot Part of B, and confequently 
the Quantity A would be lefs than B, which is 
pontrjry tp the Suppofition. 



04 PRO 
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PROPOSITION Vlllt 

ATHEOREM. 

The greater of two ^avtities has a greater Trer* 
portion to the fame ^ than the lefs . and the fame 
^antity has a kffer Proportion to the greater^ 
than to the lefs. 



-I— B 
D 



QUppofe the 
O Quantities AB 
and C be compar'd 
. GI I with the fame EF, 

E -i-x-1-l-F J and that AB ex- 
ceeds C. I fay, 
that AB will have a greater proportion to EF, 
than C will have to the fame. Cut off AD equal 
to C, and divide EF in the Middle, and again 
pneHalfin the Middle, and foon, till you 
come to an aliquot Part of EF lefs than DB, 
as GF, 

Demo7iJlrat2on. 
AD and C being equal, AD has the fame 
proportion to EF, as C to EF, (by the j.) and 
therefore AD will contain GF an aliquot Part of 
EF, as oft as C will contain the fame, (by Defn. 
50 But AB contains the fame aliquptPart once 
more than AD, DB beiijg greater than GF ^ 
therefore (by Defn. 6.) the proportion of AB to 
EF is greater than that'of Ctothe fame EF. 

Secondly, I fay, th^t EF has a lefs proportion 
toAB, then to C. Take a certain aliquot Part, 
9 J the fourth, ofC, as oft as you can in EF, 

which 
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ai 



which fuppofe to be five times • either there 
will remain fomething of the Quantity EF, or 
nothing ; if nothing remain, it is evident, that 
five times the fourth Par t of AB making a great-» 
er Line than fo many times the fourth Part of 
C, the fourth Part of AB could not be five times 
contained in EF. But if the fourth Part of C, 
taken five times reach no farther than G, the 
fourth Part of AB taken fo many times will 
proceed either as far as F, or to I, fomething 
ftiort of F. If it reach as far as F, EF will have 
the fame proportion to AB, as EG to C But 
(by the preceding Part) EF has a greater propor- 
tion to C, than EG to the fame C , therefore 
EF has a greater proportion to C, than to AB. 
But if the fourth Part of AB r^ch no farther 
than I, EI will have the fame proportion to 
AB as EG to C. But EI has a greater propor- 
tion to C, than EG to C 5 therefore EF great- 
er than EI, has agr eater proportion to C, than 
the fame EF to AB. 



PROPOSITION IX. 

A THEOREM. 

^antzties that have the fame Proportion to anor 
ther ^antiiy, or to which another ^antity has 
the fame Proportion, are equah 

T F the Quantities A and B have th? 
-*• lame proportion to a third Quan-^ 
tity.G, I i?iy^ A and B are equal> 

Demon' 



A, B, C, 
12. 12. 6. 
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Dewumjhation. 

If one of the two, v. g. A were greater than B, 
it would have a greater proportion to the Quan* 
tity C, (by ibf i.) which is contrary to. the Sup-* 
pofition^ 

Secoiijd!y» if the Quantity C has the ikme pro* 
portion to the Quantities A and B ^ I iay A and R 
are equaL For if A were greater than B, Q 
would haire a ^eater proportion to the Quanti- 
ty B, than to A, (by the S,.) which is alfo con^- 
trary to the Suppofition. 



PROPOSITION X; 

A THEOREM- 

The ^antity that has the ffeaUr B^yariion ta 
another if the greater ^anthy -^ ant that tba 
fejjf^^, to which that other ^antky has the greater 
er Proportion. 

IF the Quantity A has a greater | a. h. CI 
Proportion to the Quantity C, — -" 

than B to the fame C ^ I fay A is greater than 
B« For if A and B^ were equal, they would 
have both the fame proportion to C ^and if A 
were lefs than B, B would have a greater pro- 
portion to C, than A to the fame C -, both wnjch 
are contrary to the Suppoiition. 

Secondly, if C has a greater proportion to B 
than to ^, I fay that A wil) ht greater than 

B. 
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B. For if A and B, were equal, C would have 
the fame proportion to both, (by the -j.) And if 
A were lefs than B, C would have a lefs pro- 
portion to B than to A (hy the 9.) both which 
arc contrary to what was fuppos'd, 

PROPOSITION XL 

A THEOREM. 

Proportions that art efual to another^ are alfo ^ 

qual amongfi ihemfelmi. 

A JK.r Ti.W\ T F A has the fame propor- 
r f / 8 A. 6 2] ^ tion to B, as C to D J and 
ihJ}J2Jhh±\ c the fame proportion to D, 
as E to F ^ I fay that A will have tne fame pro- 
portion to B, asEtoF* 

Demonfiratiou. 
Since A has the fame proportion to B, as C to 
D •, A will contain any certain aliquot Part of 
B, as oft ^as C contains the like aliquot Part of 
1), (hy Vefinit. $.) And in like manner as oft as 
C contains that aliquot Fart of D, fo oft will £ 
contain the like aliquotPart of F. So that a$ 
oft as A contains any certain aliquot Part of B, 
fo many times alfo will E contain the like ali- 
quot Part of F. Therefore A has the fame pro- 
portion to B, as E to F. 

PROt 
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PROPOSITION XII; 

A THEOREM. 

If many ^antities be proportional^ one Antecedent 
will have the fame Proportion to his Confequent^ 
as all the Antecedents taken together to all the 
Confequents taken together. 

IF A has the fame proportion to B, 
as C to D •, 1 fay that A and C ta- 
ken together williiave the fame pro- 
portion toB and D, as A to B, 

Demonjlration. 

Since A has the fame proportion to B, asC to 
D-, the Quantity A will contain any certain 
aliquot Part of B, as oft as C contains the like 
aliquot Part of D, (by Defin. 5 J fuppofe the 
fourth Part. Now the fourth Part of B and the 
fourth Part of D, make the fourth Part of DB 5 
and accordingly AC will contain the fourth Part 
of BD, as oft as A contains the fourth Part 
of B ^ and the like may be faid of any other 
aliquot Parts. Therefore A has the fame pro* 
portion to B, as AC to Bp. 



A, 


B, 


3, 


12, 


C 


D, 


2, 


8, 
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PROPOSITION XIIL 
A THEOREM. 

If of two equal Proportwm one is greater than a , 
thirds tbeotherwillbefolikewife. 

1a,B:C,D:EP.| TFAhas the fame proper- 

' • 1 1 portion to B, as C to D j 

but a greater proportion to B, than E to F : 
I fay, that C alfo will have a greater propor- 
pon to Dj than E has to F. 

Demonjlration. 

Since A has a greater proportion to B than E 
to F, A will contain a certain aliquot Part of B, 
oftner than E contains the like aliquot Part of 
F, (by Defn. 6.) But C contains a like aliquot 
Part of D, as oft as A contains that of B ^ be- 
caufe A has the fame proportion to B, as C to D : 
and therefore C contains a certain aliquot Part 
of D, oftner than E contains the like aliquot 
Part of F-, and confequently, C has a greater 
proportion to D, than E to F, {h ■^^/^^* ^) 



PRO- 



»■ - ... _4, . 
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PROPOSITION YXVi 
A THEOREM. 

tf the frfi Quanlity has the fame Fropo/tiM to the 
fecond, as the third to the fourth \ accoriing as 
the fir fi is greater^ or equaly orlefs^ than the 

• thiri^ the jeconi viU be greater ^ or equal ^ or 
lefs, than the fourth. 

IF A has the fame proportion to I a T^.r n\ 
B, as C to D i I fay firft, if A be ^' ^ ' ^\ r} 
greater than C, B will be alfo greater than D. 

Bemofifiration, 
Since A is greater than C, A will have agreat- 
er proportion to B, than C to the fame B, (by 
the 8 J But there is the fame proportion of A to 
B, as of C to D : therefore C has a greater pro- 
portion to D, than C to B, and confequently 
(by the loj B is greater than D. 
Secondly, if A be equal to C, B will be alfo 

equal to D. 

Vemonfiration. 

Since A and C are equal, there will be the 
fame proportion of A to B, as of C to the feme 
B, {by the -j.) But as A to B, fo C to Dj there- 
fore C has the fame proportion to B, as the fame 
C to D, and confequently B and D are equal, 
(by the 9.) 

Thirdly, if A be lefs than C, B will alfo be 

le&thanD. 

Demon^ 
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Demonftration. 
j^nce A is kfs than C, A will have a kfi pro- 
portion to B, than C, to the fame B, (by the 8-) 
ButasAistoB, foCis toD; therefore C wiU 
have a lefs proportion to D, than the finne C to 
B, and confequently B will be lefs than D, (by 
the 10 J 

PROPOSITION XV. 

A THEOREM- 

Equimvit^lei^ tnii Hmilctr Aliquot Tarts ^ are h 

the fame Proponion. 



•A B- C. dJ T'^ ^^^ Quantities C aad D be 
[2^ 3^6, ^' I the Equimultiples of A and B, 



E,2^H, 3 
F, 2 5 X, 3, 



their aliqttot Parts •, A will have 
the fame proportion to B, as C to 

G 2 • k' 3I ^* I>i'^i<i^ the Quantity C into 
""^^ ' ' '' — ' Parts equal to A, v. g. E, F, G, 



and the Quantity D into P^rts c^ual to B Be- 
caufe Cand Dare the Equimultiples of A and 
B, there will be as many Parts of <>ne, as of 
the other. Let the Parts of D therefore be 
H, I, K. 

Demonflration. 
E has the fame proportion to H, and F to I, 
and G to K, as A to B, becaufe they are all 
equal. Therefore, (by the 1 2.) as A to B, fo E, 
F, G, toH, I, K, i. e. foC toD. 

CoroW. 
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Coroll The fame Numbers of the aliquotPatts 
of two Quantities are in the fame proportion 
that the Quantities are. ^ For fince E has the 
fame proportion to H, as C to D 5 and F to I, 
as C to D •, E and F will have the fame propor- 
tion toHandl^ as Cto D- 



1 1 >i 



A, B i . C, D^ 

12, 8^ 9, 6, 



PROPOSITION, xvr. ; 

A THEOREM. 

Alternate Proportion. 

If four Magmtvdes of the Jam Kind be propox^^ 
tionaly they will be alfo alternatively Jo. 

IF A has the fame proportion to 
B as C to D, and all the four 
Quantities are of the fame Kind, ^ , ^ 

that is, either all Lines/ or all Superficies s, or 
all Solids 5 A will haye the fame propdrtioii 
to C, as B to D. For if not, fuppofe A to have 
a greater proportion to C, than B to D. 

Bemonfiration. 
Since 'tis fuppos'd, that A has a greater pro* 
portion to C than B to D, the Quantity A will 
contain a certain aliquot Part of C, v. g. a third 
Part, oftner than B contains, a third Part of 
D. Let A therefore contain a third Fart of C 
four times, but B the third Part of D only three 
times 5 having then divided A into four Parts, 
each will contain one third Part of C ^ but B be- 

:i _ ^- -- jpg 
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ing divided into four Parts, they will not con- 
tain each of them a third Part of D-, therefore 
three Fourths of A will contain three Thirds of 
C, that is, the whole Quantity C^ but three 
i^'ourths of B will not contain three Thirds of 
the whole Quantity D. But on the contrary^ 
iincc there is the fame proportion of A to B, as 
of CtoD, there will be alfe the fame propor- 
tion of three Fourths of A to three Fourths of 
B, as of C to D, (by the Coroll of the i $.) and (by 
the 14.) if three Fourths of A be equal to C, three 
Fourths of B will be equal to D-, therefore A 
cannot have a greater proportion to C, than B 
tpD. 

A LEMMA, 

Iftbefirft have the fafne Proportion to theficoftJ^ 
as the third to the fourth-^ any Aliquot Part of the 
fir ft wiU have the fame Proportion to thefecoitd^ 4s 
the like Jliquot Part of the third to the fourth. 



6, ^, 3i, 6 
A, Bi C, D 
E, F. 

A. 8. 



if A has the fame propor* 
tion to B, as C to D •, and E 
be an aliquot Part of A, and 
F a like aliquot Part of C ; t 
lay, that £ will have the fame 

proportion to B, as F to D. 

Jbemonftration. ^ 

If £ had a greater proportion tp B than F to 
D, E would contain a certain aliquot Part of B, 
oftner thati F contains the like aliquot Part of 
D ; and confeduently , E tiiken twice, thrice, 

P Of 
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orfowrtitnes, wolild wntain an ^Wmft Vm 
^f fl oFtner than F, taken ttrfct, tiltfcd. « 
fouS: tinr.^, cohtaMi'd the like aliqUdt r>arl >of 

J^' ^^-r* ^ ^^^^ *<"*'^ ^''"^ » 'e^u^l *« A ♦, and 

therefore A would contain an ali^jaot l>«rt of 
«, bf«ier than G contain'd tfc« like *li*u«t 
•Part of D, andtywnfwjufence A Woald ha^e k 
Igreater proportion to B, that C to D i which it 
tA>ritr»ry to the Su^pofitictt. 

A GOU'OLLARt 

• which f »c7irf places after his ^th Propoiit. 

Inverted Prdportion. 
Ifthejtrft has the fame Proprl^onto the fecond, m 
the third to the fourth -^ the fecovi v'tll have the 

/amefroporthn to thefrfi, to 4be fiilirthibtbe 

thira. 

IFAhfts the iaine proportion IFlRr?*^! 
j; to B, as C to D 5 B will hUve thfe f'* ' 1 2 2^' 
fame proportion to A, a» D to C. - '- ' 

- '" Dein&HjfrMti&n. 

If B had a greater proportion 



I. 5. 



toAtfranbtbC, B would comkin all aliqudt 
part of A 5 %)i)ore a JFourth E, oftner than © 
contlainM F the foii'rth Part orc. Let us fuppofe 
then that B contains eight tinres the Qpkhtify 
E. D muft contain but feven titaes the Quan- 
tity F. No\y fince A has the fame propof tioti to 
B, as C to D, E will l^ave the feme ^rd^rtioh 
toBasF toD, {by tbepreceihg LemfnU^ anffl 
{^ytbe ij.)E taken tight times will 'have the 

fame 
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iame proportion to B, as F taken eight times 
toD^ but E taken eight times is contain'd in 
B, therefore F taken eight times muft be con- 
tain'd in D, not^thftariding ^^lat was (hewn 
to the contrary^ therefore B cannot have a 
greater proportion k) A, tlian D toC- 

The USE. 

* The Followers of A^^jerroes feem to have 

* made tiie of a manner of Argumentation not 

* much Bnlike thw, to prove, that the jr^/id 

* had exified from Eternity ^ urging that there 

* is the fame proportion betwtjen an eternal 

* A<3: of the Will of God, and the etwnalPrc* 

* dtrflion of ttie World, as between a temporal 

* Aft, and a temporal Efttft^ therefore by a 

* Kinilof AlterFiatiwi, thweis the 4a«>c ^ro- 
"* Jportioa of a temporal Aft of the Will, i. e. 
*^in Adiegiflnitigin Time, toan^eternaififi^i 
^ «s of «n eternal Will to a tempof al Mcit. Notv 

* itiievidtAW:, ttat the Wiil^ of m Aft of t'he 
"^ Will that begins ki Time, camiot produce 

* «niettrAalE^e6{:*,tji€i:efore the eternal Ad of 

* Oddeould4iotpjtoduce an E'Seaintime. Rut 

* <his Atgumcttt is faulty in t\TOilefpe6ls -, &ft, 

* in that it ffippofes it poftibtelbr an AS r>f 

* Divine Will to begin in Time; and lecondly, 

* in that it is drawn from alternate Proportion, 

* tho' the Terms be of a different Kind ox Species. 



P 2 PRO- 
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PROPOSITION XVIL 

A THEOREM. 

The Divifion of Proportion. 

tf compounded ^antities he proportional^ they 
wiU be jolikewife being divided. 

IF AB has the fame propor- 
tion to B as CD to D, A 
will have the fame propor- 
tion to B, as CtoD. 

Demonjlration. 

Since AB is fuppos'd to have the fame pro- 
portion to B as CD. to D, AB will contain a 
certain aliquot Part of B, as oft as CD contdns 
the like aliquot Part of D. Now that aliquot 
Part rauft be found as oft in B, as the like ali-* 
quot Part is found in D. Therefore taking 
away B from AB, and D from CD, A will con- 
tain as many aliquot Parts of B, as C contains 
the like of D ^ and confequently A will have 
the fame proportion to B, as C to D* 




PRO- 
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PROPOSITION XVIll. 

A THEOREM. 

The Compofitions of Proportion. 

If ^anthieSf being divided, be proportiotiahle, they 
wiUbefoUkewifewhen compounded. 



A, B, C, D, 

Sj 3h 10, 6. 
AB,B^CD,D, 

8, ? •, 16, 6, 



IF A has the fame proportion 
to B as C toD, ABalfo will 
have the fame proportion to B as 
CD to D. 

Demojijlration. 
Since A is fuppos'd to have the fame pyopor^ 
tion to B as C to D, A will contain any alifjuot 
Part of B, as oft as C contains the like aliquot 
Part of D. Now the Quantity B contains any 
of its own aliquot Parts, as oft as D contains 
the like of his •, therefore adding Ji to A, and 
D to Q AB will contain any aliquot P^rt cf B 
as oft as CD contains the like aliquot Part cf 
D, and confequently (by Defn. 5 J AB will 
have the fame proportion to B as CD to D. 

A COROLLARY. 

The Converfion of Proportion, 

If ABhas the fame proportion to B as CD to 
D, theft AB will have the fame proportion to A 
as CD to C. For {by the preceedhtg) A has the 
fame proportion to B, as C to D : and (by the 

P 3 Coroll 
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Coroll of the i6.jB will, have the %nfipjopor- 
tion to A, as D to C ^ and therefore* com? 
pounding them, A3 will have the fame propor* 
tion to A, as CD to C 

7U USE. - 

" We have frequent Ufe of thi$ manuet of 
•' Argumentation in almoft all Parts of the 
^* Mathematicks. 



■BtMMBMlVaMltaiMl^lMMBMMiMBi^ l>^ ■• 
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PROPOSITION XIX 
A THEOREM. 

if the Whole he in the fame Preporttov^ as tbePart^ 
that are taken away from tbem^ the Remeunders 
win be alfo in the fame Proportion. 

F the Quantity AB has the ar f rv ti r> 
fame proportion to CD, ^P « ' f ' ^' 
as the Part Bto the Part Dj xcTIr'^CtI 
1 fay, A will have the feme H J ,i^fl 
proportion to C, as AC to CD. ' * v ***,» ^ 

Demovjfratiov. , 
AB is fuppos'd to have the fame proportion to 
CD, as B to D 5 therefore alternatively (accord- 
zngto the i6.) ABhasthe fame proportion to B, 

\^T?^-ii°iP ■' ^^ ^J Converfion of proportion, 
AU Will have the ftme proportion to A, as CD 
to C 5 aad again alternatively, thete wB be the 
fame proportion of AB to CD, as of A to C. 
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The USE. 

* This IVopefition is, ceHunonly made ufe of 

* in the Rule of Fellowfhip. For inftead of 

* worklDgW tile Rule of Three for every paf- 
^ t|eu}ar Aflociaie or Partner, having done ^t fcr 
< the reft, inthejaft they aflign the Remaindeif 

* of the Gain ^ fuppoling that jf there be the 

* fame proportion of the whole Sum of all the 

* Principal to the whole Gain, as of the Pymci- 

* pal of one Aflbciate to his Part of Gain ^ there 
^ will bealfo the fame proportion cf the Princi- 

* pal that remains to the Remainder of the Gain. 

♦ The 20 and 21 Proportions are not n^- 

* ceflfery. 



I * ■ SU ' . 'P— ^ws*^ " ' "^ ' " ^ ■ " 



PROPO^ITJQN XXU. 

I 

A THEOREM. 

The Proportion of Equality orderly placed. 

jf divers Terms be proposed, and an equal Number 

of others compar i with them^ fo that thofe 

wUmh anfv^r U e^cb otbar In ffjfi fame Qkier hi 

frqpqrthnAl ^ tife Firjf ani the Lajl will be qlf^ 

pro^ofti^val 



IF the Quantities A,B, C, Ii2, 6, ? ^6^ 3, i^L 
aii3 the Quantities D E,F, [ j^ g, C;D,E,yJ 

be proportional^ that is, if -^ ■ — 

tl^ere be the fanw proportion of A to B as of D 

P 4 ^o 
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to E, and of B to C as of E to F •, A will alfo 
have tijie f^me proportion to C, as D to P. 

Detnonfiration. 
If A has a greater proportion to C than D to 
F, A will contain an aliquot Part, v.g. the Half 
of C, ofrner than D c^n contain the Half of F. 
Let us fuppofe then the Half of C to be con- 
tained twelve Times in A, and the Half of F 
only eleven Times in D. Now becaqfe B has 
the fame proportion to C as E to F, the Quan- 
tity B will contain the Half cf C, a& oft ^s E 
contains the Half of F ; Suppofe then thofe 
Halves to be contain'd fix Times in each, Band 
E. A, which contains the Half of C twelve 
times, will have a greater proportion to B, 
which contains the fame ]|filf of C fix times 5 
than D which contains the Half of F eleven 
times only, to E, which contains the fame Half 
of F fix times •, and confequently A will have a 
greater proportion to B, than D to E, which is 
contrary to what was fuppos'd. 

PROPOSITION XXIII. 

A THEOREM. 
The Proportion of Equality diforderly plac'd 

If two Orders of Term ^ be in tb^fame Froportiqrtj 
diforderly placd ; the firfi and the lajtof both 
Orders will be Proportional. 



fA,B,CD,E,F.& 
'2,6,3. 8,4, 2. 1- 



IF the Quantities, A, B,C, 
and the others. D, E, F, 
egyal in Number, be in thfe 
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fame proportion, diforderly plac'd, that ia, if 
A has the fame proportion to B, as £ to F, and 
B to C, as D to £ : A will have the fame pro- 
portion to C, as D to F. Suppofe B to have the 
fame proportion to C, as F to G. 

DemoTtftratioft. 
Since there is the fame proportion of A to B, 
as of E to F, and of B to C, as of F to G^ A has> 
the fame proportion to C, as £ to G, (by the 22.) 
Further, fince B has the fame proportion to C, 
9s D to £, and alfo as F to G ^ D will have the 
fame proportion to E, as F to G, {by the 1 1 .; and 
alternatively, (according to the 16.) D will have 
the fame proportion to F, as £ to G. Now we 
have before prov d, that as £ to G, fo A to C j 
therefore, as A to C, fo D to f. 



^pa*i 



PROPOSITION XXIV. 

A THEOREM. 

If the firjl ^antityhas the fame Proportion to the 
fecondj as the third to the fourth ^ and alfi the 
fifth to the feconi^ as the fixth to the fourth ; 
the frfi with the fifth will have the fame Propor- 
tion to thefecondy as the third with the fixth has 
to the fourth. 

IF A has the fame proportion jE — jp 
to B, as C toD, and E to B, XT 6 
Ss F to D -5 AE will have the fame \s\ 2, ' 9, 5. 
proportiop to B, as CF to D. |a B c' D 

'd7. 
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Demmfiratiaift. 
Sioee A has the fame pppportion te B» as C 
teD^ A will cont^ifi any aliquot Part of ^ at oft 
an C contaiKls the like aliquot Part of I\ (hf 
Defin. $.) In like inaoBer, £ will coiitiqn tho 
fame aliquot Part of B, 9$ oft as F contains the 
Uke of D) & that A ynd £ will cbntaio mj ali- 
quot Part of B, as oft as C and F contain the 
like aHquot Part of D •» therefore 4lE will have 
the fame ^oportioa to B, as CF te Dl 



PROPOSITION XXY. 
A THEOREM. 

ff four Magftitudes are proportional^ the greatejjt 
and the leafi will exceed the other two. 



B 

8 



\^ D, T F the four Magnitudes AB, CD, 

,5/ ^ Ej F, be proportional, and AB 

4-, 3 s 4rx 5, ^he greateft and F the leaft ^ AB 
^ e : E', T\ and F will exceed CD a»d ]p, Since 
'hVmi« I "■'■ ^B ha3 the fame proportion to CD 
as E ta F, and AB is fuppyoiM greater than E, 
CD will be alfo gfeater than F, (by the 14.) Di- 
vide therefore AB lb, that the Ma^itude A 
may be equal to E •, and CD fo, that the Mag- 
nitude C inay be equal to F,^ 

Dei^onfirattQn. 
Since AB has the fame proportion to CD as 
A* to C, B wjll alfo have the faine proportion to 
P, «5 AB X» CD, (by the 1 9 ) And AB being flip. 

pos'd 
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pos'd greater than CD, B will .be. greater than 
p. Now if to A and E, which are equal, be 
added F and C, which are alfo equal, A and F 
will be equal to C and E 5 and adding to the two 
flrft B, which is the greater, and to the twalaft 
&, which is the leffcr, AB and f will be grt at- 
ff than CD and E, 



The USE. 



' By this Propofition is demonftrated a Pro- 
^ ipcrty of Geometrical Proportionality, where- 

* by it is diftinguifhed from jtbat which is call'd 
^ Jrithmetkah For in this Idtter the twa mid« 

* die Terms are equal to the two Sxtreams | 

* but in the former, fas has been prov'd J the 
■ greateft and the leaft exceed the two others. 



* Tho' the nine follpwing Propofitiovs uf% 
' not Suclid\^ yet, becaufe wany make uf%of 
* theiji, and q^Uote them as if they were his, I 
f thought I ought not to pndt them. 



PRO- 
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FKOPOSITION XXVL 

A THEOREM. 

If the firfi has a greater Proportion to the fecond 
than the third to the fourth^ the fourth will have 
a greater Proportion to the third than the fecond 
to the frfi. 



a,bAd.' 

E. 

8. 



IF A has a greater proportion to 
B than C to P, D will have a 
greater proportion to C than B to 
A. Suppoie E to have the fame 
proportion to B as C to D, A will 
be greater than E, (by the icj 

Demonjfration. 

There is the fame proportion of E to B, as 
•f C to D : therefore (by the Cproll. of the i6.) 
D has the fame proportion to C, is B to E. But 
B has a greater proportion to E than to A, (by 
the 8 J therefore D has a greater proportion to 
Q than B to A. 



PRO. 
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PROPOSITION xxvir. 

A THEOREM. 

If the firfl has a greater Proportion to the fecovi 
than the third to the fourth^ the frfl will alfo 
have a greater Proportion to the third than the 
fecond to the fourti. . 



E. 
8. 



IF A has a greater proportion to U 4. 5 2 1 
B than C to D, I fay that A will A,B j Q DJ 
have a greater proportion to C than "" 
B to D. Let E have the fame pro- 
portion to B, as C to D •, in that 
Cafe A muft be greater than £. 

Demonjlration. 

E lias the fame proportion to B, as C to D ^ 
therefore (by the 16.) E has the fame proportion 
to C, as B to D. And becaufe A is greater than 
E, the proportion of A to C will be greater than 
that ot E to C. Therefore the proportion of A 
to C, is greater than that of B to D. 



PKO- 
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PROPOSITION XXVIII* 

A THEOHEM. 

If tfc« jFfjf*(«j a ptater ^lipbrtiffk to the fitoOi 
thaft the third t\> the fowth^ the jFr/f and ihife- 
ctitd iwlf hatfC -d ^reioef Pfiporthn tt) Ae^cmdy 
than the third and the fourth to the fmrth. 

TTTTJ T F the proportion «jf A to B ^e 

R.rnl ■•■ ereater than thaft of C to O, thft 

'^ ' i imfportioii of AB to B wUl »lfo t« 

\ greater thati that of CD to D. Su^ 

pafe E to have the fam* pro^pOTtiofc 




to B, as C to Di 

tkmonjlration. 

E has the 4ine proportion to B, as C to D : 
therefore (hy the iZ.) EB has the fame propo*^ 
tion to B, as CD to D : And AB being greater 
than EB, AB witl have a greater proportion tft 
B, than EB to the fame B, and conkqaeiAlf 
than CD to D. 



PRO- 



PROPOSITION XXtX. 
A TagORlM. 
if^^'fl •!** 1^ fkmvi^s ft p-tt/m- frvp^nid* 

«b *hi f^ftk s th6 f)f vUi ftatw « ptAef 
Pf^drtfbn td the Jkxfl^y tbxn ^ ii^ 40 tbt 



1^ ii*« 



IF the proportion of AB to B be Iq^ 4* ^ 4 
gfeatfet tnaft ^6 "pta^thn of i^ b • ^ n- 

B 'vHll ht -ti^ gt^tfter nimi th^t 

of C to D. Suppofe Eli *b fe*ve 

the fame proportion to B, as CD to D '. then EB 

will be lefs than AB, SttdE ^ than A. 

"iSJntfe CB 9»s f^re "Tafffe -fto^tiMi to B, ia» 
CD to D •, -^vifliftg them, E ^i\\ haH?«e Afe feftie 
piwpottiWi to B as C "to D, (^ vhe ty,) Aftd A 
being gMstter th jin E, the pW)polftton'Gif A -tte ft 
M^SI Tje greitet than that •c^ E to the fame B, 
and confequently than that of Gto'D. 



PRO- 
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PROPOSITION XXX. 



X 



A THEOREM. 



If the Proportion of the firfl with the fecond tb 
the Jecond, be greater than that of the third 
with the fourth to the fourth j the Proportion of 
the firft with the fecond to the frfi^ Ml be lefs 
than that of the third with the fourth to the 
third. 

[A,BiC,D^ T F the proportion of AB to B be 
19, 4^ 6, 3, ^ greater than that of CD to D, 

the proportion of AB to A will be 
lefs than that of CD to C. 

Demovjlration. 

The proportion of AB to B is fuppos'd to be 
greater than that of CD to D : therefore (by the 
29.) the proportion of A to B will be greater 
than that of C to Dj and (^^j^ the 26.) the pro- 
portion of D to C will be greats than that of 
B to A i therefore being compounded (by the 28.) 
the proportion of CD to C, will be greater than 
that of AB to A. 



l^RO- 
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Proposition xxxl 

A THEOREM. 

tfmanj ^antities art in a greater Troporiton among 
tbemfitvesj than an equal Number of other 
^antitiesy olaci after the fame . manner 5 the 
fir ft of the ^r ft Order wiJL he in a greater Pro- 
portion to the laft of that Order ^ than the firft 
of the fecond Order to the laft of that ^ 

1FA has a greater propoit- U, B, C, D, fe, F, 
tiontoB, than p to E^ |i6,iq, 3 i9> ^> ^' 
and B a greater proportion •- "- ^ 

to Q thai^E to F •, A will hkve a . greater pro-^ 
portion to C, than D to P. 

t)emonftratiQiii - . 

Since Ahaaa grfeater pjoportioft to.B thinD 
to E, A will alfo have a greater pfoportigti to 
DthanB to E-, juad becaui^ B has a greater 
proportion to: C thatt E to F, ^B wHl alfo haVe a 
greaJer propof tion to E thaa O to F. Therefore 
A wili have a greater proportion to D than C 
to F 5 . and alteifnatively ^y the 27.) A will have 
41 greater proppitioo to C> than D to F. 



a ^Ko 






238 The Elements tf. Euclid. 

PROPOSITION XXXIL 

A THEOR^EM. 

tbemfelves^ than an equal itfnmber of other 
^antities, placed iifter a dkferm maimrikhe 
frft of the frjl Orien will hatse\a greater Propor- 
tion to the lafi of that Order, than the frft of 
the fecond. Order tif the lafi^ of tbatQrdeK 



A,C,E, 

Bi F„H,I,lt 

^^> 3(4, A I 



J FA has a greater puppor- 
.tion to^C than I to K,. and 
Ca greater jprpportion t6 (E 
.than H to i y ^ will have a 
greater prQpprtion tofi^rttiaa 
Htolt. SnppofeBto have the lame propor- 
tion to C as I to K^ and C the fame proportion 
to F as H to I J then A will be; greater than B, 
an(|:Fthan>£. v> .: : ; , ^ 

SewMTtfiraii&fit. • ^^ 

= Since *tis fiip{ME)&'ii that R has) the: ikae tpas^ 
|tortion to C as Ijto K,: andO tb^F asHto I y ^B 
will have the fkme proportion ijd i^F, as tt tor K^ 
(by the 25.) Bat A ha? a greater proportion to J^, 
than B to the fame. F^ /Ay ffc^8;).:and the^-pro:- 
portion of A to E is greater than that of A to 
F, becaufe F is greater than E : therefore the 
proportion of A to E^ is greater than that of 

HtoK. 

-.- V 

PRO. 
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tlOPOSltlON XXXIII. 
A THEOREM* 

if the Whole h(is a greater Proportion to the WTjoU 
' than the Part taken aivay to the Part taken away^ 
^ iheRemainder win have a greater Proportion to 
' . * the Remainder than the ITbole to the Whole^ 






I' ^EABhas a greater proportion to 
;CP thanB to D, A will have a 
' gfreatej: proportidu toC than AB to 

:Cij.,: \ . ■ :• 

. \^ ^ * pemonjl ration. 

',TVe Itippofe that the proportion of AB to CD 

5s greater th^n that of B.to D-, therefore (by 

the 27.) the proportion of AB toB is greater 

. -than that of CD to D : and {by the ?o,) thepro- 

;,ppfnQiix)f AB to A, is lefs than that of CJ) 

[^o.C-ixhextiovt alternatively^ the proportion 

of AB to CD is lefs than that of A to C. 



' . 
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PROPOSITION XXXIV. 

A THEOREM. 

tftwo Orders of Magnitudes be prepos% an4, t^e 
Proportion of the fir Ji of the iir ft ^ to thefirjtof 
thefecond, le greater thanth^it of thefe^ond to 
the fecond'^ and that greater 'than that, of the 
third to the third, &c. the whole firfl Order will 
have a greater Proportion to the whole, fecond^ 
than the whole fir ft Order except its firft Magni- 
tude^ to the whole fecond Or^der except iii fifft 
Magnitude : But a lefs Proportion thzii itfqt of 
the fir ft Magnitude of the fir ft Order^ to thefifft 
Magnitude of the fecond ^ and laftly^ q greater 
Proportion than that of the taft Magnitude of 
thefirft Order^ to the la ft of the fecond. f^-^ 

IF the proportion of A to E 
be greater than that; of B 
to F, and the proper tiph. of 
B to F greater than that of C to G : I fay;^ thit 
A, B, C, will have a greater proportion to E, F, 
G, than the proportion of BC toFG. 

Demonftration. 
'Tis fuppofs'd the proportion of A to E is 
greater than that of B to F 5 and therefore al- 
ternatively, the proportion of A to Bis greater 
than that of E toF^ and by compounding them, 
the proportion of AB to B greater than that of 
EF toFj and again alternatively, the p^ro* 

portion 



[A, B, Q /E, F. G 
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portion of A2B to EF greater than that of B to 

F, . Andbecaufethe proportion of the Whole 
AB to:EF is greater than that of the Part B to 
the tart F, the proportion of tlie Remainder 
A to, the Remainder E, will be greater than 
that of the Whole AB to the Whole EF. In like 
manner, I may prove the proportion of B to F, 
greater than that of BC toFG, and confequent- 
ly that of A toE^ much greater than that of 
BC to FG. Therefore alternatively, the pro* 
portion of A to BC is greater than that of E to 
FG5 and compounding them, the proportion of 
A, B, C, to EC, greater than that of E, F, G, 
to FG: therefore the proportion of A, B, C, to 
E, F, G, will be greater than that of BC to FG. 

Secondly, the proportion of A to E, is great* 
er than that of A, B, C, to E, F, G. 

Demon fi ration. 

I have demonftrated, that the proportion of 
the Whole A,vB, 't, to the AV^hole E, F, G, is 
greater than that of thfe Part BC to the Part 
FG : therefore-. the proportion of the Remainder 
A to the Remainder E, will be greater than that 
of the Whole' A,. B, C, to the Whole, E, F, G, 
(bythe^^) '%, 

Thirdly, the proportion of A, B, C, to E, F, 

G, is greater than of C to G. 

Demovfiratlon. 

Theproportion of A to E is greater than that 
of Bto Fj and therefore alternatively^ that 

Q J of 
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of A to B is greater than that of E to F >, "aird 
compounding ihem, the proportion of AB to B" 
will be greater than that of EF to F ^ and again 
alternatively, that of ABto EFwillbegreattr 
than thai of B to F. But the proportion ofB 
to F is greater than that of C to G, therefore 
the proportion of AB to EF is greater 
than that of C to G ; and that of AB to C 
greater than that of EF toGj and therefore by 
compounding them, the proportion of A, B, C, 
to G, will be greater than that of £, F, G, to G j 
and that of A, B, C, toE, F, G, greater than 
that of C to G. 
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d F T H E. 

E.LMME-N TS 

OP' 

EUCtiD 

* *^T*^ His Bbbk begins to apprly theDodrine 

* ■ of Proportions, explain d in general 

* JL in the preceding, to particular Mat^- 

* ters-, and taking its Riftfirdm the moft fimple 

* Figures, u e. Triangles, it gives Rules to 

* determine, not only the proportion of^ their 

* Sides, but alfo that of their Capacity, ^a\ 

* or Superficies. In the next Place wiej Itarri 

* from it, how to find out proportional Lines, 

* and to augment, ot dimihifh any Figure, ao» 

* cording to any proportion aflign'd. Here alfb 

* is demonftrated the moft ufeful ]t3ileof Thrce^, 

* andthe Forty fe vent h of thtr Firft e3i^tendad 

* to any Figure wl^atfoever. Xaftly, it lays 

* down the moft facile and moft certain Princi- 
^ pies to condiid* usi in taking any manrter of 
^ pimeAfions. 
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DEFINITIONS. 
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Edlilineal Figures are 

fimila^", when their An* 

gles are eqiial, and the Sides, 

y\^ that form thofe Angles, propor- 

/ X^tional ^ As the Triangles ABC: 

^ -^ ' DEF, will be fimilar, if the 

* Angles A and D, Band E, C 

* and F, Be equal -, and AB has the fame pro- 
^ portion to AC, as DE tq DF 5 and AB to BQ 

* as DE to E^. 
A^^^ s. Figures are reciprocal, when 

they may be fo compared, that 
the Antecedent of one Propor- 
tiR9 and the Confequent of ano^ 



A 

D 



BID E ther.are both found in the fame 

Figure i that is, when the Ana- 

* logy begins, and ends in the fame Figure. 

* A^^if AB has t]ie fame prppprtion tp CD, as 

* DEtpBF. 

5. A Line is divided according to eitream and 
middle Prqportioi?, when the whole Line has 

the fame proportion to the greats- 

-I erPart, as the greater Part to 

A C B the leiFer, \ As if AB has the 

fame proportion to AC, as AC 
^toCB: the J^ineAB is divided according to 
I etutfxa and middle Propprtion, 



-i 



^r 



4. The 
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4. The Hcighth of any Fi- 
gure is a perpendicular drawn 
from its Summityto its Bafe. 

* As in the Triangles ABC, 

* EFG, the Perpendiculars AD 

* and EH, whether they fall within or without 

* the Triangles, are their Heights. Hence it fol* 

* lows, that all Triangles and Parallelograms, 
' that have equal Heights, may be plac'd with- 
^ in the fame Parallels. For having fet their 

* Bafes upon the Line HC, if the Perpendi- 
« culars DA and HE be equal, the Lines EA' 
< andHC will be Parallels. 

5. A proportion isfaid to be compounded of 
many others, when the * Quantities of thofe 
proportions being multiply d, make another. 

To underftand the true Intent of this Defini- 
tion, it muft be obferv'd, that every propor- 
tion, at leaft every + rational proportion, 
takes its Denomination from a certain Number, 
denoting that Refpeft or Relation that the 
Antecedent of the proportion bears to the 
Confequent. As if two Magnitudes were pro- 
posed, one of twelve Foot in Length, and the 
other of fix 5 we fhould call that - proportion 
of 1 2 to 6 the double proportion. In like man- 
ner, if 4 and 1 2 were propos'd, we (hould 
give that the Name of fubtriple proportion, 
f being its Denominator-, importing as much 
as, that the proportion of 4 to 1 2, is the fame 



J^m*. 
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* as that of }- to- Unity, or as, one to* three. 

* This Denominator is call id. the ^natttity^ oC 

* the Proportion. Suppofe therefore three 

* Terms were given, 12, 6, and 2 ^ the firft^ 

* proportion of t2 to6 being double, its De- 
\ nomiqs^or is two y the fecond of 6 to 2 being* 

* Triple, its Denominator, is three 5: tHe propor-^ 
^tion therefore of 12 to 2 is' faid to* .be com- 
** ponded of that of 12 to j^,. and of 5 to 2, 
<r the double and the Triple proportion*' Ta 
« find therefore the Denominator of the pro- 

* 'PprtioiiTof 12 to 2, multiply three by two^ 

* and the Pr oduiEl 6 will • (how the proportion of 
<^ I2tb 2to be fextuple, i. e. as one is to fix. 
«^. This is that which Mathematician commonly 
€ underiland by compound Proportion, , though 
^ nftthinks it might more properly have been 
<.caird Proportion multiply 'd. 

PRO POSITION I; 
A THEOREM. 

Parallelograms^ and TriangUi, of the fftnte Reigbt, 
:. are in the fame profiO^tion as their Ba/fs. 

Suppofe the Triangles. 
AGC and DEM, to 
liav-c the fame Height,. and 

tQ be plac'd between the 

fame Parallels, AD, and <iKIBCi:rHLM 
GM : I fay, they will havp 

%h9 
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the fame proportion as their Bafes GC, and EM. 
Divide the Bafe EA^ iiita as many equal Parts 
9s you pleafe, and draw Lines from the Point 
P to^^ach pivifion, as DF, DH, DL. In like 
i^nner divide the Line CG into Parts equal to" 
tbofe of the Line E'Ii?I, and draw Lines from the' 
gummity A td thofe Divilions, as AB, AIj &<;,' 
All thwe little Triangles, being inclos'd with-^ 
in the fame Parallels, andhaving equal Bafes, 
3re eqikHly (by t to 3 8. i .) 

Demonjfratiofi. 

The Bafe GC contains & many aliquot Parts 
of EM, as thepie are Parts found in it equal tcr 
EF I but as many Parts equal to EF as. arc fouild^ 
in the Bafe GC, fo many little Triangles are 
contained in the Triaigle AGC, equal to thofe 
contained in DEM •, which being equal among 
thqmfelves are thealiquot Parts of thet Triangle 
PEMw As oft therefore as the B&fe GC con-^ 
tains thdfe aliquot Pmrts of EM, fooft does the 
Triangle; AGG contain the aliquot Parts of thtf 
Triangle DEM'^ which alfo will happen in e- 
very Divifion wfaatfoever : therefore the Tri- 
angle AGC has the fame prop6rtion to the Tri-* 
angle DEM, as the Bafe GC to tlie Bafe EM, ^ 

Now Parallelograms, defcrib'd upon, the fame 
Bafes, and inclos'd between the fame Parallels,' 
are double the Triangles, (by the ^i. i.) there- 
fore they are in the fame proportion as the Tri- 
^nglesy h e. as their Bafes. 

Tbc 
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the USE 

* This Propofition is not only ferviceable in 

* clemonftrating thofe that follow, but -alfo of 

* great ufe in dividing large Fields, or Plains. 
I As for Example, fuppofe 70U were to take 

* the third Part of the Trapezia 

* um ABuD, having the Sides 

* AD and BC parallel •, produi:e 

* the Line BC to E, fo that CE 

* may be equal to AD •, and tak- 
' ing BG the third Part of BE, 

* draw AG •, I fay* the Triangle ABG is the third 

* Part of the Trapezium ABCD. 

Demonftration, 

* The Triangles ADF, and FCE, are Equi- 

* angular, becaufe the Lines AD and CE are 

* Parallels ^ and their Sides AD and CE are e- 

* qual: therefore (by the. 26-^ i.J the Triangles 

* are equal, and confequently the Triangle 
< ABE, is equal to the Trapezium ABCD. But 

* the Triangle AEG is the third part of the 

* Triangle ABE, (by the preceding) therefore the 

* Triangle AB G is the third Part of the Trape-^ 
^ zium ABCD* 



PRO- 
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PROPOSITION ir. 

A THEOREM. 

A Line drawn in a Triangle parallel to its Bafe^ 
divides its Sides proportionally ^ and the Line 
that divides the Sides of a Triangle proportion^ 
alhf^ will be parallel to its Safe. 

IF in the Triangk ABC the Line 
DE be parallel ta the Bafe BC, ' 
the Sides AB and AC will be di- 
vided proportionally^ i. e. AD 
will hftve the faflie proportion to 
DB, as AE, to EG Draw the Lines b 
DC and BE. The Triangles DBE, 
and ECD, having the lame Bafe.DE, and be- 
ing inclosed within the fame Parallels DE and 
BC, are equal, (by the 37. i.) 

Detnomfiration. 
The Triangles^^DE and DBE have the fame 
Height E, and taking AD and. DB for their 
Bafts; they may be jplac'd within the LineAB, 
and. another Parallel to. it drawn throuigh the 
Point E, and conftqufcntljr. have^the.fami&pra- 
portion as their Bal^Sw. (by the i.) fj^.. the Tri- 
angle ADE has the feme proporfion to the Tri- 
angle DBE , or its Equal CED, as AD to DB. 
But the Triangle ADE has likewife the fame 
proportion to the Triangle CED, as AE to EC 5 
* ^^" and 



1 
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Jpemonftration. 

AB or EA has the fame proportion to AC, at 
BD to DC : therefore EB and AD are parallel j 
and (by the 29. i.) the alternate Angles tBA 
and BAD, as alfo the internal BEAand the Ex- 
ternal DAC, will be equal : and the Angles 
BEAand EBA feeing equal, the Angles BAD 
and DAC will be alfo equal. Therefore the 
Angle BAG will be^ divided into two eqtial 
Parts. 

The t;s S. 

* We make Ufe of this Propofition chiefly 

• to find the proportion of the Sides of Trian* 

* glesi 



•^ . 



PROPOSITION IV. 

A THEOREM. 

The Sides ofeq^ianffthrTrhngJiesareprojfortiotiat, 

IF the Triangles ABC and 
DCE, be equiangular:,, i. e^ 
if the Angles ABC andJDCE, 
BAC and CDE be equal, AB 

vrill have the fame proportion ^ 

to BC as: DC to CE, and alfo b . c 
AC will have the fame proportion to CB:9s t)£ 
to EG. Join t]ae Triangles after fuch a^nwn* 
iier, that the Bafes BC .and CE may be upon 
the fame Line, and produce the Sides ^ A ^^^ 
-■- "V"' ■" *■*"" ■ ED 
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ED till they meet in F •, fince the Angles ACB 
and DEC are equal, the Lines AC and EF are 
Parallels, (by the 28. i.J and by the fame Rea- 
fon CD and BF are Parallels, and therefore 
AFDC is a Parallelogram. 

Demonftration. 

In the Triangle BFE, FE is parallel to AC^ 
therefore {by the 2.) AB has the fame propor- 
tion to AF, or which is equal to it, CD, as BC 
toCE: and alternatively, AB has the fame 
proportion to BC, as CD to CE. In like man* 
ner in the fame Triangle, CD being parallel 
to BF, FD or AC has the fame proportion to 
DE, as BD to CE, (by the 2.) and alternatively, 
AC has the fame proportion to BC, as DE to CE. 

The US E. 

* This Propofition is of fo general Ufe, that 

* it may paft for a moft univerfal Principle iii 

* taking all manner of Dimenfions. For in the 

* firft place all the Methods of meafuring inac- 

* ceffible Lines, by defcribing a fmall Triangle 
**limil'ar to that which is formed upon the 

* ground, is founded upon it •, as alfo the greateft 

* Part of ihore mathematical htjlnimeftts^ upon 

* which are defcrib'd Triangks, fimilar to thofe 

* of which we defire to take the Dimenfions, 
« as the Qeometrical Square^ the Pantotnetet^ the 

* Arbaleft or Crofs^ftaff^ &c. Nor could we knoW 
*'how to raife the plane of any place, but by 

* the Help thereof So that in fine, to unfold 
**all theXJfesof thisPtopofition, itwduld bene« 

R ^ ceflary 
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ceffarj to tranfcribe the whoU firft Book Of 
PfaSical Geometry. 
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PROPOSITION V. 

A THEOREM. 
Xriangles, whkh bav» proportimal iUfs^ art 

I F the Triangle f ABC aod 

^ DEF have propartiooal 

Sides, i. e. if AB hat the 

Tame proportion to BC ^s DE 

ibJEFi and alfo AB the ftmc 

proportion to AC ^s DE to 

DF •, the Angles ABC and DEF, A mi D, C and 

E, vill be equal Make the Angle FEG equal 

to the Angle B, and EFG equal to. the AJP«le e. 

^ Th^ Triangles ABC and EFG have two An- 
gjies equal, therefore (by CoroU. 2. ef the 32. i.) 
they are equiangular 5 aad (by tbtf 4.^ AB h^ 
th^ fame proportion to BC as GE.to EF. Now 
*tis fuppos'd, that DE has the ikwi proportion 
to EF as AB to BC; therefore D^hji^ th^-famp 
proportion to EF as EGto EF 5 andr<?prtfequewt- 
ly [by the 9, 5.) DE and EG «re qual. Aftcir 
tfee lame manner DE iftay be prov'd ^qual to 
EG, and conftguwtly; (ky the 9. i.) the TriflW- 
gk»LD£F wd GeF are %iiangularr But the 

An* 
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Angle GFF was made eqtial to B, therefore the 
Angle DEF is equal to the Angle B, and the 
Angle DFE to the Angle Cj and confequently, 
the Triangles ABC and DEF are equiangular. 

PROPOSITION VL 
A THEOREM. 

m 

TflargUsj which have each one of their Aftglet ^- 
qual to one of the other ^ and the Sides containing 
that Angle Proportional^ are equiangular. 

T F the Triangles ABC andDEF [fee fg. preced.2 
^ have the Angles Band E equal, and the Side 
AB has the fame proportion toBC as DE toEF, 
the Triangles ABC and DEF will be e^uianga*- 
lar. Make the Angle FEG equal to the Angle 
B, and the Angle EFG equal to the Angle C. 

DemonflratioTt. 

The Triangles ABC and GEF are equiangulat 

(^hy CorplL 2. of the 32. i.) therefore AB has 

the fame proportion to BC, as GE to EF (by the 

4.) But as AB to BC, fo is DE to EF •, therefore 

I>E has the fame proportion to EF as GE to the. 

fame EF •, and therefore {by the 9. 5:.^ DE an(J 

EG are equal- and the Triangles DEF andGFE, 

having the Angles DEF and GEF, each equal 

to the Angle B, and the Sides DE and FG equel, 

with the Side EF comtocil'to both, will be.equial 

in. all Refpect<3, (h'^^^^^i) therefore they 

' "^ R 2 • , w;il 
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will be equiangular •, and the Triangle EGF be- 
ing equiangular to ABC, the Triangles . ABC 
ani DEF are equiangular. 

The Seventh Propojition is of no Ufe. 



PROPOSITION VIII. 
A THEOREM. 

A Ferpettdicvlar, drawn from the right Angle ^ of 
a retjavgitlar triangle ta the oppojite Side^ divides 
the Triangle into two others fimilar to it. 



I 




F the Perpendicular BD be 

drawn from the right Angle 
ABC to the oppolite Side AC, it 
will divide the redtangular Tri- 
angle ABC into two Triangles 
ADB and BDC, which will be fimilar or equi- 
angular to the Triangle ABC. 

Demonfiration. 

The Triangles ABC and ADB have the fame 
Angle A, and the Angles ABC and ADB right 
Angles, therefore they are Equiangular, (by 
Coroll 2- of the 32. i J In like manner, the Tri- 
angles BDC and ABC have the Angle C com- 
mon to both, and the Angles ABC and BDC 
right Angles i therefore they alfo are equian- 
gular. Therefore the Triangles ABC^ BDC, 
and ABD; are fimiiar Triangles. ; 
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The USE. 
* By the Help of this Propofition inacceflible 
Diftances may be meafurM by a Carpenter's 
Square. As for Example, if I were to mea- 
fure the Diftance DC •, having drawn the per- 
peiKiicular BD, and plac'd mjjr Square upon 
the Point B in fucli a manner, that by one of 
its Sides BC I could obferve the Point C, and 
by the other the Point A : 'tis evident, there 
would be the fame proportion of AD to DB, 
as of DB to DC, Therefore multiplyii.^ 1 ^JB 
by itfelf, and dividing the Product by AD, the 
Qjiotient would be DC. 



PROPOSITIO N IX. 

A PROBLEM. 
Tram a Line given to cut of what Fart you phafe. 

E^ T E T the Line proposed be 

J AB, from which voa defire 

to take away 3 fifth Parts. 

P ' D Make an Angle ECD, and np- 

. ^ on one of its Sides CD take 

•^ :. , ^ five equal Parts, three of which 

Ihall be contained in CF : then taking CE equal 

^ to AB, draw the Line DE, and another parallel 

* to that FG : the Line CG will contain three 

fifth Parts of CE, orAB. 

R 3 Demons 
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Vimovfiration. 
In the Triangle ECD, FG being parallel to 
the Bafe DE, CF will have the fame proportion 
to FD as CG to GE, (by the, i.) and coropownd- 
ing them (by the i8. T J CE will have the fame 
proportion to CG as CD to CF 4 and {hy tU 
Coroll of th( \6. 5.; CG will have the fame pro- 
portion to CE as CF to CD. But CF contain* 
three Fifths of CD, therefore CG will contain 
three Fifths of CE or AB. 



PROPOSITION X. 
A PROBLEM. 

To divide a Line after the fame manner as another 

Line given is divided. 

IF you would divide the 
Line AB after the fame 
manner as AC is divided, -.— ♦^^ , 
make with the two Lines ^l^rvtrV^ 
the Angle CAB of what \ \ ..l-jjj'H ^ 
Magnitude you pleafe : then pU't" ^ 
draw the Line BC, and pa- 
rallel to it the Lines EO,F\r, and thq reft. Th^ 
Line AB will be divided aft^r the fame manner 

that AC is. ^ 

Demoifflratiov^ 
Since in the Triangle BAC, HX is drawn pa- 
rallel to the Bafe BC, it will divide the Sides 

AB 
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AB and AC proDortionally (by the 2.) and the 
fame may be faia of all the reft. 

To do this more eafily you may draw the 
Line BD parallel to AC ^ artd transferring the 
Divifions of AC, toBD, draw Lines from qi^e 
tatht other. 




I 



PROPOSITION xr. 

A PROBLEM. 
^T^o Lin^s being given to fnd a third P/'oportiottal. 

F you would find a third 
Proportional to the Lines 
A]S and BC, /. e. that there 
m^y be the fame Proportion 
of Afe to BC, as of BC to the 
Line fought ^ make at plea- 
fur^ the Angle EACj and up- 
rin on^ df its Sid^s take tlie Lines AB arid BC^ 
one immediately after the other ^ and upon the 
Other Side take AD equal toBC: then draw the 
Lihe BU arid parallel to it the Line CE^ 
and the Line DB will be that which you feek. 

DemoTi ft ration. 

In the Tf iatijle E AC the Line DB is parallel 
to the Bafe Cf, therefore (hy the 1,) there is 
the fame ^Jfoportiori of AB to BC, as of AD or 
BCtoDE- 

R4 PRO- 
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PROPOSITION XII, 

A PROBLEM. 

Thrte Lines beitig given to find a fourth Propor- 
tional. 

E T the three Lines pro- 
posed, to which you are 
to find a fourth Proportional, 
be AB, BC, and DE. Make at 
pleafure the Angle FAC, and 
take upon AC the Lines AB and BC, and upon 
AF the Line AD equal to DE 5 then draw the 
Line DB, and parallel to it FC: 1 fay, that 
DF is the Line fought, i. e. there is the fame 
proportion of AB to BC as of DE or AD to DF. 

Demonftration. 

In the Triangle FAC the Line DB is parallel 

to the Bafe FCj there is therefore the fame 

proportion of AB to BC, as of AD to DF, Civ 

the 2.) ^\J 

The USE. 
' The Ufe of the Compafi of Proportion is 

* grounded upon thefe four Propofitions, for 
' that Inftrument teaching us to divide a Line 

* as we pleafe ^ to make ufe of the Rule of Three 
^ without the.Help of ^rftiw^tzVfcj to extract 

* the fquare, and cubick Roots 5 to double the 

* Cube J to meafure all forts of Triangles 5 to 

* find the Capacity of Superficies's, and the So- 
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* lidity of Bodies •, and to augment or diminifh 

* any Figure, according to what proportion we 
^ defire ^ all thefe Operations are detnonftrated 

* by the preceding Propolitions. 



PROPOSITION XIII. 
A PROBLEM. 

Two Lines being given to afign a middle Proportional. 

T F you defire a middle Pro- 
-*- portional bet ween the Lines 
LV, and VR •, having plac'd 
them fo, that they, make.but 
one right Line LR, divide that 
Line iuto two equal Parts in! 
M ^ and having defcribM a Se- 
micircle LTR from the Center, draw the Per- 
pendicular VT, which will be a middle Pro- 
portional between LV and VR. Draw the Lines 
LT, and TR. 

Demof{ftration. 
. The Angle LTR, being defcrib'd in a Se- 
micircle, is a right Angle, (by the 51. 3.) and 
(by the 8^ the Triangles LVT and TVR are 
iimflar •, therefore there is the fame proportion 
of LV to VT in the Triangle LVT, as of VT 
to VR in the Triangle TVR, (bythe^) there- 
fore VT is a middle Proportional between LV 
Snd VR, . 

The 
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TbeU&E. ■' ■ 
* B7 this Propofitiori tny refltngultr Ri- 

* mllelognnn may be reduo'd to a Square^ Fdr 
^ Example, in tht Kedanglo. contain'd under 

* LV and VR, the Square of VT is equal to the 

* Reftangle under L V and VR 5 as I ftiall here- 
^ aftpr demotiftrate. 



PROPOSITION. XIV. 



A THEOREM. 

Equal eqmangnUr Paralhh^rams have their Sides 
reciprocal ^ and equiangular Parallelograms^ vbtcb 
bam tbelf' Sides reciprocal^ are equal. 



% 
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H T F the Parallelograms L and M 
1 1 be equiangular and equal,their 
Sides will be redprocal, f. e. CD 
will have the fame propdrtion to 
DEa< PD to DB- ftnee they 
have equal Angles, they may 
be fo join'd together, that the Sides CD and 
DE, FJD and DB, will concur in twd ri^ht 
Lines, (by the CoroU. of the 15. i.) producing 
therefore the Sides AB and GE, you complect 
the Parallelogram BDEH. 

Demofi/raticn. 
The Parallelograms L and M being equal, will 
have the fame proporti(»i to the Parallelogram 
BDEH: But the proportion of L to BDEH, is 
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as theBafe CD to the Bafe DE j and that of M, 
or DFGE:, to BDEH, is as theBafe-FD to the 
Bafe DB (hy the \.) Therefore CD has the fame 
proportion to DE, as FD to DB. 

Secondly, if the Parallelograms L and M be 
cquiairigular, and have their Sides reciprocal, 
thejr will be equal. 

Demonftfatton. 

The Sides of the Parallelograms are fuppos'd 
to be reciprocal, i. e. there is the fame propor- 
tion of CD to DE, as of FD to DB : bat as the 
Bafe CD is to DE, fo is the parallelogram L to 
the parallelogram BDEH (f-jr tibc i.) and as FD 
to DB, fo is the Parallelogram M to BDEH •, 
therefore L has the fame proportion to BDEH, 
as M to the fame BDEH •, therefore ( by the 9. j.) 
the parallelograms L and M are equal. 



PRt)- 
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PROPOSITION XV. 

A THEOREM. 

^^T^ '^P^^i^^^ ^*^^ ^ave one Angle equal each to 
mother^ have the Sides that form that Angle 
reciprocal And if thofe Sides he reciprocal 
tbey will he equal 

T F the Triangles F and G, 
■*- being equal, have the An- 
gles ACB and DCE equ^l, 
their Sides that form thofe An- 
gles, will be reciprocal 5 i. e. 
BC will h^ve the fame propor- 
tion toQE as CD to CA- Place 
the Triangles fo, that the Sides CD and CAmay 
ma^e one right JLine -, and then becaufe the An- 
gles ACB and DCE are fuppos'd to be equal, 
BC and CE will alfo make one right Line, (by 
Coroll of the 15. i J Draw the Line AE. 

Demonfiration^ 
The Triangle ABC has the fame proportion 
to the Triangle ACE, as the Triangle ECD e- 
qual to the former, to the fame ACE, {by the 7. 
$.) But as ABC to ACE, fo is the Bafe BC to the 
-Bafe CE, (by the \.) having both the fame 
Height ^ and as ECD to ACE, fo is the Bafe CD 
to CA, (by the fame :) therefore BC has the fame 
proportion to CE, as CD to CA. But if the 
Sides be fuppos'd reciprocal, i. e. that BC has 

the 
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the fame proportion to CE, as CD to CA, the 
Triangles ABC and CDE will be equal, becaufe 
they will both have the fame proportion to 
ACE. 



PROPOSITION XVL 
A THEOREM. 

If four Lines he proportional j the ReSafigle con* 
tain'd under thefrfi and the fourth^ wiU he equal 
to the Re3angle contain d under the feconl and 
the third. And if the ReBangle contained under 
the Extreams be equal to that contain d under 
the middle Terms, the four Lines will be pro^ 
portional. 

IF the Lines A, B, C, D, be 
proportional, a. e, if as A to B, 
fo C to D, the Reftangle con- 
tained under the firft A, and the 
fourth D, will be equal to the 
Rectangle contained under B and 
C 

Demonftration. 
The Redangles have one Angle equal each to 
the other, becaufe 'tis a right Angle in both - 
their Sides alfo are reciprocal; therefore they 
are equal, (by the 14.) 



A 

B 
C 

D 



A ^ 



In 
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In like tnanni^r, if they are equal, their Sictes 
will be reciprocal, /. e. A will haw the fame 
proportion to B, asCtoD. 



PROPOSITION XVII^ 

A THEOREM- 

tf three Lines be propofiwnal^ the ReSangk C9k* 
taind under the frfi and the thirds wiU he equal 
to the Square of the middle Term^ And if the 

• Square of the nudMe Term he equal ts the Re- 
Bangle under the Extream^ the three Lines are 
profortianaL 



CL 



1 T Fthe three Lines A, B, D, be 

D 1 proportional, the Redangle 

contain'd undeK A and D will be 
equal to the Square of B. Take C 
eqtial to B, and there will be the 
fame proportion of A to B% as of 
C to D i therefore the four Linei^ 
are proportional. 

Bemonfirdtion. 
The Reaaiigle under A and D will be equal 
to that under B and C, (by the preceding^) but 
the lafk Reftwgle is a Square ('the Liae^ fi and 
C being equal) therefore the Reciangje con- 
tained under A and D is equal to the Square of 
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In like manner, if the Redangle nndcr A and 
D be equal to the Sqtiare of B, A will have the 
fame proportion to B as C to D : and B and C 
being equal, A will have th« Ums proportion 
toB, asBtoD. 

TbiUSM. 

' * By tbefe four Piopofitions may be demon- 
ftrated that Rule in Jmhmetick, which i^ 
commonly tall'd the Ride of Three 5 and con- 
feqiientiy, the Rules of Felhwjhip^ of Falfe^ 
and all tnpfe othet s that depend upon pro-^ 
portioa For Example, fuppofe three Nunie»' 
given, A 8, B 6, aiKl C 4^ and it be required 
to find a fourth proportional Number ^ which 
taking » found, IwiUcallD- TheRedai^k 
then coat%in*d under A and D, i» equal to 
that under Rand CButlmay have this, latter 
R^OiN^le by urtdtiplyiiag B by C, I e^ Six bjr 
Four-, the Produft will be Twentyfoux^; 
therefore the Kca;an|[k contained under A 
and D is alfo twenty four •, and therefore di- 
viding; that Number by A, which is 8, tlie 
Quotueut Three will be the Number fought 
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PROPOSITION XVllI. 

A PROBLEM. 

To dejcribe a Polygon fimilar to another upon 

Line given. 




L' 



ET AB be the Line 
aflign'd, upon which 
you are required to defcribe 
a Polygon fimilar to the 
Polygon CFDE 5 h^viirg di- 
vided the Polygon CFDF into Trianglei, upon 
the Line AB make a Triangle ABH iimilar to the 
Triangle CFE, i, e. make the Angle ABH e- 
qual to the Angle CFE, and BAH equal toFCE : 
for then the Triangles ABH and CFE will be 
equiangular, (by CoroJL 2. of the 12. i J Make 
alfb upon the Line BH a Triangle equiangular 
to FDE. 

Demonftration. 

Since the Triangles, which are Part of the 
Polygons are equiangular, the two Polygons are 
equiangular. Further, iince the Triangles 
ABH and CFE are equiangular, AB will have 
the fame Proportion to BH as CF to FE, {by the 4.) 
In like manner, the Triangles HBG and EFD 
being equiangular, BH will have the fame Pro-> 
portion to BG as £F to FD : and by Equality ^ 
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(auoritng to Be fin. i8. $.) AB will have the 
lame Proportion to BG, as CF to FD. And the 
fame may be faid of all the other Sides. There- 
fore (by Be fin. i.) the Polygons are fimilar. 

TbtVSK 

* Upon this Propofition is grounded the 

* greateft Vstn of PtaSical Qeometrj^ that re* 

* lates to the railing the Plan of any Place, as 

* of a Building, Field, Foreft, dr a Whole 

* Country: For having divided a Line into c* 

* qual Parts, to anfwer the Feet or Yards con* 

* tain'd in the Plan, you may defcribe a Figure 

* fimilar to, but lefs than, the Original, in 

* which you may fee the proportion of all its 

* Lines. And having by Experience found it 

* much more eafle to travel upon Paper, than 

* to take a tedious Journey either by L^ld ot 

* Water, thi* Propofition will likewife aflFord 

* us Affiftance in this refpeft-, informing us in 

* almoft all the Parts of G^ai^jfii, and Coorogra* 

* pby^ and giving InftruSions how to compofe 

* Oeograpbical Charts^ and Mapi*^ which are 
^ nothing' elfe but Methods of reducing great 

* Figures to fmall. Further, theUfe of this 

* Propofition extends its felf to almoft all thofe 

* Arts, that require the Defign and Model of 

* their Works before-hand. 

S PKO 
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PROPOSITION XIX. 

A THEOREM. 

Similar Triatigles are in the duplicate Proportion 

of thir horhdeifius Sidis. 




T F the Triangles ABC 
^ DEF be fimilar, or 



and 
equi- 
angular, they will be in the 
duplicate {yroportion of their 
homologous Sides BC, £F, n 
e. the proportion of the Triangle ABC to the 
Triangle DEF will be the Implicate of the 

Proportion of BC to HF \ fo that finding a third 
roportional HI to the Lines BC and £F, and 
making BC to have the fame proportion to EF, 
as EF to HI, the Triangle ABC will have the 
fame proportion to DEF as the Line BC to the 
Line HI ^ which is to hare to it a duplicate pso- 
portion (by Defifi. !i. 5.) Take BG equal to HI, 
and draw the Line AF. 

Detnofifiration. 
The Angles B and E of the Triangles ABG 
and pEF are equals and befides, fince the 
TrianglcsABCandDEFare fimilar, AB will 
have tne fame proportion to DE as BC to EF, 
{by the Fourtkj Eut as BC to EF, fo EF to HI 
or BG^ therefore as AB to DE, fo EF to BGj 
and confequently, the Sides of the Triangles 
ABG and DEF being reciprocal, the Triangles 

will 
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Will be equal, (by the ij'.) And {hj the i.) the 
Tritogle ABC has the feme j^roportion to the 
Triangle ABG, as BCto BGor HIj therefore 
the Triangle ABC has the fame proportion to 
the Triangle DEF, as BC to HI. 

The V SB. 

* Thefe Propolitions may helj) to correftthe 

* Error of thole, who art apt to imagine iimilar 

* Figures to have the fame proportion as theif 
^ l^ioes. For if two Squares, tWo Pentagons^ 

* two Heiagons, or two Circles, be propo* d| 
^ and the Side of the firil be double thatot the 
^ fecond, the firft Figure will be quadruple the 
^ ftc^nd, if the Side of the firft be triple that 

* o^ the fecond, the firft Figure will be nine 

* times greater than the fecond. Therefore to 

* make a Square triple to another, you muft 

* ieek a middle proportional between one and 

* three, and you 11 find for the Side of your 

* triple Figure almoft i ^. 
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PROPOSITION XX. 

A THEOREM. 

Similar Polygons may he divided into an equal NKtri" 
ber of Triangles, and are in the duplicate Pro' 
portion of their homologous Sides. 




1 



F the Polygons 

ABCDE and 

GHILM be fimilaf, 

they may be divided 

into an equal Number 

of Similar Triangle^, 

which will be the fi- 

riiilar Parts of their Wholes. Draw the Lines 

AC, AD, GI, GL. 

DeniovJfraUon, 

Since the P^pjygons are fimilar, thelf Anglesr 
B and H will be equal; and AB will have the* 
fame proportion to BC as GH to HI, (^jp Defn. 
I .) theretore the Triangles ABC and GHI are fi- 
milar, (by the 6.) and (by the 3 J BC has the fame 
proportion to GA as HI to GI. Further, be- 
caufe CD has the fame proportion to BC as XL 
to IH, and BC the fame to CA as HI to IG •, by 
Equality, CD will have the fame proportion to 
CA.asJL to GI. Now the Angles BCD and AIL 
being equal, if the Angles ACB and GIH, which 
are equal, be taken from them, the Angles 
ACD and GIL will remain equal. Therefore 



the Sixth Book. 273 

(by the 6.) the Triangles ACD and GIL will be 
fimilar. In like manner, 'tis ealie to run over 
all the Triangles of the Polygons, and to prove 
them fimilar. 

I add further, that the Triangles are in the 
fame proportion as the Polygons. 

Demovftration. 

Since all the Triangles are fimilar, their 
Sides will be proportional, (by the 4.) but each 
Triangle to its fimilar is in the duplicate pro- 
portion of their homologous Sides, (by the 1 9.) 
therefore every Triangle of one Polygon to 
every Triangle of^he other, is in the duplicate 

?)roportion ^of their Sides •, which being the 
ame, the duplicate proportion muft be the 
fame •, and there will be the fame proportion 
of each Triangle to its fimiljir, as of all the 
Triangles of one Polygon to all the Triangles 
of the other Polygon, (by the 12. 5 Ji. e. of one 
Polygon to the other. 

Cor all. I. Similar Polygons are in the dupli- 
cate proportion cf their homologous Sides. 

Coroll. 2. If three Lines be in continual pro- 
portion, a Polygon defcrib'd upon the firft will 
have the fame proportion to a Polygon defcrib'd 
upon the fecond, as the firft Line to the third, 
i. e. it will be in the duplicate proportion of 
that pf the firft Line to the fecond. 

S3 PRO- 
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PROPOSITION XXL 
A THEOREM. 

Tolygons^ that are fmlUr te another Polygon^ eir€ 
fo alfo amongft them/elves^ 

IF two Polygons be fimilar 
to a third, they will be fo 
alfo betwixt themfelves. For 
they may each be divided in- 
■t, to as many fimilar Triangles, 
as are in the third. ButTriam 
gles fimilar to a third, are ^Ifo firpilar amongft 
themfelves 5 becaufe Angles equal to a third, 
are equal amongft themfelves •, and the Angles 
of the Triangles being equal, thofe of the Po' 
lygons being compounded of them, muft be fo 
likewife. 

I add, ths»t the Sides of the Triangles being 
proportional, thofe of the Polygons muft be (o 
?ilfo, becaufe th^y are the fame. 
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pROPosiTfON xm 

A THEOREM. 

Similar Polygofis defcriFd upon four proportional 
Lin(s, are alfo proportionah And if the Poly- 
gons bi proporthvat^ the l^iites arefp too. 

IF BC has the fame propor- aa r A^n 

tion to EF as HI to MN, / V^/V 

the Polygon ABC will alfo / \ / \ 

have the fame proportion to ^ ^ ^ 



I. 



o 
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the fimilar Polygon DEF, as 

HL to its fimiiar PolygonMO. 

Seek a third Proportional G *" 

to the Lines BC untl EF, aivi to the Lines HI 

and MO another third Proportional P, (l^y the 

a I.) Since BC has the fame Proportion to EF^s 

HI to MK attd EF to G as MN to P ^ by e^jua- 

lity, BC will have the fame proportion to G, 

as HI to P : and this propartioa will be the 

Duplicate of that of BC to EF, or HI to MN. 

Dew$onfiration. 

TTie Ploygon ABC to the Polygon DEF is in 
the duplicate proportion of that of BC to £F} 
(by thfi 2c.) th«l: is, a» BC to G -, an^ the Pji?ly- 
gon HL has the faaue proportion to MO, as HI 
to p. Therefore ABC has the fame proportion 

to DEFj as HI, to MO. 

S4 And 
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" And if the fimllar Fohrgans be proportional, 
the Lines being in t]ie fubduplicate proportion 
to them, will be alfo proportional. 

The USE. 



A,BjC,D, 



* This Proportion may be eafi> 

* ly apply'd to Numbers, if the 

* Numbers A, B, C,D, be proprar- 



E,F^ G, H.j * tional, their Squares E, F, G, H, 

* will be Co too j which is very fer- 



viceable in Arithmetick, and more in Algebra. 



PROPOSITION XIII. 
A THEOREM, 

Equiangular Parallelograms are in the Proportion 
compounded of the Proportions of their Sides. 

T F the Parallelograms L and 
-■■ M be equiangular, the pro- 
portion of L to M will be com- 
pounded of that of AB to DE, 
and that of BD to DF. Joyn 
the Parallelograms fo that their 
Sides BD and DF may make but 
one right Line, as alfo CD and DE another ^ 
which j the Parallelograms being equiangul^, 
itjay be done {by the Coroll. of the i$.J.J sindcom- 
dleat the Parallelogram PDEli 
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Demoftflration. 
The Parallelogram L has the {ame proportion 
to the Parallelogram BDEH, as the Bafe AB to 
the Bafe BH or DE, (by the i.) and the Paralle- 
logram BDEH has the fame proportion to the 
Parallelogram DFGE, i. e. M, as the Bafe BD 
to DF. But the proportion of the Parallelogram 
L to the Parallelogram M, is cbmpounded of 
that of L to the Parallelogram BDEH, and of 
that of BDEH to the Parallelogram M. There- 
fore the proportion of L to M is compounded of 
that of AB to DE, and that of BD to DF. For 
Example, let AB be 8, DE 5, BD 4, DF 7 ^ and 
make as 4 to 7, fo 5 to 8| •, by which means 
you will have three Numbers, 8, 5f» and 81, 8 
to 5f being the proportion of the Parallelogram 
L to BDEH, which is that of AB to DE ^ and 5 to 
81 that of the Parallelogram BDEH to M. Tak- 
ing away therefore the middle Term five, there 
will remain 8 to 8 ^ for the proportion com- 
pounded of the two 

PROPOSITION XXIV. 

A THEOREM. 

In all Parallelograms^ tbofe through which the Di^ 
ameterpajfesy arefimilar to the great one. 

QUppofe the Diameter of the Pa- f^ fr ^ 

O rallelogram A C pafi thro' the 
Parallelograms EF, GH 5 1 fay they ^/ 
pre fimilar to the ParallelogramAG. ^^ — c 

Demon- 
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The Parallelograms AC and EF, have the 
fame Angle B, and becaufe in the TriangleBCP, 
IF is parallel to the Bafe DC, the Triangle 
PFI and BCD are eauiangular. Therefore ^^ 
the fourth) BC has the fame Proportion to CD 
as BF to FI, and confe^uentlj the Sides are in 
the fame proportion. In like manner IH being 
parallel to BC, DH will have the fame propor- 
tion to HI as DC to BCi the Angl^ are alio e- 
qual, all the Sides being Parallels ; therefore 
{by Defin. i.) the Parallelograms EF and CH are 
limilar to the Parallelogram AC. 

the USE. 

* I have made ufe of this Propofition to de- 

* monftrate the i o Proposition of my lafl Book 

* of Perfpe3ives ^ where I h^ve ihown a wav to 

* draw an Image fimilar to the Original, by a 
< Parallelogram composed of four Rulers, 

' ' " ' "" ■ " '■ " ' ' * ■ m '■« II I ■■■ 

PROPOSITION XXV. 
A PROBLEM. 

Tp defcribe a Polygon, fimilar to one given, and e^ 

qual to another, 

IF you defire to defcribe 
a Polygon equal to the 
Reftilineal A, and fimilar 
to the Polygon B ^ make a 
Parallelogram C£ equal to 

the 
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the Polygon B, (by the 44. i J and upon the 
Line DE mate another Parallelogram equal to 
the Refliilineal A, (by the 45. i.) Then find a 
middle proportional GH between CD and DF, 
(by the 1 5.) Laiilv, make upon GH a Polygon O, 
Similar to B, (py the 1 8.; which will ba equal 
to the Reailineal A. 

D^monflration* 

Since CD, GH, and DF , are in a continual 
proportion, the Redilineal B defcriVd upon 
the firft, will have the fame proportion to the 
Redilineal O dcfcrib'd upon the lecond, as CD 
to DF, (by Cordl 2. of the 20.) But as CD to DF, 
fo is the Parallelogram CE to FE^ or B to A, 
which arc equal to them. Therefore B has the 
fame proportion to O as B to A, and confe- 
^uently (}y the 9. 5.) A and O are equal 

The US E. 

* 'KiisPropofition teaches how to change one 

* Figure into another, retaining ftill its equa^ 

* lity to a third •, which is very ufeful in Prac-^ 

* tical Geometry^ for the reducing all Figures to 
I Squares, 



PRO 
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PROPOSITION XXVL 

A THEOREM. 

If in one Angle of a Parallelogram yon defcribe a 
lejs^ fmilar to the forme r^ the Diameter of the 
greater will fall upon the Angle of the lefs. 

B T F in the Angle D of the Paral* 

J \^ lelogram AC you defcribe a lef- 
fer Parallelogram DG, limilar to 
_-— — ^ the other, the Diameter BD Will 
^^^ "^ pafs by the Point G. For if it do 
not pafs bj[ that Point, fuppofe it then to pafs 
by the Point I, and to make the Line BID. 
Draw the Line IE parallel to HD. 

Demonftration. 
The Parallelogram DI would be fimilar to the 
Parallelogram AG (by the 24. j But the Paralle- 
logram DG is alfo fuppos'd limilar to it, there* 
fore the Parallelograms DI and DG would be 
jRmilar, which is impolFible ^ for if fo^ HI 
would have the fame proportion to IE or GF, 
as HG to the fame GF •, and (by the 61 $,) the 
Lines HI and GH would be equal. 

PROPOSITION XXX. 
A PROBLEM. 

To divide a Line according to the extreme and mid'- 

die Proportion, 

.1 — Y E T AB be the Line proposed 



L 



C B J_-* to be divided according to 

the 
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the eitream and .middle proportion, i. e. {o 
that AB may have the fame proportion to AC 
as AC to CB- Divide the Line ABC (by the 1 1. 
^.) (b, that the Redangle contained under AB 
and CB may be equal to the Square of AC. 

Demon fir ation. 

Since the Redlangle under AB and CB is e- 
qual to the Square of AC, AB will have the fame 
proportion to AC as AC to CB, (by the 1 7.) 

The USE 

• This Propofition is neceffary in the Thir- 
« teenthBookof Euclid^ for th6 finding the 
* Sides of the five regular Bodies. And Friar 
^ Lucas ^ of the Holy Sepvlchery has composed a 
c whole Book concerning the Properties of a 
I Line divided according to the extreme and 
I middle proportion. 



PROPOSITION XXXI. 

A THEOREM- 

A Polygon iefcriVi upon the Bafe cf a ReSangu- 
lar Triangle^ is equal to the two fmilar Poly' 
gom defcrib d upon the other Sides of the fame 
triangle. 

IF the Angle BAC of the Tri- 
angle ABC be a right Angle, 
the Polygon D, defcrib'd upon 
its Bafe BC, will be equal to the 
two fimilar Polygons F and E 
defcrib'd upon the Sides AB and 
ACi Demon- 
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Demomjiration. 
The Polygons D^ £« and F, ai'e am6ngft 
themfelves m the duplicate j^roportion of their 
homologous Sides BQ AC, andAB, (by the 20,) 
and if Squares were deTcrib'd upon the fame 
Sides, they alfo would amongft themfelves be 
in the duplicate proportion of their « Sides ^ 
but (by the 47. 1.) tne Square of BC Would be e* 
gual to the Squares of AC and AB : therefore 
the Polygon D defcrib'd upon the BafeBC, will 
be equal to the iimilar Polygons £^ and F, de^ 
fcrib'd upon AB and AC. 

^ TbcUSE. 

* This Propofition is made ufe of to augment 

• or diminifh all manner of Figures, being 

* more univcrfal than the 47. i. whidh yet is 

* exceeding ufeful, in as much as almoft alt 

• Qeometry is grounded upon that Principle. 

Tbe 32 Propofition ii ufelefs. 
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PROPOSITION XXXIII. 

A THEOREM. 

tn equd CtrcUs, tU Angles atveUat the OMer u 
CiraiiHftfenee, m alfi the SeSon, are tn tb$ 
film frofortion as tbe Arches u^n whch tbef 



I 





F the Circles 

ANC and DOF 
we equal, the Angle 
ABC will have the 
fiime profortion to 
the Angle DEF as 
the Arch AC to the 

Arch DF. Suppofe AG, GH, and HC, to be e- 
qual Arches, and confequently the aliquot Parts 
of AC 5 and let DF be divided into as many* 
Parts, equal to AG, as it contains •, and draw 
the Lines EI, EK, and the reft. 

Demovftrathn, 

All the Angles, ABG, GBH, HBC, DEI, 
lEK, and the reft, are equal, (by the 27. 3.) fo 
that AG, an aliquot Part of the Arch AC, will 
be contain'd in the Arch DF, as oft as the Angle 
ABG, an aliquot Part of the Angle ABC, is 
^pntain'd in the Angle DEF ^ therefore the 
Arch AC will have the fame proportion to the 
Arch DF, as the Angle ABC to the Angle DEF. 
And bec^ufe 1^ and O are the halves of the 

Angles 
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Angles ABC and D£F, they will be in the fame 

proportion as thefe : therefore the Angle N has 
the fame proportion to the Angle O, as the 
Arch AC to the Arch DF. 

The fame holds like*ife in the fie<3ors: for 
if you draw the Lines AG, GH.HC, DI, IK, 
and the reft, they will be equal, (by the 29. ^.J 
and each little Seflor will be divided into a 
Triangle, and a Segment. But the Triangles 
will be equal, (hytbeS. i.) and the little Seg- 
ments will alfo be equal, {by the 24. 3.) there- 
fore the whole little Seflors will be equal j and 
confequently, as many aliquot Parts of the Arch 
ACas arecontain'din the Arch DF, fo many 
aliquot Parts of the Scftor ABC will be con- 
, tain'd in the Sefitor DEF, Therefore the Arch 
nas the fame proportion to the Arch, as the 
Seftoi to the Seaor. 
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THE ELEVENTH BOOK 

O F T H E 

ELEMEN TS 

EUCLID 

THIS Book efiablifhes the firft Principles 
relating to folid Bodies •, infomuch that 
it is im^oflibie to know anj^ thing certainly 
concerning the third Species of Qiiantity, 
without underftanding what is herein taught^ 
Upon which account the Knowledge of it is 
abfolutely necelTary to a thorough infight into 
the greateft Part of Mathematical Treatifes* 
In the firft place, the Doftrine of the Sphere, 
delivered by Tbeodofins^ does fappofe a per- 
fedt Knowledge of the whole. In like man- 
ner iSpi^wtf/Tn^oww^tr^, the third Part of 
PraSical Geometry^ divers Propofitions of 
Staticks and d^o^ropfc^ are built upon the Prin- 
ciples of Solids. The main Difficulties in 
ijfiojnonicks^ Conick SeSions^ and the TraSti 
concerning the cutting of precious Stolie«^ 
ari^ng chiefly from their eminences, and 

T rait'd 
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rais'd Parts, not eafily repfefentcd upon Pa- 

* per, and their teing contain'd under muny 

* Superficies, are rendered intelligible and eafy 

* by the previous Knowledge ofthe £)o€lrilie 

* cf Solids. 

* I have omitted the feventh, eighth, ninth 

* and tenth Bcoks of the Elements of Euclid, 

* being of little or no uft in any Part of the 

* Mathematicks. And I have oft wonderd hdW 

* they obtain'd a Place amongft the Elements, 

* iince 'tis evident Euclii tom\>i['d them for no 

* other End bnt to fetjtle the Doftrine of In- 

* commcnfiir-ables-, which .being little better 

* than avainCuriofity, ought not to be received 
' into the Books, which tjeat of thf^ frjl Frin- 

* ti$leio^ th^ Science, but to makie a particular 

* Treatife by it felf. the fattie may be laid 

* of the thirt^eiith Book, and Ihofe that fol- 

* low it. And therefore His tti^ Qpittibn, that 

* aimoft all Parts of tlie Matheinatich rtm 

* Efficiently be underflood by thfe hel]p of thefe 
^ Eight Books cf the £te»fewrit3f Ekdid. 
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DEFINITIONS. 



•f t. A SolidBddy isaQuah- 

~/ Xx. tity, that hath kngth, 

L breadth, and depth, or thicjp- 

^ nefi. " As the Figure DL, 

«' whofe leii^his NX> breadth 

•« NO, and thiclcnefs LK. 

^ the 
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Solid Body 



A 
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jf'ib^ Blevintb Book 

1 The Extrcams or Terras of a 
Are Siiperficies'Si 

'<. A Line is right, or perpendi- 
cular to a Plane, when 'tis per- 
pendicular to all the Lines, which 
it meets in the Plane. *' As the 
^ Lille AB will be right to the 
** PlaileCD, if it be perpendicular to the Lines 
' CDarid FE, which being draien upon the 

Plane CD^ pafs by the point B, fo that the* 

Angles ABG, ABD, ABE, and ABF, arc^ 

right Angles* 

4. One Plane is perpendicular to 
another, when a perpendicular Line 
drawn upon one of them to the com- 
tticn Sedion, is alfo perpendicular 
to the other. 

* We call the Line that is common to both the! 

* Planes, the common Seaion of the Planes : 
' A»theLine AB, which is as well in the Plane 

* AC, as in the other AD. If therefore the 
^ Line DEj drawn on the Pkne AD, perpen- 

* dicufW to AB;, be alfo perpendicular to the 

* Plane AC, the Plane AD will be light to the 

* Plane AC. 

5f. If the Line AB be riot perpen- 
dicular to the Plane CD, an-i from 
the Point A a Perpendicular be 
drawn to it, AE, and alfo the 
tine BE •, the Angle ABE is the 
ladiaation of the Line, AB to the Plane CD* 
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6. The 
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6. The Inclination of one Plane 
to another, is the acute Angle 
form'd by the two perpendiciilars 
drawn upon each Plane to their 
common SeQ:ion. ' As the In-* 

* clination of the Plane AB to the Plane AD^ 
' is nothing elfe but the Angle BCD, form'd by 

* tlteLifiesBC and CD, drawn^upon the two 

* Planes, perpendicular to their common Sec-* 
' tion AE. 

7. Planes are inclined after the fame manner, 
if their Angles of Inclination are equal. 

8. Planes are parallel, if being continued as 
far as you pleafe, they fiill retani the fame di- 
ftance one from the other. 

9. Solid Figures are fimilar which are con- 
tain'd within, or terminated by, an equal 
number of fimilar PJanesj as two Cubes. 

' This Definition does nofagree to thofe Fi- 

* gures, whofe Superficies are crooked •, as the 

* Sphere, the Cylinder, and the Cone. 

10. Equal and fimilar Solid Figures are con- 
tained within, or terminated by, an equal num- 
ber of equal^ and fimilar Planes. ' Infomuch, 
' that if they were fuppos'd to penetrate each 
' other, neither of them will exceed each other, 

* having their Sides and Angles equal. 

1 1 . A folid Angle is the Concourfe, 

or Inclination, of divers lines, in 
different Planes. ' As the Concourfe 
' of the Lines AB, AC, and AD, 
« which are in different Planes. 

12. A 
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12. AP3rramid is a folii Figure, terminated 
by Triangles, whofe Bafes are in the famePlane. 
As the Figure ABCD. 

13. A Parallelepipedon is a folid Figure con- 
tained within fix quadrilateral Planes, of which 
the Oppofites are parallel. 

14. A Prifm is a folid Figure, 
having two parallel Plains limi^- 
lar and equal 5 and the others. 
Parallelograms. ' As intheFi- 
' gure AB. Its oppofite Planes 

* may be Polygons. 

1 5. A Sphere is a folid Figure, terminated by 
one only Superficies ^ from which divers Lines 
being drawn to a Point in the middle of the Fi- 
gure, they will be all equal. ' Some define a 
' Sphere by the motion of a Semicirc le, turn'd 
' about upon its Diameter, which remains imr 

* moveable. ? 

16. The Aiis of a Sphere, is that iinmovear 
ble Line about which the Semicircle is turn'd. 

17. The Center of the Sphere, is the fame 
with that of the Semicircle, by whofe Motion 
it is made. 

18. The Diameter of a Sphere, is any Line 
whatfoever, paiTing through its Center, and ter- 
minated at the Superficies. 

19. if a Line, immoveable at one of 
its Points, taken above the Plane of a 
Circle, be mov'd about the Circumfe- 
rence, it will defcribe a Cone. * As if 



* the Line ^B,- being fix d at the Point 

* Ai ^^ mov'd ^bout the Circumference 




*» 
? 



BED, 
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* BED, it wil defcrihe the Cone ABED, The 

* Point A will be its Summit/ or Vertex, and 

* the Circle BED its B^fe. 

2c. The Axis of a Cone, is the Line drawn 
from the Vertex to the Center of the Bafe. 
As^C, 

21. if a Line be mov'd about the 
Circumference of two parallel Cirdes, 
fo that it remains always parallel to a 
Line drawn from the Center of one of 
the Circles to that of the other, i. e. 
the Axis . it will defcribe a Cylinder. 
22. Cones are faid to be right, when the Axis 
is perpendicular to the Plane of the Bafe. Alio 
Right Cones are limilar, when thejr Axis's and 
the Diameters of their Bafts are in the fame 
proportion. But Inclined Cones are not fimilar, 
■unlefs they have a third Cojiditiqn ^ that their 
Axis's be equally inclined to the Planes of their 
^fes. 

I I - I ■ — - - I - -- - I I II ■ - - I >.^— *— » 

PROPOSITION L 
A THEO REM. 

^ right Line cannot have pne of its Parts Mjpon ^ 
Flane^ and the other above^ or helow it. 

\c jF the Line AB be upon the 

r^r — ? 1 Plane AD, it will not, being 

eWJ^LAa continu'd, either rife above, or 

Wl^ fall below it, but all its Parts 

^ will lie upon the fnnje. For iTi^ 

•" ^ • ' '^ be 
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be poffibff tlj#t BG cin be ^ Pen of AB conti- 
nued, draw upon the fame Plane AD the Line 
BD perpendi(*u.lW to AB, fiiid ^0 BE perpen- 
dicular to BD ^pgn the fcune. 



Th^ Angles ABp and PBE are two right An- 
gk^j ther^ifore j;^y ^&^ J4, 1.) A^ and BE make 
feut^opfi right L;in,e, and confeqiii^ntly BCis no 
P;grtof the yifit AS coiwinuVl j other wife two 
^^ht I^ines CB and EB woujd Jiave the fame 
Part AB in common, which is repugnaiajt <q the 
13 Axiom of the firftjBpofc. 

\ Upon thip Proposition is jbuiU a Princ^iple 

* jn Qnomonkh^ by which we prove, that ;tl^e 

* (SW^IP of the Style cannot faU o^it o/^'e Pia^^ie 
'^ of a great Circle h .which. ;sihe Suu jpor 
< the fxtrem-ity of the %J^..being taken for the 

* Cf^nte,r.of fhe Heavens, and confe^uaidy of 

* an the greater Circles^ ai?4 the Shadow ijeing 
' always in a right ^in? with a Ray drawn 

. ' iroin the Su^i ^o th,e ppacous Bpdf , aijd this 
/ ^ay bein^ in th,e Plane of thi^^reat.C^lic]^, 
^ t3^ Shadow iftuft be. rplikewiCe. 
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PROPOSITION IL 

A THEOREM. 

lAine% that cut each other ^ are in the fame Vlane^ as 
are alfo all the Parts of a Triangle. 

'IL T ^ *^^ *^^ IJnes BE and CD cut 
X each other at the Point A 5 and 
A a Triangle be form'd by drawing 
^ the Bafe BC •, I fay, all the Parts 
^c of the Triangle ABC are in the 
fame Plane, and alfo the Lines BE 
and CD, 

Bemonfiration. 

It cannot be faid that any Part of the Trian- 
gle ABC is in a Plane, and another Part of the 
fame Triangle not in the fame Plane, but it 
muft be alio affirmM, that one Part of a right 
Line is in a Plane, and another Part of the 
fame Line is not in the fame Plane •, which is 
contrary to hof. i. And becaufe the Sides of 
the Triangle muft be in the fame Plane in which 
is the Triangle, the Lipe BE and CD will be 
ftlfo in the fame Plane. 

The US E. 

* This Propofition fufficiently determines a 

* Plane, by the conconrfe af two right Lines, or 

* by a Triangle. I have alfo made ufe of it in 

* Opticksy to prove that objedlive parallel 

* Lines, which meet upon a Table, ought to 
I be ireprefented by Lines that concur in a Point, 

PRO. 
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PROPOSITION III. 

A THEOREM. 

The commM SeSion of two Planes is one right 

Line. 



I 




F the Planes AB and CD cut K] 

each other, their common c' 
Sedion EF will be one right 
Line. For if not, take two 
Points common to both Planes, 
as E and F^ and draw a right Line from the 
Point E to the Point F upon the Plane AB, 
which fuppofe to be EHF. Draw likewife up- 
on the Plane CD a right Line from the fame 
Point E to F •, and if it be not the fame with the 
former, fuppofe it to be EGF. 

Demonfiration. 

Thefe Lines drawn upon two Planes are two 
different Lines, and enclofe Space •, which is 
contrary to the 1 2 Axiom of the i , Therefore 
they will make but one right Line, which be- 
ing in both the Planes will be their common 
Sections. 

The USE. 

^ This is a ftindamental Propofition, fuppos'd 

* in divers Parts of the Matbematicks, though it 

* be not always quoted. Particularly, it is 

* taken for granted in Gnomonicks, when the 
I Hour-Lines are reprefented upon Di^/j, by 

mark- 
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* marking only the common Sciftion of their 
'Plane, and that of the Wall, 



mm ■>*■ » ■ r ,i 



• PROPOSITION IV, . 

A THEOREM. 

tf a Line be perpendicular to two others that cut 
each other ^ it wiU alfo be ferpgndkular tp tic 
Hone of the fame Lines^ 

T F the Lin^ AB le perpendi- 
* cnlar to the Lines CP aod 
EF, which cut each oth^er aj: the 
Point B, To that the A^gle8 ABC, 
ABD, ABE, and ABF, ht jright 
Angles, (which cannot conve- 
niently be reprefcntcd upon a Plate,) it will be 
alfo perpendicular to the Plane of the Lines CD 
and EF, i. e. to all the Lines that fhall be drawn 
upon the fame Plane, through the Point B, as, 
for example, the Line GBH. Let the Xines 
BC,BD, BE, andBF, be equals and draw the 
Lines EC, DF, AC, AD, AE, AF, AG, ^nd AH. 

Demanjration. 
The four Triangles ABQ ABA AM, and 
ABF, have each a right A4:igie at the Point B \ 
land the Sides BC^ BD, BE, and BF equal, with 
the Side AB commcn to all. Therefore their 
Bafes AC,AD,^E, andAFj areegual, (by the^A.) 

2. The 
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2. Tlic Triandes EBC and DBF will be in all 
f eipefts equal having their Sides BC, BD, BE 
end BF, equal-, and the Angles CBE and DBF, 
being <^pofite at the top, equal : therefore the 
Angles BCE, BDF,BEC, andBFD, will be e- 
qual, {by tbs 4. i.) and alfo theBafes £C and DP. 

3- The Triangles GBC, and DBH, having the 
oppolite Angles CBG and EBH, equal ; as alfo 
the Angles BDH, and BCG ^ and the Sides BC 
and BD •, the Sides BG andBH, CG and DH, will 
be alfo equal, (by tJn 26. jj 

4. The Triangles ACE and AFD, having the 
Side« AC, AD^ AE, and AF, equal ^ and th^ Bafes 
£C and DF alfo equal •, the Angles ADF and 
ACE will be equal, '(^j> tbe 8. ij 

5. The Triangles ACG and ADH have the 
Sid«s AC and AD, CG and DH equal, with the 
Angles ADH and ACQ-, therefore their Bafes 
AG and AH are equal. 

Laftly, the Triangles ABH and ABG have all 
their Sides equal ^ therefore (by the 8. i,) the 
Angles ABG and ABH will be equal, and the 
Xine AB perpendicular to GH. Accordingly, 
the Line AB will be perpendicular to any Liite 
drawn through the Point B upon the Plane of 
the Lines CD and EF, which I call being pei- 
pendicular to their Plane. 

The USE. 

* This Propofition occurs very oft in the firft 
? Book of Tbeod^fius : for example^ to demon* 
^ ftrate that the Jbch of the Vorld is peqxii- 
t dicttlar to the Plane of the BquinoSiaL In liJce 

' man* 
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* manner in Qnomnicks, 'tis demonftrated by 
this Propofition, that the Eqmnoaial Line in 

^ Homontal Dials is perpendicular to the Meri- 

^ dtan. Nor is it lefs ufeful in other Matbemati- 
ca/ Treatifes j as thofe concerning ApoUbes, 

. and the cutting of precious Stones. ' 

PROPOSITION V. 

A THEOREM. 

If a Line be perpendicular to three others, which 
cut each other at the fame Point, they will be att 
three in the fame Plane. 

T F the Line AB be perpendicular 
•■- to three Lines BC, BD, and BE, 
^ which cut each other at the fame 
Point B ^ the Lines BC, BD, and 
BE are in the fame Plane, Sup- 
pofe the Plane AE to be that of the 
Lines AB and BE, and CF that of the Lines 
BC and BD. If BE be the common Section of 
l)oththe Planes, it will be in the Plane of the 
Lines BC and.BD, as was aflerted : but if BE 
be not/ let BG be their common Sedion. 

Denuonfiration. 
AB is perpendicular to the Lines BC and BD, 
therefore it is perpendicular to their Plane CF, 
(by the^.) and (by Defn. 3.) AB will be perpen- 
dicu^r to BG. But it is alfo fuppoa'd perpen- 
dicular 
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dicular to BE 5 therefore the Angles ABE and 
ABG are right Angles, and con(^quentlv equal, 
though one be but part of the other. Therefore 
the two planes can have no other common Sec- 
tion but BE. BE is therefore in the Plane CF* 

pROPOsiTiaN vr. 

A THEOREM. 

Lines that are perpeytdicuJar to the fame Plane ^ are 

parallel. 

IF the Lines AB and CD be per- 
pendicular to the famePlaneEF, 
they will be parallel. Tis evident, 
that the internal Angles ABD and 
BDC are right Angles •, but that is 
not enough-, it remains to be prov'd, that AB 
and CD are in the fame Plane. Draw DG per- 
pendicular to BD, and equal to AB 5 draw alio 
the Lines BG, AG, and AD. 

Demo ft fi ration. ' 
The Triangles ABD and BDG have the Sides 
AB and DG equal, and BD common to both j 
and the Angles ABD and BDG are right Angles, 
therefore their Bafes AD and BG are equal, {by 
the 4. I.) Further, the Triangles ABG and ADG 
have all their Sides equal : therefore the Angles 
ABG and ADG are equal -, and ABG being a 
right Angle, becaufe AB is perpendicular to the 

Plane 
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MtnCj ADG is^alfo a right Angk, Tfeetefore 
the Lhic DG is' perpendicular to three Line^ 
CD, DA, and D®, which confequefitly are in 
the fame Plane, {hj the 5 J But the Line AB is 
in the Plane of the Lines AD and DB, (bf tU 
4.) therefore AB and CD are in the fame Plane. 

CoroU. Two parallel Lines are in the fame 
plane. 

The USE. 

* B7 this Prapofition vre demcmftrate, that 

* the Houf-lines, in all Planes that are parallel 
c tothe.4^iof the World, as the Polars^ Meri^ 
< dlonal, and others, are parallel among them-* 

* felves. 
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PROPOSITION VH. 

* 

A THEOREM- 

J Linfi dravfH fr&m one Parallel to anotb&p\ is zM 

the fame Kane ffith thtjju . 

^^ i> np H E Line CB» being drawft 
\\& 1 from thePointBof the Line AB^ 
> ^V -, to the Point C oif the Parallei CDj 
is (I fay) in the Plane with the 

Lines AB and CD* 

Demmftrdtioiti 
The Parallels AB and CD are ift the fame 
Plane : in which if 70a draw a right Line from 

the" 



the Pwnt B to the Point Q it m\\ be th* ftme: 
with CBv otherwife two r^ht Lines would 
enclofr Sptce, contrary to tbe 12. Ajdom »f 
thet. 



PROPOSITION. Vill. 

i ■ 

A THEOREM. 

Tfone of t»o parallel Lines be perpendicwlar to d 
Bane, the other will be fo alfq. 

T F of the two parallel Lines AB and CD, [fee 
■^ Hg. Prop. 6.2 the one AB. bp perpendicular 
to the Plane EF, the other CD will be fo alfo 
Draw the Line DB : fince the Angle ABD is i 
right Atagle, ?.ml ABand CD are fuppos'd to be' 
Parallels,- the Angl« CDB will be a right Ai^gle 
(by the 29, \.) therefore if I can prove, that the 
Angle CEG is alfo a right Angle, it will fol- 
low (djf^fec 4; »h«t CD is perpemlicular tp the 
Plane EF. Mafce a right Angle BDG, and take 

DG equal to AB', then draw the Liiies EG and' 
AG. - 

i^SmotiftrBtiefi. 

. JH^i^"^^^ -^^ *"^ ^G h.ve the Siaes 
AB«id{)Geqnal,with Ae Si.ie BD coniHicm 
to bfet?» ., «nd the Angks ABD and BDG are right 
A*>«?w^ thereforef ^ ti&6 4. i.) thew Bafe AD 

*ARr^ ^''^1lT•^>•T^ Triangles ADGenfl 
ABG have all their Sides equal; therefore {iy 
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the 8. 1.) the Angles ADG and ABG are e^ual • 
but the latter is a right Angle, becaufe AJB isi 
fuppos'd to be perpendicular to the Plane EF, 
therefore the Angle ADO is a right Angle 5 and 
the Line DG being perpendicular to the Lines 
DB and DA, will be perpendicular to the Plana 
of the lines DB and DA, which is the fame, in 
which are the Parallels AB and CD. Therefore 
the Angle GDC. is a right Angle, (iy Btfnit. 

3-) 



PROPOSITION IX. 

A THEOREM- 

laniti that arenarallel to a tbtrd, are alfo parallel 
among them/elves^ though not all in the fame 
Bane. 

B T F the Lines AB and CD are 

1 parallel to the Line EF, they 

-^ will be parallel to each other, 

though all the three Lines be not 

^ J^ ^ in the fame Plane. Upon the 
Plane of the Lines AB and EF draw the Line 
HG perpendicular to AB 5 which will be alio 
perpendicular to EF, (by the Lemma after the 
26. I.) In like manner, upon the Plane of the 
Lines EF and CD draw the Line HI perpendi- 

to EF and CD. 

Demon^ 
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Dmonjlratton. 
I'iie Liiie EH being perpendiciilar to the 
tines GH and HI, is foalfo to the Planes of the 
Lines HG and HI, {by the 4.) therefore (by the 
8.) the Lines HG and CI are perpendicular to 
the Plane of the Lines AH and EI, and (by the 
6.) parallel to each other* 

TheUS^. 

* This PjTopofition is frequently us'd in Pdr-^ 

* fpe3ives^ to determine the reprefentation of 

* parallel Lines upon a Table ^ as alfo in the 

* cutting of precious Stones, to prove the Sides 

* of the Pannels to be parallel among them- 

* felves, becaufe they are fo to a Line in a dif^ 

* ferent Plane. In Gnoffiorticks lilcewife we are 

* Ibmetimes obliged to prove, that the Vertical 

* Circles ought to be defcrib'd on Wall s by per^ 

* pendicular Lines 5 becaufe the Lines, that are 

* the common Sedions of them and the Walls, 

* are parallel to a Line drawn from the Zenitb 

* to the Nadin 
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PROPOSITION X- 

A THEOREM. 

If two Lines ^ which concur^ are paraJkl to two 
others concurrivg^ in a different Plane^ tbey wiU 
make equal Aftgles. 



J 




I 



F the Lines AB and CD, AE and 
CF be parallel, though they be not 
all four upon the fame Plane, yet the 
Angles BaE and DCF will be equal. 
Let the Lines AB and CD, AE attd CP 
be equal, and draw the Lines BE, DF, 
AC, BD, and EF. 

Dcmonftration. 
The Lines AB (and CD are fuppos'd to be 
both parallel, and equal, therefore (bytbe^^^. 
J.) the Lines AC and BD are parallel aiii equals 
as alfo AC and EF -, and (by the preceeiing) BD 
and EF are parallel, and equal, and conie*" 
quently (by the 35. j.) BE and DF will be alfo 
parallel and equal. Therefore the Triangles 
BAE and DCF have all their Sides equal-, and 
(by the 8. i.) the Angles BAE and DCF will be 
equal 

Coroll Many the like Propofitions might te 
made, which would not be altogether unufeful ^ 
as for example, if upon a parallel Plane the 
Line CD be drawn parallel to the Line AB and 

th« 
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the Angles BAE and DCF be equal, the Lines 
AE and CF will be parallel 

The USE. 
' B7 this Propofition we demonftrate, that 

* the Angles made by the Planes of the Hour- 

* circles with a Plane parallel to the Mquator^ 

* are equal to the Angles made by them with 

* the Plane of the Equator. 



tmt^mmmmmmtmtmaimmmmmmmtg^ 



PROPOSITION XL 
A PROBLEM. 

To ir(W a ftrpendicldar to a Plane from a Point 

given out of the Plane 

T F you defire to draw a per* 
^ pendicular from the Point 
C to the Plane AB, draw the 
Line ED at pleafure, andCF 
perpendicular to it, (by the 1 i. _ ^__ 

i.) And again (by the 1 1. 1.) up- ^ ^ 

on the Plane AB draw FG perpendkular to £Dj 
and CG perpendicular to FG. I fay, CG will 
be petpfendicular to the Plane AB. Draw GH 
parallel to FE. 

Demoft^ration. 
The Line EF being perpendicular to the 
Lines CF and FG, will be perpendicular to the 
Plane CFG, (by the 4.; and HG being parallel 
to EF, will be alfo perpendicular to the fame 
Plane, (by the 8.) And becaufe CG is perpendi* 

U 2 culaif 
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cular to the Lines GF and GH, it will be per- 
pendicular to the Plane AB, (by the 4.) 



PROPOSITION XXL 

A PROBLEM. 

% dratp a Perpendicular to a Platie through a Point 

of the fame Plane. 



F E 



C D 



TO draw a perpendicular to 
the Plane AB through the 
Point C. Draw from the Point E, 
taken at pleafure out of the Plane, 
the Line ED perpendicular to the 
fame Plane, (by the 1 j.) Draw alfo (by the^i. i.) 
CF parallel to DE. CF will be perpendicular 
to the Plane AB, (by the S.J 




PkOPOSlTION XIII- 

A THEOREM. 

Two Lines perpendicular to a Plane camot be 
drawn through the fame Point. 



IF the two Lines GE and CD 
drawn through the fame Point 
C, were perpendicular to the 
Plane AB -, and CF the common 
Sedion of the Planes of thofe 
. . Line's^ 
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Lines, with the Plane AB ^ the Angles ECF and 
DGF would be both right Angles, which is in- 
poilible. 

I add, that two Perpendiculars DC and EF, 
.to the plane AF cannot be drawn from the fame 
point D : for having drawn the Line CF, there 
would be two right Angles, DCF and DFC, in 
the fame Triangle, contrary to the ^2. 1. 

JheUSE 

' This Propofition is neceflary to fliow, that 

* a Perpendicular to a Plane was fufEciently 

* defcrib'd, in as much as but one fuch can be 

* drawn through the fame Point. 



PROPOSITION XIV. 
ATHEOREM, 

Flanes^ to which thejame Line is perpendicular, are 

parallel. 



IF the Line AB be perpendicu- f-.^^:^ S=^ 
lar to the Planes AC and BD, Z_ ^ ^^ 



they will be parallel, /. e. they ^ 
will in all places be equally dift- UJ 
ant from each other. Draw the ^ 

Line DC parallel to AB, (by the ^i. i.J and join 
the Lines BD and AG. 

Demonjlration, 
AB is fuppos'd to be perpendicular to the 
Planes AC and BD, therefore the Line CD, 

U 3 which 
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which is parallel to it, will be alfo perpendicor 
lar to tMm, (b^ the 8.) and con&quenfly the 
Angles B and D, A and C, will be right Angle^i 
^m(by the 28. i J the Lines AC arid BD will be 
Parallels, and the Figure ABDC a BaraUelograi&. 
Therefore the Lines AB and CD are equal, (by 
the 34. I.) i. e. the Planes in the Points A arof 
C, B and D, are equally diftant. Accordingly 
the Line CD may be drawn through any other 
Point whatfoever ^ therefore the Planes AC and 
BD are equally diftant, in all Places, the one 
from the other. 

The USE. 

« Tbeoiojius demonftrates the Circles, that 

* have the fame Poles, as the Equator^ and 
^ the two Tropich, to be parallel, becaufe the 

♦ Axis of the World is perpendicular tp their 
^ Planes, 



PRO^ 
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PROPOSITION. XV. 

A THEOREM. 

Tftn^o IJneSy neetrrtg at a Poittt^ be parallel to two 
Lines of another Plane^ the P anes of tbofe Lines 
will be parallel, 

TF the Lines AB and AC be 
^ parallel to the Lines DE and 
DF, which are in another Plane, 
the Planes BC and FE ar/ pa- 
rallel. Draw At perpenJicular 
to the Plane BC, (b^ the 11.) 
and GI and IH, parallel to ¥D and DE : they 
will be alfo parallel to the Lines AB and AC, 
(by the ^,) 

Demonjl ration. 

The Lines AB and GI are parallel, and the 
Angle TAB is a right Angle, Al being perpen- 
dicular to the Plane BC : Therefore {by the 25. i.) 
the Angle AIG is a right Angle, as alfathe An- 
gk AIH. Therefore (by the 4.; the Line AI is 
perpendicular to the Plane GH-, and being alfo 
perpendicular to the Plane BC, the Planes fiC 
and GH, or FE will be parallel, (by the 14.) 



U4 



PRO- 



3P8 



The Elements of Euclid* 




PROPOSITION XVI- 
A THEOREM. 

ff a Plane cut two others which are parallel, their 
common SeSiqns will together with them be 
faralleh 

IF the Plane AB cut two other 
parallel Planes, AC and BD •, 
I fay their common Seftiojis AF 
^nd BE will be parallel. For if 
not, being continu'd, they would 
gt length concur, e. g. at the Point Q. 

Demoftfiration. 
The I.ines AF and BE are upon the Planes 
AC and BD •, and therefore (by the i.) can nev^r 
|)e either above, or below them-, therefore if 
they concur at the Point G, the Planes muft do 
fo likewife, and confequently they would not 
be parallel, which is contrary to what was 
fqppos'd. 

The USE. 
* By this Propofition we demonftrate, in the 
' Tre^tife ofConick and Cylindrick Seftiops, that 

* if the Cone or Cylinder be cut by a Plane pa- 
^ jrallel to its Bafe, the Sedions are Circular. 

* By the fame we defcribe AJlrolahes ^ and prove 
^ iiVGyioTnonich^ that the Angles, which the 

* Hour^ircles make with a Plane parallel to a 
' I .'gr^Ht Circle, ar^ cgu^l to thofe which they 

* make 
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* make in the Circle it felf j and again in Per- 

* fpeaives, that the Images of the objeaive 

* Lines perpendicular to the Table, concur at 

* the Point of Sight. 




PROPOSITION XVII. 

A THEOREM. 

Two Lines are divided proportionally by parallel ^ 

Planes. 

IF the Lines AB and DC be 
divided by parallel Planes, 
I fay, AE will have the '/ame 
proportion to EB as CF to FD. 
Draw the Line AD, paffing 
through the Plane EF at the Point G ; Draw 
alfoAC,BD,FG,andGE. 

Detnonflration. 
The Plane of the Triangle ABD cuts the 
three Planes, therefore (tjf the i6.) the Se(3ions 
BD and EG are parallel ^ and {by the 2. 6.) AE 
has the fame proportion to EB, as AG to GD. 
In like manner the Plane of the Triangle ADC 
cuts the Planes EF and AC, therefore the Sedi- 
ons AC and FG are parallel ^ and FC has the 
fgme proportion to FD as AG to GD, 2. e. as AE 
toEB. 

PRO- 




I 
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PROPOSITION XVIII. 
A THEOREM. 

If a Line be perpendicular to a Plane^ all the Planes^ 
in which that Line is found^ are petpeniicular 
to the fame Plane. 

F the Line AB be perpendicu- 
lar to the I^lane £D, all the 
Planes in which it is found will be 
perpendicular to the Plane ED. 
Suppofe AB to be in the PlaneAE, 
having for a conunon Seilion with thdWane 
ED the Line BE 5 to which draw aPerpendica- 

lar FI. 

Demonftr^ion. 

The Angles ABI and BIF ^re right Afigles, 
therefore the Lines AB and FI are parallel 5 
and {by the 8 J FI will be perpendicular to the 
'Plane ED. Therefore the Plane AE will be 
perpendicular to the Plane ED, (by Jhfm 4.) 

' The fame may be prov'd of the Plane AD. 

Ihe US £. 

* The firft Propofition in Gnomonicks^ which 

* may pafs for a fundamental one, is built upon 

* this Propofition ^ which is alfo frequently 

* made ufe of, in Spherical Trigonometry^ in ftr- 

* fpeSives^ and generally in all thofe Treatifes 
I which are oblig'd to coniider divers Planes. 

PRO- 
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PROPOSITION XIX. 
A THEOREM. 

If two Planes cutting each other he perpendicular 
to^ another^ their common SeSion viU be perpen* 
iicular to the fame. 

TF the Planes AB and 
•^ ED, which cut each 
other, be perpendicular 
to the Plane IK ^ their 
common Sedion EF is 
^ASb perpendicular to the 
Plane JK. 

Bemonfiration. 

If EF be not perpendicular to the Plane IK, 
upon the Plane AB draw the Line GF perpen- 
dicular to the common Sedion BF: and the 
Plane AB being perpendicular to the Plane IK, 
the Line GF will be perpendicular to the fame 
Plane. Draw likewife FH perpendicular to the 
common Sedtion DF ^ it will be alfo perpendi- 
cular to the Plane IK. We Ihall have therefore 
two Perpendiculars to the fame Plane drawn 
through the fame Point F, (contrary to the 1 3. 
Propof) it muft therefore be granted that EF is 
perpendicular to the Plane IK. 

TBe 
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V)eUSR 
*^7 5^is Propofition we demonftrate, that 

* the Circle which pafles through the Poles of 

* the World and the Zenith, is the Meridian, 

* and cuts all the diurnal Arches into two equal 

* Parts., and that the Stars fpend as much time 

* in their Motions from their Rifings to this 

* Circle, as from this Circle to their Settings. 

PROPOSITION XX- 

A THEOREM. 

If three plain Angles make one folid one, any two 
of them ought to be greater than the third. 

T F the Angles BAG, BAD, and 
■*- CAD, make the folid Angle A, 
^^^lA and the Angle BAC be the greateft 
— -^^ Angle 5 the two others, taken tor 
gether, are greater than BAC. Sup- 
pofe the Angle CAE to be equal to the Angle 
CAD, and the Lines AD and AE to be equal 5 
and draw the Lines CEB , CD, and BD. 

Demonjlration. 
The Triangles CAE and CAD have the Sides 
AD and AE equal, and the Side AC common 
to both, and the Angles CAD and CAE equal 5 
therefore (by the 4. i J their Bafes CD and CE 
are equal. But the Side CD and DB are greater 
than the Side CB alone, {by the 2c, i J therefore 

taking 
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talcing away the equal Lines CD arid CE, the 
Line BD will be greater than BE. Further, 
the Triangles BAE and BAD have the Sides AE 
and AD equal, and the Side BA common, and 
the Bafe BD greater than the Bafe BE : there- 
fore (by the 18. i.) the Angle BAD is greater than 
the Angle BAE ^ adding therefore the equal 
Angles. CAD and CAE, the Angles BAD and 
CAD will be greater than the Angles CAE and 
BAE, i. e. the Angle BAC 



PROPOSITION XXL 
A THEOREM. 

AU the plain Angle s^ that make one folid AngU^ 
are lefs than four right Angles. 

T F the plain Angles BAC, BAD 
-1 and CAD, make the folid Angle 
A, they will be lefs than four right 
Angles. Draw the Lines BC, BD, 
and CD, and you will have a Py- ^ 
ramid, whofe Bafe is the Triangles BCD. 

DemomJfratio7u 
The folid Angle at the Point B, has the An- 
gles ABC and ABD greater than that of the 
Bafe alone CBD. In like manner ACB^and ACD 
are greater than ACD alone, and the Angles 
ADC and ADB are greater than CDB alone. 
But all the Angles of the Bafe are equal to two 

right 
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rig^t Angles, therefore the Angles ABC, ABt), 
ACB, ACD, ADC, andADB, are greater than 
two right Angles. And becaufc all the Angles 
of the Three Triangles BAG, BAD, and CAD, 
are equal to fix right Angles 5 taking away- 
more than two right Angles, there will remain 
lels than four, fo|r the Angles made at the Point 
A. But if the (olid Angle A confift of more 
thap three plain Angles, fo that the Bafe of the 
Pyramid be a Polygon, it may be divided into 
Triangles, and the Computation being made, 
you will find, that all the plain Angles, which 
make up the folid one, are always lefs than four 
right Angles. 

The USE. 

• Thefe two Propofitions Ihow when many 

* plain Angles may make up one folid one, 

* which is often neceflary in the Treatifes of 

* cutting of Stones, and in the following Pro- 

* pofitions. 

The 22. and 25. Propojitions are of no yfe. 



PRO 



PROPOSITION XXIV. 

^ A THEOREM, 

IfafoUd Body he termhated by parallel Ftanesl 
the^ oppope Sides will be fmilar and equal 
Farallelngravu^ 

IF the Solid AB be terminated by 
parallel Planes, the oppoiite 
Superiicies's will be fimilar and 
equal Parallelograms. ^ 

Demonjlration. 
The parallel Planes AC and BE 
are cut by the Plane FE : therefore their com- 
mon Seftidns are parallel, (by the i6.) and fo 
likewife DF and AE : therefore AD will be a 
Parallelogram. After the fame manner I may 
dem©nftrate^ that AG, FB, CG, aad the reft 
are Parallelograms. I add, that the oppoiite 
Parallelograms, f . g* AG a;nd FB, are fimilar 
and equal. The Lines AE and EG are parallel 
to the Lines FD and DB : therefore the Angles 
AEG and FDB are equal, (by the lo.) Accord- 
ingly I may demonftrate all the Sides and all 
the Angles of the oppofite Parallelograms to be 
equal, therefore the Parallelograms are fimikir 
and equal. 




PRO- 
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ROPOSITION XXV. 
A THEOREM. 

If a Parallelepipedon be divided by a Plane parallel 
to one of its Planes^ the two f olid Bodies which 
arife by that Divifion^ will have the fafne Pro^ 
portion as their Bafes. 

IF the Parallelepipedon AB 
be divided by the Pk] 



Plane CD, 
which is parallel to the Planes 
AF and BE, the Solid AC 
j^ ^ jg^ will have the fame proportion 
to BD as the Bafe AI to the Bafe 
DG. Suppofe the Line AH, which fliows the 
height of the Figure to be divided into as many 
equal Parts as you pleafe-, for example, ten 
thoufand ^ which we may take as Indivifibles, 
2 e. without refleding upon the poflibility of 
their being further fubdivided. Suppofe alfo fo 
many Superficies s parallel to the Bafe AI, as 
there are Parts in the Line AH j I have defcrib'd 
only on OS •, fo that the Solid AB be compound- 
ed of all thofe Superficies's of the fame thick- 
nefs, as a Ream of Paper is compounded of all 
its Sheets and Quires laid one upon another^r 
'Tis evident that fo the Solid AC will be com- 
pounded of ten thoufand Superficies's equal 
to the Bafe AI, (by the preceedingj) and the 

Solid 
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Solid DB will contain ten thoufand Superficies's 
equal to the Bafe DG. 

DemoftfiratioTt. 

Every Superficies of the Solid AC has the 
fame proportion to any of the Superficies's of 
the Solid DB as the Bale Al to the Bafe DG •, 
becaufe they are every one of them equal to 
their Bafes: therefore (by the i4. 5.) all the 
Superficies's of the Solid AC taken together, 
will have the fame proportion to all thofe of 
the Solid DB, as the Bafe AI to the Tafe DG. 
But all the Superficies's of the Solid AC make 
iip the Solid AC, which has no other Parts but 
thofe Superficies's : and all the Superficies's of 
the Solid DB are nothing 'elfe but the Solid 
DB^ therefore the Solid AC has the fame pro* 
portion to the Solid DB/ as the Bafe Al to the 
Bafe DG. 

the USE 

' This is Cavahrm\ Demonftraiion j which 
is very clear, provided it be us'd as it ought ^ 
and that the Line, by which is meafur'd the 
thicknefs of the Superficies's, be taken in the 
fame refpeft in both the Terms. I fhall make 
ufe of it hereafter, to render fome intricate 
and perplex'd Demonftrations more facil and 
clear. 

X PRO 
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PROPOSITION xxvr. 

A THEOREM. 

A VarMeltpi edott is divided htto twa equaf Pj;t* 

by the diagofial Plane. 

SUppofe the Parallelepipedon 
AB to be divided b}^ the Plaiic 
CD, draurn from one Angle to 
anothier :'I fay it will be divided 
into two equal Parts. Divide the^ 
'* Line AE into as many Parts as yott 
pleafe, and draw fo many Planes parallel to 
the Bafe AF ^ each of thofe Planes is a Pa- 
rallelogram equal to the Bafe AF, ( by the 24,^ 

^Defnofijiration. 
All the Parallelograms that can be drawnt 
parallel to the Bafe AF, are divided into two e- 
qual Parts by the Plane CD : for the Triangles 
which are form'd on both Sides the Plane CD, 
have their Bafe common, in each equal to CD, 
and their Sides jequal, being thofe of a Pa- 
rallelogram, But lis evident, that the Pa- 
r allele pipedon is nothing elfc but thofe Pa- 
rallelograms, which are each divided into two 
equal Triangles f therefore the Parallclepipedon 
is divided into two equal Parts by the Plane 

CD. 

The 27. aiti 28. Propoftiofis are of no vfe ac-^ 

wording to this way of demovBrativg. 

PRO- 
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PR OP OS- XXIX, XXX, XXXI- 

A THEOREM. 

Piirallelepipedoits of the fame hei^tj having tU 
fame or ^qual Bafesy are Equal. 

iF the Paralleled 
pipedons AB and 
CD be of the fame 
height according to 
the Perpendiculars 
AE and FG, and have 
the fame or equal 
Bafes AH and CI, they will be eqUal. Suppofe 
the two Bafes be fet upon the fame Plane j fince 
their Perpendiculars are eqwl, the Bafes EB 
and FD will be in the fama Plane, which will 
be parallel the Plane of the Bafe AH and CI. 
Suppofe then the Line AE or FG to be divided 
into as many equal Parts as you pleafe, e, g. ten 
thoufand, and according to them fo many Su- 
perficies's, or Planes draWn of the fame thick* 
nefs : I have defcrib'd only one for all, as K or 
M. Each Superficies will form in thefe Solids a 
parallel Plane, fimilar and equal to the Bafe, 
(hy the 2^) as KL, OM •, and there will be as 
many in one Solid as in the other •, becaufe their 
thicknefs, which I take perpendicularly ac- 
cording to their refpeSive Heights, is equal 

X 2 jDtf* 
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Demoftftration. 

iThe Bafe AH has the fame proportion to the 
Bafe CI, as each Plane KL to CM. But they 
being equal in number in both, all the Antece- 
dents (by the 2. 5.) will have the fame propor- 
tion to all the Confequents, i. e. the whole 
Solid AB to the whole Solid CD, as the Bafe 
AH to' the Bafe CI. But 'tis fuppos'd that the 
Eafes are equal, therefore the Solids are equal. 

Coroll To find the Solidity of a Parallele- 
pipedon, 'tis ufual to multiply the Bafe by the 
height taken perpendicularly, becaufe that 
Perpendicular fliows how many Superficies's 
equal to the Bafe are contain'd in it. As for 
example, if I take a Foot for my Indivifible 
Meafure, i. e. which I will not afterwards fub- 
divide ^ if the Bafe contain twelve Feet fquare, 
and the perpendicular height ten, I Ihall have 
an hundred and twenty Cubick Feet for the fo- 
lidity of the Body AB. For the height con- 
taining ten Feet, I may make ten Parallelo- 
grams equal to the Bafe, having each a Foot in 
thicknefs ^ but the Bafe with one Foot in thick- 
nefs makes twelve Cubick Feet : the whole 
therefore will make an hundred and twenty, 
if ihfi height contain ten Feet. 



PRO 
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PROPOSITION XXXIL 

A THEOREM. 

Parallelepipedons of the fame hehht are in the 
fame Proportion as their Bafes. 

THave prov'd this Propofition in the preced- 
ing, demonftrating, that the Parallelepipe- 
don AB has the fame proportion to the Paralle- 
lepipedon CD, as the Bafe AH to the Bafe CI. 
(See Fig, p reced.) 

Coroll Parallelepipedons that have equal 
Bafes, are in the fame proportion as their 
Heights. As the Parallelepipedons AB and A L, 
whofe perpendicular Heights are AK and AE. 
For if you divide the Height AK into as many 
aliquot Parts as you pleafe, and AE into as ma- 
ny as it contains equal to the former, and draw, 
according to each Part, Planes parallel to the 
Bafe J as many as AE contains of the aliquot 
parts of AK, fo many will the Solid AB con- 
tain of the Superficies's equal to the Bafe, 
which are the aliquot Parts of the Solid AL h 
therefore (by Defin. 5. 5 J the Solid AB will 
have the fame proportion to the Solid AL, as 
the Height AE to the Height AK. 

The USE. 

' The three preceding Propofitions contain 
* almoft all the ways of meafuring Parallele-- 
^ pipedons, and m^y be efteem'd as firft Princi- 

X 3 I pies 
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* pies for that purpofe. 'Tis after the fame 

* manner alfo that we take the Dimenfions of 

* the Solidity of Walls, by muUiplyipg their 

* Safes by their Heights. 
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PROPOSITION XXXIIL 
A THEOREM, 

Similar Parallelepipedons are in the triplicate Pra^ 
portion of their homologous Sides. 

E the Parallelepipeddns 
AB and CD be iimihit^ 
i. e. if all the Planes of one 
be like thofe of the other j 
and ?11 their A^^gles eqnal, 
fo that they may be plac'd 
in a right Line, i. e. that 
AE and EF, HE and EI, GE and EC, may make 
right Lines ^ and AE has the fame proportion 
to EF, as HE to EI, and as GE to EC : I fay^ 
that here are four Solids in continual propor^ 
tion according to the proportion of the Side 
EA^o that, which is homologous to it, EF or DI. 

Demonfiration. 
The Parallelepipedon AB has the fame pro^ 
portion to EL of the fame Height, as the Bafc 
AH to the BafeEO, {by the 32.) But theBafe 
AH has the fame proportion to the Bafe EO, 
as AE to EF, (J>y tU 1.6.) In Jike manper, the 
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pf dportion of the SnlM EL to the Solid EK, is 
the fame with that of the Bafe EO to the Bafe 
ED, f. e. that of HE to EI. And laftlj, the 
Solid EK has the fame proportion to the Solid 
EN, as the Height GE to the Height ^C, (by 
tbeCorolL of the 32.) or (taking the Line EF 
for their common Height) as the Bafe GI to the 
B^fe CI, i e. as GE to EC. But the proportion 
of AE to EF, of HE to EI, and of GE to EC, 
wasfnppos'd to be the fame ^ and confequently, 
the Solid AB has the fame proportion to EL as 
EL to EK, and as EK to CD. Therefore (by 
Defin. It. 5,) the proportion of AB to( DwiU 
be the triplicate proportion of that of AB to 
EL^ or of AE to its homplog'>us Side EF. 

CofolL If four Lints be in continual propor* 
tion, the Parallelepipedon defcrib'd upon the 
firft, has the fame proportion to another fitni- 
lar Parallelepipedon defcrib'd upon the fecond, 
as the firft to the fourth •, for the projyortion 
of the firft to the fourth, is the triplicate pro- 
portion of that of the firft to the fecond. 

The US E. 

* You may perceive by this Propofition that 

* that famous Problem of the Duplication of the 
^ Cube, proposed by the Oracle, confifts in find- 

* ing two middle Terms in continual proportion. 

* For if you make the fide of the firft Cube the 
' firft Term, and the double of that the fourth ^ 

* having found two middle Proportionals, the 

* Cube defcrib'd upon the firft Line will have 
' thjB fame proportion to that defcrib'd upon 

X 4 * the 
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the fecond, as the iirft Line to the fourth, 
i. e. as one to two. By this PropofitioH alfo 
may be correfted their Error, who fancy fimi- 
lar Solids to have the fame proportion as their 
Sides 5 as if a Cube of one foot in length was 
the half of a Cube two Foot long ^ when in- 
deed it is but the eighth Part thereof. This 
is likewife the Foundation of the Rule con- 
cerning the fize of the Bores of Cannons : and 
is applicable not only to Bullets, but to all 
forts of fimilar Bodies. For example ^ Ihould 
a Man about to build a Navy, and relblving 
to retain the fame proportion in all his Vcf 
fels, reafon thqs with himfelf •, if a Ship of 
an hundred Tun require fifty Foot in Keel : 
another of two hundred Tuns ought to have an 
hundred Foot in Keel ^ he would be guilty of 
a great Miftake : for inftead of making a 
Veflel twice as large as the former, he would 
make one eight times fo much. He ought to 
aflign to the fecond VefTel fomewhat lefs than 
fixty three Feet, 



* 
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PROPOSITION XXXIV. 

A THEOREM. 

Equal Parallelepipeions have their Bafes ani 
Heights reciprocal, ani thofe that have tbetr 
Bafes ani Heights reciprocal are equal. 

IF the Parallele- 
,pipedons AB and 
CD be equal, their 
Bafes and Heights 
will be reciprocal, 
i. e. the Bafe AE 
will have the fame proportion to the Bafe CF, 
as the Height CH to the Height AG. Having 
make CI equal to AG, draw the plane IK pa- 
rallel to the Bafe CF. 

Demonfiration. 
The Parallelepipedon AB has the fame Pro- 
portion to CK, being of the fame height, as the 
Bafe AE to the Bafe CF, (by the 5 2.) But as AB 
toCK, fo is CD to the fameCK, becaufe AB 
and CD are equal j and as CD to CK, which 
have both the fame Bafe, fo is the Height GH 
to the Height CI, f^ji tbeCoroll. o/rfec 32.) there- 
fore as the Bafe AE to the Bale CF, fo is the 
Height CHto the Height CI or AG. 

I add, that if the Bafe AE has the fame pro- 
portion to the Bafe CF as the Height CH to the 
Height AG, the Solids AB and CD will be equal. 
Demon- 
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Demonfttdtion. 

AB has the fame proportion to CK, being of 
the fame Height, as the Bafe AE to the Bafe 
CF, (by the 32.) Alfo the Height CH hat the 
fame proportion to the Height GI or AG, its CD 
to CK : bat we fnppofe that AE has the fame 
proportion to CF, as CH to CI or AG, there- 
fore the Solid AB has the fatne proportion to 
the Solid CK, as the Solid CD to the fame CK, 
and confequently the Solids AB and CD arfc t-^ 
qual, (by the 9. $.) 

The US E. 

* This Reciprocation of the Bafed Sttd 

* Heights makes the Solid very eafj (o be mea- 

* fur'd. And the Propofition feems to bear 

* fome Analogy to the 14. Prop, of the 6. whigh 

* aflerts. That equiangular and equal Paralle*- 

* lograms have their Sides reciprocal ^ aiKl the 

* PraOice of the Rule of "three may be demon- 

* ftrated from both. 

The 55. Prop, may be omitteL 



PRO 
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PROPOSITION XXXVI. 

A THEOREM. 

ff three Lines be iu continual proportion^ a Fa- 
ralUUpifedon made of tbofe three Lines is equal 
to an equiangular ParaUeUpwedon, phich has all 
its Sides equal to the middle Line. 




E P ABC 



kQ^ 



IF the Lines A, B, C, be in continual propor- 
tion, the Parallelepipedon EF made of thofe 
three Lincs^ the Side FI being e<)ual to the Line 
A, HE equal to B, and HI equal to C, is equal 
to the equiangular Parallelepipedon KL, whofe 
Sides LM, MN, and KW, are each of them equal 
to the Line B. From the Points H and N draw 
the Lines HP and NQ, perpendicular to the 
Planes of the Bafes ^ which Lines will be equdl, 
becaufe the folid Angles E and K are fup- 
posd equal, fo that if they could penetrate^ 
neither would exceed the other, and the Lines 
EH and KN are Uto fuppos'd equal. Therefore 
the Heights HP and NQ^ »r« equal 

Demon- 
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Demonfiration. 

There is the fame proportion of A to B, or 
of FItoLM, asof B to C, or LM to HI: 
therefore the Parallelogram FH contain'd under 
Fland IH, is equal to the Parallelogram LN 
contain'd under LM and MN, both equal to 
B, (by the 16. 6 J therefore the Bafes are equal. 
But the Heights HP, and NQ. are alfo equal 5 
therefore (by the 31.) the Parallelepipedons are 
equal. 



PROPOSITION XXXVIL 

A THEOREM, 

If four Lines he proportiortal^ the Parallelepipedons 
defcriFd uponthofe Lines are proportional : and 
ifthejimilar Parallelepipedons be proportional^ 
their homologous Sides wiU be alfo proporti- 
onal 



D 



IF the Line A has the fame pro- 
portion to B as C to D, the 

' fimilar Parallelepipedons, whofe 

homologous Sides are the Lines A,B,C,D,will 
be in thefame proportion* "" 

Demonfiration. 

The Parallelepipedon A is in the triplicate 

proportion to the Parallelepipedon B, of that 

of the Line A to the line B, or that of the 
*- Line 
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Line C to the Line D. But the Paralleled 
pipedon C to the Parallelepipedon D is alfo in 
the triplicate proportion of that of the Line 
C to the Line D, (^> the % 3.) Therefore the 
Parallelepipedon A has the fame proportion 
to the Parallelepipedon B, as the Parallele-' 
pipedon C to the Parallelepipedon D- 



PROPOSITION XXXVIIL 
A THEOREM. 

Ifii^o Planes be perpendicular to each other ^ a Per^ 
pendicular drawn from a Point in one of the 
Planes to the other wiUfall vpon the common Sec^ 
tion. 

IF the Planes AB and CD being 
perpendicular to each other, you 
draw from the Point E in the Plane 
AB a Line perpendicular to the Plane 
CD, it will fall upon the common 
Sedlion of the Planes, Draw EF per- 
pendicular to the Common Sedtion AG* 

Demonjtration. 
The Line EF, perpendicular to AG the com- 
mon Seftion of the Planes, which are fup- 
pos'd to be perpendicular, will be perpendi- 
cular to the Plane CD, (by Defin. 3.) and be- 
caufe two Lines cannot be drawn from the Point 

E 
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E perpendicular to the Plane CD, (l^ytbe 1%.) 
every Perpendicular will fall upon the common 
Sedion AG. 

The USE. 
* This Propofition ought to have foUow'd 

* next after the i ytft, becaufe it refpeds Solids 

* in general. 'Tis of ufe to us in the Treatife 

* of Aflrotabes, to pro^^e that in the Andlemma 

* all the Circles, perpendicular to the Meridian^ 

* ought to be markt by right Lines. 



PROPOSITION XXXIX. 

A THEOREM. 

tfina Paralklepipedon be drawn two Planes^ t^bicb 
divide the oppofite Sides into two equal Parts^ their 
common SeSion and the Diameter mil alfo di-^ 
vide each other into two equal Parts. 

>j[___JO__B pi Uppofe the oppofite Sides 
V~*^^/^f v!) of theParallelepipedonAB 

^ to be divided into two equal 

Parts by the Planes CD and 

EF, their common Seflion GH 

js^ Q " and the Diameter BA will e* 

qually divide each other at the 
Point O. Draw the Lines BG, GK, AH and 
HL. I fhall prove firft, that the two firft of 
thefe, BG and GK, ("and fo likewife AH and 

HL,) 







^hi Eleventh Book. 33 1 

HL,) *ake but one right Line. Por the Tri- 
angles DGB and KMG have their Sides DB and 
KM equal, becaufe they are the Halves of e- 
qual Sides i asalfoGD and CM. Further, DB 
and KM being parallel, the alternate Angles 
BDG and GMK will be equal, {by the 29. i.) 
and therefore {by the 4, i .) the Triangle DEG 
and KGM will be equal in all refpeds, and con- 
fequently the Angles BGD and KGM -, and (by 
the CoroU. ofthei^.j.J'BG and GK make hut one 
right Line, as alfo LH and HA : therefore 
ALBK is one Plane, in which are found both 
the Diameter AB, and the common Sedion o( 
the Planes GH. The Plane ALBK cutting the 
parallel Planes AN and CD, their, cpmmoii 
ScaionsGHandAKwill be parallel: and (by 
the 2. 60 BG will have the fame proportion to 
GK, as BO to OA*, and therefore (by the 18^ 
5.) a« BK to GK, fb BA to B0-, and (by the 4^ 
6.) fo GH or AK to OG. But BK is double to 
BG, therefore AK, equal to GH, double to GO- 
Therefore the Lines GH, and AB divide each 
other equally at the Point O. 

Coroll. I. All the Diameters are divided at 
the Point O. 

Coroll. 2. Here we may add fome Corollariesy 
wbich depend uppn divers Propolitions, As 
{(ft example, that triangukr Prifnis of the 
fame height are in the lame proportion as their 
Bafes: for the Paralielepipedons, of v/hich 
they are the halves, ^Te(by the 32.) in the fame 
proportion as their Bafes; therefore the halves 
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of their Bafes, and the halves of the Paralleled 
pipedons, i. e. the Prifms, will be in the fame 
Proportion. 

Cor oil. 3. Polygon Prifms of the fame height 
are alfo in the fame proportion as their Bafes, 
becaufe they may be refolv'd into triangular 
ones, each of which will have the fame pro- 
portion as their Bafes. 

Coroih 4. The refl: of the Propofitions con- 
cerning Parallelepipedons are alfo applicable 
toPrimiss as for example, that equal Prifms 
have their Heights and Bafes reciprocal •, and 
thatfimilarPrifmsare inthe triplicate propor- 
tion of that of their homologous Sides. 

The USE. 

* This Propofition may h«lp us to find out 

* the Center of Gravity in Parallepipedons 5- 

* and to dcmdnflrate fooie other Propofitions 

* in the thirteenth and fourteenth Books of 

* Euclid. 



PROPOSITION XL. 
A THEOREM. 

APrifm^ that has a Farallelografn for its Safe 
double to the triangular Bafe of another Prifm^ 
and of the fame height^ is equal to it. 



A.^ 



E T ABE and CDG be two triangular 
Prifms, of the fame height 5 and the Bafe 

of 
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of one the Parallblegram AE, double to the 

Triangle -FGC, the Bafe of the other Prifm : 

I fay thefe Prifms are equal. Suppofe the 

Parallelepipedon AH and GI were compleat- 
ed. 




H 


B • 
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Dimofiftration. 



i 






*Ti9 fuppos'd that tlie Bafe A£w' double to 
the Triangle FGC, but the Par&lleiogram GK 
is double to the fame Triangle, Xh*^^ M- i.) 
therefore the ParaUelograms AE and GK are 
equal 5 and confequently, theParallelepipedons 
AH and GI, having the fame Bafes and the fame 
•Heights, are equal 5 and therefore the-prifms, 

that are the Halves, {by the 26.) will be like- 
wife eqiial. 
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THE TWELFTH BOOK 

O F T H E 

ELEMENTS 

EUCLID 

EUdii^ after haTinginthe preceeding 
Books deliver'd the genwal Principles 
of Iblid Bodies, and explained the 
nramier of Meafuring the mofi r^alar of 
thet% that is, fuch as are terminated 07 plain 
Superficies's ^ treats in this of fuch Bodies 
as are contained in Superficies's that are crook* 
ed, as the Cylinder, C(^e, "and Sphere: 
comparing one with another, and givinf 
Rules, relating both to their Solidity, am 
the manner of taking their Dimenlions. The 
Book is of exceeding great ufe, becaufe in it 
we iind the Principles, upon which the mofl 
learned Mathematmam have built fo many 
famous Demonfirations concerning the Cylin- 
der> the Con6, and the Sphere. 

PRO 
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PROPOSITION L 

ATHEOREM. 

Similar Polygons^ irtfcriVd in Circles are in tH 
fame proportion as the Squares of the Diameters 
of tbejame Grdes. 

IF the Polygons 
ABODE, and 
FGHKL, mfcribed 
inCircles,be iimilar, 
they will be in rhe 
fame proportion as 
the Squares of the 
Diameters AM, FN. 

AQandFa 

Demonfiration. 

Tis fappos'd that the Polygons are fimilar, 
that is to Uly^ that the Angles B and G are e- 
^ual, and that AB has the fame proportion to 
BC as FG to GH : from whence I infer, (by the 
6. (6.; that the Triangles ABC and FGH are 
equiangular, and that the Angles ACB and FHG 
are equal 5 fo that iilcewife (by the 21. 5.) the 
Angles AMB and FNG are equal. But the 
Angles ABM and FGN, being in a Semicircle, 
are right Angles, (by the ^i. ^Jandconfequent- 
ly^ the Triangle^ AB^ and PGN are equiangu- 
lar. Therefore (by the 4. 6.) AB has the fame 
proportion to FG, as AM to FN, and (by the 22, 

Y 2 6.) 



^ ^ H * 

Draw the Lines BM, GN, 
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6.) if two fimilar Polygons be defcrib'd upon AB 
and FG, as thofethat are proposed-, and two 
other fimilar Polygons upon A M and FN, which 
(hall be two Squares ^ the Polygon ABCDE will 
have the fame proportion to the Polygon FGH 
KL i as the Square of AM to the Square of FN. 
* This Propofition isneceflary to demonftrate 
* that which follows. 



LEMMA- 

If a r^ertain ^anthy be lefs than a Circle^ m re- 
gular. Polygon may be^ tnfcrib'd in tbejame Circle 
greater than that ^antity* 

SUppofe the 
' Figure A 
■^ to be lefs than 
' the Circle B-,a 

* regular Poly- 

* gon may be 

* infcrib'd in 

* thie fameCir- 

* cle, which fhall be greater than the Figure 

* A. Let the Figure G be the difference be- 
' tweeuthe Figure A and the Circle, fb that 

* the Figures A and G taken together, may be 

* equal to the Circle B. Infcribein the Circle 

* B the Square CDEF, {by the 6. 4.; and if the 

* Square be greater than the Figure A, weftiall 

* have what we wanted. If it be left, divide 

* the four Quakers of the Cicle CD, DE, EF 

, and 
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' and FC, each into two equal Parts at the 
' Points H^ I, K, L, thiat fo you may have an 
Odogbn. But if the Odogon be ftill lefs 
than the Figure A, fubdivide its Arches, and 
you will have a Polygon of iixteen Sides, 
afterwards of thirty-two, and then of fixty- 
four. I fay, at length you will hftv^ a Poly- 
gon greater than the Figure A, ^ ^. a Pbly^ 
gon whofe difference from the Circle is lefs 
thaijthatof the Figure A, that is, lefs than 
the Figure G, 

Demovjtration. 
* The infcrib'd Square is more than half of 
the Circle, being half of the Square delcrib'd 
about the Circle ', and in defcribing the 
Odogonyou take more than half of the Re* 
mainder^ i. e. of the four Segments CHD, 
DIE, EKF, and CLF. For theTriangle CHD 
is the half of the Redangle CO, (by the 34.^ 
1.) therefore it is more than half of ^ t)ie 
Segment CHD •, and the fame may be faidof 
all the other Arches. In like manner, in de- 
fcribing the Polygon of fixteen Sides, you 
take more than half of what was left of the 
Circle, and fo in all the others. Therefore you 
will leave at laft a lefs Quantity than G. For 
'tis evident, that two unequal Qjiantitie? ^eing 
proposM, if you take away mojre ^h^a^half 
of the greater, and afterwards mor^ th^u half 
of what remains, and agaip more than half 
of what is ftill left behipd^ at length that 
which remains will be lefs than the fecond 

Y 3 Quantity 
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* Quantitjr. Suppofe the fecond Qjwntityr to 
^ be contained in the iirfi an hundred timiss : 
\* 'tis evident, that dividing the firff into an 

* hundred Parts , in fuch fojf t, that the firft 
^ Part may have a greater proportion to the 

* fecond, than two to one ^ the laft will Be lefs 

* than the hupdredth Part : (b that at laft you 

* will ohtain a Polygon, which will be lefs 

* exceeded by the Circle, than the Circle ex? 

* ceeds the Figure A ^ that is to fay, that what 
^ will remain of the Circle, when the Polygon 

* is taken away, will be 1 efs than G. There- 

* fore the Polygon will be greater than the 

* Figure A. 



mmmm 



PROPOSITION n. 

f ■' ' ' 

A THEOREM. 

^rchs are in the fame proj^ortion a$ the Square$ 

of their Diameters. 

• •* ,.•..■,■. 

I prove that the 
Circles A and 
B are in the fame 
proportion, as 
the Squares of 
CD and EF^ Suppofe the Figure <3 to have the 
iafae proportion to the Circle B, as the Square 
of CD to the Square of EF : if the Figure G be 
lefs than the Circle A, {hj the jpreceeding Lem- 
ma,) a regular Polygon may be infcrib'd in tha 

Circle 
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Circle A^ greater than G. Let a iimilaf regular 
PolygOTi be alfa infcrib'd in the Circle Bt 

I)emomfirat^o^. 
The Polygon of the Circle A wil] hfivp tb« 
fame proportion to the Polygon of 3, as the 
Square of CD to the Square of EF, I <?. the 
fame as G to the Circle B ^ but thi? Qp^ntity 
G is lefs than the Polygon infcriVd in A *• ac- 
cordingly therefore (*^ the 14, 5.) the Circk B 
muftbclefs than the Polygon infcrib'd in it, 
which is manifeftly falfe. It muft therefore be 
granted that the Figure G, being lefs jthgn the 
Circle A, cannot have the fame proportion tP 
the Circle B, as the Square of CD to th« Siquarff 
of EF, and confequentjy, that the Circle At 
cannot have a greater proportion to the Circle 
B, than the Square of CD to the Square oi £F : 
Nor can it be faid to have a lef«^ for then the 
Circle B would have a greater proportion to the 
Qrcle A, and the fame Demonftration would 
be applicable to it. 

CoroU. i. Circles are in the duplicate pro- 
portion of that of I their Diameters \ becaufe 
the Squares being fimilar Figures, are in the 
duplicate proportion of that of their Sides {by 
tbe 7o. 6.) 

CoroU. 7. Circle^ are in the fame proportion 
as the iimilar Polygons, that are infcrib'd in 
them. 

CoroB. 3. This ought to be well obferv'd as 
a general Rule: When fimilar Figures, being 
infcrib'd in others, fo that they may approach 

y 4 ^ •" ^^^ ftill 
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ftili nearer aridjiearet jto thern, and at 14ft de* 
generate int6 the Figutesthemfelves, are in the 
lame proportion ^ the Figures that cont^ain them 
are alfdiii the fame proportion. What t^ would 
fay is this,' That fimilar regular Polygons, in- 
fcrib'd in divers Circles, ' are always in the fame 
proportion as the Squares of the l3iatnetersi 
and being made of more Sides, fo as to approach 
ftill nearer and nearer to the Circles, they iiill 
retain the fame proportion^ and the Circles 
themfeives are in the fame proportion as the y 
Squares of their Diameters. This manner of 
meafuring round Bodies, by infcribing in them 
others, is of greait iife. 

TheUSE. 

? This"beii!>g a very ^general Propofition, en- 
ables lis to iirguei about Circles, iri the fame 
manner as we do of Squares. For example, 
we fay {in the 47* iC) That in a reflangle Tri- 
angle the Square of the Bafe alone is equal 
to the Squares of bath the Sides taken toge- 
ther.^ We may fay the fame of Circles, i. e: 
That the> Circle defcrib'd upon the Bafe of 
a Reftangle Triangle, is equal to the Circles, 
whofe Diameters are the Sides. And in the 
fame manner we may augment or diminifli 
Circles, according to what proportion we 
pleafe. We prove alfo by it in Op ticks, that 
Light decreafes in the ; duplicate proportion 
of ^hat of the diftances of th^e lucid Bo- 
dies, 

PRO 
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PROPOSITION III. 

A THEOREM. 

Eve^'j Pyramid, whofe Safe is triavgvlar^ may be 
divided into two equal Priffns^ which make up 
more than half of the Pyramid '^ and into two e- 
qual Pyramids. 

I^N the Py rancid ABCD may be 
found two equal Prifms, EBFl, 
and EHKC, which will be greater 
than half the Pyramid. Divide 
the fix Sides of the Pyramid e- 
qually at the Pohits.G, F, E, I, 
H, K, arid draw the Lines EG, 
GF, FE, EI, HI, FH, IK, and EK. 

Demonjlration. , 
In the Triangle ABD, AG has the fame pro- 
portion to GB ajs AF to FD, becaufe AB and AD 
are equally divided in G, andFj therefore (by 
the 2, 6) GF and BD are Parallels- and GF will 
be the half of BD, i. e. equal to BR. In like, 
manner, GE ^nd BI, FE and HI, will be 
parallels, and equal: and, (by the 15. n.) the. 
Planes GFE and BHI will be parallel 5 and con- 
ftquently EBFI will be a PriUn. The fame may 
be fa id of the Figure HEKF, which will be alfo 
a Prifm equal to the other, (by the 40. rT.)the 
Parallelogram Bafe HIKD being double the 
Triangular BHI, {bythed^i. i,; 

Secondly, 
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Secondly, I fay, the Pyramids AEFG> and 
£CKI, are fimikr and equal. 

Demofifiration. 

The Triangles AFG. and FDH arc equal, {bx 
tiez. i.)asalfo FDH and EIK^ andlii;ewi(e 
AGE, and EIC^ and £o of all the other Tri- 
angles of the Pyramids : therefore the Pyramids 
are equal, {by Defin. lo. ii.) They are alfo 
iimilar to the great Pyramid ABDC : for the 
Triangles AGE and ECI are fimilar (by the 2. 
6.) the Lines GEand BC being Parallelkj and 
the like may be demonftrated of all the other 
Triangles of the lefler Pyramids, 

Laftly, I fay the Prilms are more than half 
of the firft Pyramids. For if each was equal 
to one of the leflfer Pyramids, both would be c- 
qual to the half of tM greater Pyramid. But 
they arc each of them greater than one of thafe 
I^ramids^ as the Pmm GHE contains the 
P^rramid GBHI, and fomewhat more ^ and that 
Pyramid is equal and iimilar to the others, 
having all their Triangles equal and Iimilar to 
thofe of the Pyramid AGFE, as may be ealily 
prov'd by the Parallelifm of their Sides : from 
whence I infer, that the two Prifms taken to- 
gether, are greater than the two Pyramids ^and 
confequently greater than half of the great 
Pyrs^mid. 

PRO- 
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PROPOSITION IV. 
A THEOREM. 

If two TrigvgvUr Pyramids of thefdm height he 
' divided ittto two Prifms and two Pyramidi, and 
the latter Pyramid's fub divided after the fame 
manner j all tbt Prifms of ove Pyramid will have 
the fame proportion t» all thofe of the ather^ at 
the Safe of one Pyramid to the Bafe of the other, 

IF the two Pyramide t- 

ABCD, DEFG, of 
the fame height, and ^ 
having triangular Ba- 
fts, be divided into two 
Prifms and two Pyra- 
mids, according to the 

method laid down in the third Propofitjon -, and 
the two lefler Pyramids be fubdivided after the 
fame manner, and fo in order, that having made 
as many Divifions of one as of the other, 70a 
havt the fame number of Prifms in both j I fay, 
that tU the Prifms of one will have the fame 
proportion to all the Prifms of the other, as 
their Bafes. 

Demon fi ration. 

The Pyramids being of the fame height, the 

Prifms produc'd hj the firft Divifions, will 

have alio the fame height, becaufe they have 

f ach the half of that of their Pyramids. But 

Prifms 
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Prifms of the fame height are in the fame pro- 
portion as their Bafes, (by theCorotl. dfthe 39. 
II.; The Bafes BTV and EPX are fimilar to 
the Bafes BDG and EGF 5 and having for their 
Sides the half qf thofe great Bafes, they can 
make but the fourth Part of them ^ but they are 
in the fame proportion as the great Bafes are •, 
therefore the firft Prifms will have the fame 
proportion as the great Bafes. After the fame 
manner I may prove that the Prifms produc'd 
by the fecond Divifion, i. e. of the leffer Pyra- 
mids, will be in the fame proportion as the Sa- 
fes of thofe leffer Pyramids, which are in the 
fame proportion as the great Bafes. Therefore 
ajl the Prifms of one have the fame proportion 
to all the Prifms of the other, as the Bafe to 
tlleBafe. The USE. 

^^^ Thefe two Propofitions are necejOTary to 
^[ compare Pyramids together, atud to take their 
'^ Dimenlioris. 

PROPOS IT ION V. 

A'tHEOREM. 

Triangular Pyramids of the jatne height are in the 
fame j^roportion as their Bafes. 

TH E Pyramids ABCD and 
EFGH are in the fame 
proportion as their Bafesl For 
if , they were Hot, one of them, 
V lKT7« f. ■^. ABCD, would have a 
^ greater proportion to the Py- 
ramid 




7 he Twelfth Book. 545 

ratnid EFGH, than the Bafe BCD to thfe Bafe 
F6H 3 fo that a Qpantity lefs than ABCD 
would have the fame proportion to the Pyra- 
mid EFGH, as the Bafe BCD to the Bafe FOH. 
Divide the Pyramid ABCD after the manner of 
the third Propolition j divide alfo the Pyramids 
that refiilt from the firft Diviiion, into two 
Prifms and two Pjgramidsv and thofe again into 
two other Prifms, continuing the Divifion as 
long as there Ihall he occafion. Since the 
Prifms of the firft Divifion are more than half 
of the Pyramid ABCD, (by the 5. j and the Prifms 
of the fecond Divifion more than half the re- 
mainder, i. e. of the two lefFer Pyramids, and 
. thofe of the third Divifion ftill more than the 
half of what is left ^ it is evident, that fo ma- 
ny Divifions may be made, that that which re- 
mains fhall be lefs than the excefs. of the Pyra- 
mid ABCD above the Quantity L, that is, that 
all the Prifms taken together Ihall be greater 
. than the Qiiantity L. Alalce as many Divifions 
of the Pyraroid EFGH, fo that you may have 
as many Prifms as there are in ABCD* 

Demovfiration. 
The Prifms of aBGD have the fame propor- 
tion to the Prifms of EFGH, as the Bafe BCD 
to the Bafe FGH-: but the proportion of the 
Bafe BCD to the Bafe FGH is the fame with 
that of the Quamity L to the Pyramid EFGH : 
1 therefore the Prifms of ABCD have the fame 
'proportion to the' Prifms of EFGH, as the 
. Quantity L to the Pyramid EFGH. Bi^alfo 
.'■■'■ ^'■•^' • • • '■ ' '•■ the 
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the Priibs of ABCD are greater than the Qiari-* 
tity L : therefore (by the 14. J.) the Prifms con- 
taia'd in the Pyramid EFGH would be greater 
than the fame Pyramid EFGH, which is evi- 
dently falfe, becaufe the Part cannot be greater 
than the Whole. Therefore it muft be granted, 
that no Quantity lefs than one of the Pyramids 
can liave the fame proportion to the other as 
the Bafe to the Bafe ^ and confequently neither 
of the Pyramids can have a greater proportion 
to the otner than the Bafe has to the Bale. 



■I '1 ■ I * 



PROPOSITION VL 

A THEOREM. 

All forts of Pyramds of the fame height^ have the 
fame Proportion as their Bafes. 

TH E Pyramids ABC and 
DEFG, of the fame 
Height, are in the fame pro- 
portiQji as the Bafes BC and 
EFG, Divide the Bafes in- 
to Triangles. 

DemmfiraUon. 
Tht triangular Pyramids AB and D£» being 
of the fkme Height, are in the fame proportion 
as their Bafes, {hy the 5.^ Si alfo the triangular 
PyMmids AC and DF are in the fame proporti- 
on as their Bafes. Therefore the Pyramid 

ABC 





j 



Ibe Twelfth Book, 347 

ABC has the fame proportioB to the IVianud 
DEF, as the Bafc BC to the BafeEF, (hy the 12, 
5.; Further, fince the Pyramid DEF has th« 
fame proportion to the Pyramid ABC, as the 
Bafe EF to the Bafe BC ; and again, the Pyra- 
mid DC has the fame proportion to the Pyra- 
mid ABC, as the Bafe G to the Bafe BCj tJie 
Pyramid DEFG will alio have the fame propor- 
tion to the Pyramid ABC, as the Bafe EFG to 
the Bafe BC. 



i*M 



PROPOSITION. Vll. 

A THEOREM. 

Every Pyramidh the third Patt of a Pnfm bant 
upon the fame Bafi, 0nd of the fame height. 

SUppofe firft the triangular 
Pnfm AB be propos'd : I fay 
a Pyramid, having one of the « 
Triangles ACE, or BDF for its * 
Bafe and being of the fame r k 

5S? /!,!^^^^'*'"^^ ^^^^ ^^" l>e the third 

Sf nr Ir ^f S* f '^^'^ '^' ^^^«« Diagonals 
AF, DC, FC, of the three Parallelograms. 

Demonfiratton. 
J fdS " divid«i into three equal Pvra- 

Sl"' ^^l\^^Ih ^"^ CFBD .therefore 
each wiU be the third Part of the ftifm The 

two firft, having for their Bafes the Triangles 




F li 
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. AeF and AFD, which (by the 34. i.) are equal, 
• and for their Height the Perpendicular drawn 
from the Top C to the Plane of their Bafes AF, 
^ will be equal, (by the precedittg. ) The Pyramids 
ACFD and GFBD, which for their Bafes have 
the equal Triangles ADC and DCB, and the 
fame Top F, will be alfo equal, (by the preceding.) 
Therefore one of thofe Pyramids, e. g. AFCE, 
having the fame Bafe BDF with the Prifm, and 
the fame height, which is the Perpendicular 
drawn from the Point F to the Plane of the Bafe 
ACE, is the third Part of the fame Prifm. If 
the Prifm be a Polygon, it muft be divided into 
divers triangular Prifms ^ and the Pyramid, 
which has the fame Bafe and the fame Height, 
will be alfo divided into as many Triangular 
Pyramids 5 each of which will be the third Part 
of its Prifm. Therefore (by the 12. 5,) the Po- 
lygon Pyramid will be the third Part of the Po* 
lygon Prifm. 



PROPOSITION VIII. 
A THEOREM. 

Similar Pyramids are in the triplicate proportion of 
that of their homologous Sides. 

IF the Pyramids be triangular, compleat the 
Prifms, which will be alfo fimilar, becaufe 
they will have certain Plants the fame with 

thof«f 
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there of the Pyramids. But the fimilar Prifms 
are in the triplicate proportion of the homolo- 
goUb Sides, (by Coroll. 4. of the 39. ii.) therefore 
the Pyramids, which (by the precedittgj are the 
third Parts of the Prifms, will be in the tripli- 
cate proportion of that of their homologous 

Sides. 
If the Pyramids be Polygons, they rnuft be 

reduced to Triangular Pyramids. 

PROPOSITION iX. 

A THEOREM. 

Equal Pyramids have the Heights and Safes recipro-^ 
cal \ and thofe that have their Heights and Bafes 
reciprocalj are equal. 

If two equal triangular Pyramids be proposed, 
make Prifms upon the fame Bafcs, and ot 
the fame height. Since every Prifm is triple 
his Pyramid (by the 7.) they will alfo be equal. 
But equal Prifms have their Bafes and Heights 
reciprocal (by Coroll 4. of the 7,9. 11.) therefore 
the Bafes and Heights of the Pyramids which 
are the fame with thofe of the Prifms, will be 
alfo reciprocal. 

Secondly, if the Bafes and Heights of the 
Pyramids be reciprocal, the Prifms will be e- 
qual, as alfo the Pyramids, which are the third 
Parts of the Prifms. 

If the Pyramids- propos' d be Polygons, they 
muft be reduc'd to triangular Pyramids. 

Z Coroll 



g 50 Thi Elements of Euclid* 

Coroll Other Propofitions may be made con*- 
cerning Pyramids : as for example ^ That iPy-* 
ramids of the fame height, are in the fame pro- 
portion as their Bafes ^ and thofe that have the 
lame Bafes, are in the fame proportion as their 
Heights. The USE 

* From thef e Propofitions is drawn the man* 
ner of Meafuring Pyramids, which is, by 
multiplying their Bales by the third part of 
. their Heights. Other Propofitions may alfo 
be made, as. That if a Prifm be equal to a Py- 
ramid, the Bafe and the Height of the Prifm, 
with the third part of the Height of the Pyra- 
mid, will be reciprocal •, which is as much as 
to fay, that if the Bafe of the Pyramid ha» 
the fame proportion to ,the Bafe of the Prifin, 
as the Height of the Prifm to the third part 
of the Height of the Pyramid, the Prifm and 
* the Pyramid will be equal. 

A LEMMA. 

tf a ^antity lejs than a Cylinder he propos% 
Polygon Prifm may be hfcrib'd in the Cylind 
greater than that ^lantity. 

* TF the Ouantity 

* •*• A be lefs thzn 

* theCylinder,whofe 

* Bafe is the Circle 
' B, a Polygon Prifm 

* may be infcrib'd in 

* the Cylinder great- 

* er than the Quan- 
tity 



Cylinder 




tity A. The Square CDEf infcrib'd In, and 
GHIK circumfcrib'd about^ the Circle, CLD 
MENFO is all Odogon infcrib'd. Draw the 
Tangent PLQ., and luppofe you had fo many 
Prifms as there are Polygon Bafes, and all of" 
the fame height with the Cylinder* That 
which has the circumfcrib'd Square for its Bafe 
will encompafs the Cylinder 5 and that whofe 
Bafe is the, infcrib'd Square, will be alfo in* 
fcrib'd in the Cylinder. 

Demorfl. Prifms of the fame height are in the 
fame proportion as their Bafes, (b^ CorolL ^* 
of the 39. ii.j and the infcribd Square being 
the half of that which is circumfcrib'd, its 
Prifm will be the half of the other, and there* 
fore, more than the half of the Cylinder. And 
making the Prifm with the Odogon Bafe, yoil 
take away more than half of what remained of* 
the Cylinder, after the Prifm of the infcrib'd 
Square was taken from it, beeaufe the Trian* 
gle CLD is the Half of the Reftangle C(i 
And beeaufe Prifms o( the fame height ate in, 
the fame proportion as their Bafes, the Prifm> 
whofe Bafe is the Triangle CLD, will be the 
half of the Prifm, which for its Bafe has the 
Rectangle DCPd: it wjll therefore be more 
than the half of that part of the Cylinder, 
whofe Bafe is the Segment pLC. The fame 
may be fajd of all the other Segments* After 
the feme manner I may demonftrate^ that 
snaking, a Polygon Prifm of fixte^n Sides, I 
take away mojre than half of what remains of 

Zi ' ■ • the 
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* the Cylinder, dftcr the OSogon Prifin is taK- 
^ en from it : fo that there will remain at laft 

* a pfflrt of the Cylinder, lefs than the excefs of 

* the Cylinder aWe the Quantity A. We ftiall 

* have therefore a Prifm infcrib'd in theCylin* 

* dcr, which fliall be lefs exceeded by the Cy- 

* linder than the Quantity A •, i. ^. which ftiall 

* be greater than the Quantity A, The fame 

* way ofarguing will hold of the Pyramids in-- 

* fcrib'dinaCone. 



PROPOSITION X. 

A THEbREM. 

A Cone is the third Part of a Cylinder^ having the 
fame Bafe^ and being of the fame Height. 

fV^ T F a Cone and a Cylinder have 
^yjBj 1 the Circle A for their Bafe, 
p and be of the fame height, the 
Cylinder will be triple the Clone. 
For if the proportion of the Cy- 
linder to the Cone was greater 
than the triple Proportion, the 
i^uantity B lefs than the Cylinder would have 
the lame proportion to the Cone as three to 
one : and (by the preceding Lemma J a Polygon 
Prifm may be infcrib'd in the Cylinder greater 
than the Quantity B. Suppofe that which has 
for its Bafe the Polygon CDEFGH to be fuch 

an 
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an one 5 Make alfo upon the feme Bafe a Pv ra* 
mid infcrib'd in the Cone. 

Demonft. The Cylinder, the Cone, thePrifm, 
and the Pyramil, are of the fame Height; 
therefore the Prifm is the triple of the Pyra* 
mid, (by the 7.) But the Quantity B is alfo the 
triple of the Cone j therefore thePrifm has the 
lame proportion to the Pyramid, as the Quan* 
tity B to the Cone : and (by the 14. 5.) ^^^ 
Prifin being greater than the Quantity B, the 
Pyramid would be greater than the Cone, in 
which it is infcrib'd, which is impoflible. 

But if it be faid, that the (one has a greater 
proportion to the Cylinder than one to three, 
the fame Method may be made ufe of to demon* 
ftrat^ the contrary. 



PROPOSITI O N XL 
A THEOREM. 

Cylinders and Cones of the fame height^ are in the 
fame proportion as their Safes. 

LET two 
Cones, or 
two Cylinders, 
pf the fame 
height, be pro- 
pos'd, having 
for their Bafes the Circles A and B : I fay, 

2 ? they 




5^4 ^^^ Etiments ef Euclid. 

they are in the fkme proportioH a« their Bafes, 
For if not, one of them, e, g. thfe Cylinder A, 
would have a greater proportion to the Cylin- 
der B, than the Bafe A has to the Bafe B •, fiip^ 
pofe then that the Quantity L, lefs than the 
Cylinder A, has the fame propt>rtion to the Cy* 
Under B as the Bafe A, to the Bafe B. There- 
fore a Polygon Prifm may be infcrib'd in the 
Cylinder A, which fhall be greater than th^ 
Quantity L. Suppofe it that therefore, whofe 
Bafe is the Polygon CDEF ^ and infcribe a fimi- 
lar Polygon GHIK in the Bafe B, which is alfo 
the Bafe of a Cylinder of the fame height. 

Demofiftr. The Prifms of A and B are in the 
fame proportion as their Polygon Bafes, Qj 
Cor oil. 4. of the ^9. 1 1.) and the Polygons are in 
the fame proportion as the Circles, (by Coroll. 
0. of the i2.j therefore the Prifm A has the fame 
proportion to the Prifm B, as the Circle A to 
the Circle B. But as the Circle A to the Circle 
B, fo is the Quantity L to the Cylinder B^ ; 
therefore as the Prifm A to the Prifm B, fo is 
the Quantity L to the Cylinder B. But the 
Prifm A is greater than the Quantity L, and 
confequently (by the 14. 5.) the Prifm B, in^ 
fcrib'd ill the Cylinder B, would be greater than 
its Cylinder, which is impoflible. Therefore 
^leither of the Cylinders has a greater Propor- 
tion to the other, than its Bafe to the other's 

Corolh 
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CqtoII. Cylinders are triple the jCones, of the 
lame height, theiefore Cones of the fame height 
are in the fame proportion as their Bafes. 



PROPOSITION. XII. 
A THEOREM. 

Cylinders and Cones, that are Jtmilflr^ are in the 
triplicate proportion of that of the Diameters of 
their Bafes. 



L 




ET two Cones 

or two Cylin- 
ders, that are Simi- 
lar, be proposed, ha- 
ving the Circles, A 
and B for their Bafes ^ 

I (ay, that the proportion of the Cylinder A to 
the Cylinder B is the triplicate proportion of 
that of the Diameter DC to the Diameter EF. 
For,ifitbe not the triplicate proportion ^ let the 
Quantity G, lels than the Cylinder A, be to 
the Cylinder, in the triplicate proportion of 
that of the Diameter DC to the Diameter EF 5 
and infcribe a Prifm in the Cylinder A greater 
than G, and another fimilar to it in the Cylin- 
der B : they will be of the fame height with 
the Cylinder, becaufe fimilpr Cylinders have 
their Heights and the Diameters of their Bafes 
propotionalj as well as Prifms, (kyDefn:22. 1 1.) 

Z 4 Demon- 
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Dmoytfir. The Diameter DC has the fijme pro- 
portion to the Diameter EF as the Side DI to the 
Side EL, or as DC to EF, « I havt Jbown in the 
frfi. But fimilar Prifms are in the triplicate 
proportion of that of their homologous Sides, 
\bythe Coroll 4. of 99. 11.) therefore the Prifm 
A is to the Prifm B in the triplicate proportion 
of that of DC to EF. But we fuppos d that the 
Quantity G in refpefl of the Cylinder B was in 
the triplicate proportion of that of DC to EF^ 
therefore thf Prifm A will have the fame pro- 
portion to the Prifm B, as the QuantityG to the 
- CylinderBi ai:d (^ji fie 14. j.j the Prifm Abe- 
Jug greater than the Quantity G, the Prifm B, 
infaib'd in the Cylinder B, will be greater than 
the Cylinder B, which is impolfible; Therefore 
iimilar Cylinders are in the triplicate propor- 
tion of that of the Diameters of their Bafes. 

Cones are the third Parts of Cylinders (by the 
la) therefore Similar Cpnea are in the triplicate 
proportion of that of the Diameters of their Bafes. 

'' PROPOSITION XUI. 

A THEOREM. 

If a Cylinder he cvt by a Platte, that isparalUl ta 
jti Baje^ the Parts of its Axis vill be in the 
fame proportion as the Parts of the Cylinder. 

LE T the Cylinder AB be cut by 
, the Plane DC parallel to its 
Eafe : I fay, the Cylinder AF will 
have the feme proportion to the Cy- 
linder FB, as theLineAFtotheLine 
FB. 
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FB. Draw the Line BG perpendicular to the 
Plane of the Bafe A. Draw alfo upon the Planes 
of the Circles DC and A the Lines FE and AG. 

Bemonftration. 

The Pline of the Triangle BAG cuts the pa- 
rallel Planes A and DC ^ therefore the Sedlions 
FE and AG are parallel, {by tbe.16. 1 1.) So that 
AF has the fame proportion to ^ FB, as the 
Height GE to EB. Take any aliquot Part of 
EB •, and having divided GE and EB into Parts 
equal to it, draw fo many Planes parallel to the 
Bafe A •, then will you have fo many C)rlinder$ 
of the fame height ^ which having their Bafes 
and Heights equal, will be equal, (by the 1 1 J 

Further, the Lines AF and FB will be divid- 
ed after the fame manner as EG and EB, (by the 
t-j. II.) fo that the Line AF will as oft contain 
any aliquot Part of the Line FB, as the Cylin- 
der AF contains the like aliquot Part of the Cy- 
linder FB •, therefore the Parts of the Cylinder 
will be in the fame proportion as the Parts of 
their Axis. 

Coroll. The Parts of the Perpendicular are 
in the fame prpportion as the Parts of the Cy- 
linder. 



PRO- 




T 
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PROPOSITION XIV. 

A THEOREM. 

Cylinders and Cones^ having the fame Bafes, are i^ 
the fame proportion as their Heights, 

W O Cylinders of equal Ba- 
fes being proposed, a» AB and 
CD, cut in the greater a Cylinder 
of the fame Height with tne lefs, 
drawing a Plane EF parallel to 
'Tis evident (by the ii.) that the 
Cylinders CF and AB are equal ^ and that CF 
has the fame proportion to CD, as GI to GH, 
or Ch the CoroU. of the preceeding) as the Height 
of CF to the Height of CD 5 therefore AB has 
the fame proportion to CD, as the Height of 
CF or AB to the Height of GD. 

Cones being the third Part of Cylinders^ if 
their Bafes be equal, will be alfo in the fame 
proportion as their Heights. 

PROPOSITION XV. 

A THEOREM. 

Cylinders and Cones^ that are equals have their 
Bafes and Heights reciprocal ; and thofe that 
have their Bafes and Heights reciprocal^ are equa^ 

IF the Cylinders AB and CD 
be equal, the Bafe B will 
^ have the lame proportion to the 
Bafe D, as the Height CD to the 
B Height 



iC 
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Heiglit AB. Take the Height DE equal to the 
Height AB. 

Bemonftr. The Cylinder AB has the fame 
proportion to the Cylinder DE, of the fame 
height, as the Bafe B to the Bafe D, {hj the 1 1.) 
But as the Cylinder AB is to the Cylinder DE, 
fo is the Cylinder CD f equal to AB) to the Cy- 
linder DE-, t. e. fo is the Height CD to the 
Height AB or DE. Therefore as the Bafe B to 
the Bafe D, fo is the Height CD to the Height 
AB. 

Secondly, If the Bafe B has the fame pro* 
portion to the Bafe D, as the Height CD to the 
Height AB, the Cylinders AB and CD will be 
equal. For the Cylinder AB is in the fame 
proportion to the Cylinder DE, as the Bafe B to 
the Bafe D : and the Cylinder CD will have the 
lame proportion to DE, is the Height CD to 
the Height DE : therefore AB has the fame 
proportion to DE, as CD to DE •, and (by the 
9. $.J the Cylinders AB and CD will be equal. 

*' The 16. and 17. Propofitions are very 
** difficult, and of no other ufe but to prove the 
*' 18. which may more cafily be done by the 
[[ following Lemma's. 
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LEMMA I. 

Jf if ^antity be propo$i lefs than a Sphere^ Cy^ 
Irnders of the fame Height may be infcriVd in 
the fame Sphere grfpLter than that ^anthy. 

/ 7 ! * Q Uppoft ABC 

I V * Semicircle of the 

^f ' Sphere, whereof 

m^qIo * we treat, and the 

* Quantity D to be 

the Quantity lefs than that Sphere : I fay, 

feveral Cylinders of the fame height may bp 

infcrib'd in the Sphere, which taken together 

will be greater than the Quantity D. For if 

the Hemifphere C3fceed the Quantity D, it 

will exceed it by £bme Magnitude j let it then 

be the Cylinder MP, fo that the Quantities 

D and MP taken together may be equal to the 

Hemifphere. Make a greater Circle of the 

Sphere to have the fame proportion to the 

Bafe MO, as the Height MN to the Height 

R. Then divide the Line EB into as many e- 

qual Parts as you pleafe, each being lefs than 

' R : and drawing Parallels to the Line AG, 

' defcribe the infcrib'd and circumfcrib'd 

' Parallelograms. The number of the cir- 

^ cumfcrib^ will exceed that of the infcrib'd 

' by one. But all the Reftangles circum- 

' fcrib'd will furpafs all the infcrib'd by the 

' little 
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Kttle Reflangles through which the Cir- 
cuiriference of the Circle paiTes^ all which 
takcji together arc equal to the Redangle 
AL. I imagine then the Semicircle to be turn'd 
about upon the Diameter EB *, the Semicircle 
will by that Motion defcribe a Hemifphere, 
and the Redangles infer ib'd fo many Cylinders 
infcrib d in the Hemifphere *, and the circum- 
fcrib'd, other Cylinders circumfcrib'd. 
Demonftr. ' The circumfcrib'd Cylinders fui** 
pafs the infcrib'd more than the Hemifphere 
furpaffes the fame infcrib'd Cylinders, it be- 
ing contained within the circuinfcrib*d Cy* 
linders. But the circnmfcrib'd furpafs the 
infcrib'd by the Cylinder AL : therefore 
the Hemifphere will furpafs thofe infcrib'd 
Cylinders by lefs than the Cylinder de- 
fcrib'd by the Reaangle AL. But the Cy- 
linder AL is lefs than the Cylinder MP: for 
there is the fame proportion of a great Circie 
of the Sphere, which is the Bafe of the Cy- 
linder AL, to MO, as of MN to R 3 there- 
fore (by the preceeding) a Cylinder, whicJi 
(hould have a great Circle of the Sphere for 
its Bafe, and the Height R, would be equal 
to the Cylinder MP : but the Cylinder AL, 
tho'it have the fame Bafe, yet its Height CL 
is left than R •, therefore the Cylinder AL is 
lefs than the Cylinder MP. Confequently 
the Hemifphere that exceeds the Quantity D 
by the Cylinder MP, and the infcrib'd Cy- 
linders by a Quantity left than AL5 exceeds 

th^ 
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* the infcrib'd Cylinders by lefs than it ei^ceeds 

* the Qjiantity D ^ therefore the Quantity t) 

* is lefs than the Cylinders infcrib'd in the 

* Hemifphere. 

* That which I have faid of the Hemifphere, 

* is applicable to an entire Sphere, 

LEMMA IL 

Similar Cylinders^ infcriFd in two Spheres^ are in 
the triplicate proportion of the Diameters of 
the Spheres. 

* TFtwofimilar 

* I Cylinders CD 

* and EF be in- 

* fcrib'd in the 
' Spheres A and 

* B, they will 

* be in the tri* 
^ plicate proportion of the Diameters LM and 

* NO. Draw the Lines GD and IF. 

Demonjiration. 

* The right Cylinders CD and EF are fiml- 

* lar ; therefore HD has the fame proportion to 

* DR as QF to FS, as alfo KD has the fame 

* proportion to DG as PF to FL Confequently^ 

* the Triangles GDK and IFP are fimilar, (by 

* the 6. 6.; therefore KD has the fame propor- 

* tion to Pf , as GDto IF, as LM to ON. But 

* the fimilar Cylinders CD and EF are m the 

* triplicate proportion of KD and PF, the 
\ '. Semidi- 
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« Semidiameters of their Eafes (hy the 12.) 

* therefore the limilar Cylinders CD and EF, 

* iiifcrib d in the Spheres A and B, are in the 

* triplicate proportion of the Diameters of. tlwii 

* Spheres. 

- ' ^ - t " " " ■'■'■ — • — • ' • ' ^ — ■'-^ — - ' ' 

PROPOSITION XVJir. 
A THEOREM. 

Spheres are in the trtpJieate fr^pvrdon of their 

Diameters. 



T 



H E Spheres A and B are in the triplicate 
proportion of that of their Diameters 
CD and EF. For if not, one of the Spheres, 
fuppofe A, will be in a greater proportion to B, 
than the Triplicate of that of the Diameters 
CD and EF^ therefore the Quantity G lefs 
than the Sphere A, will be to the Sphere B, in 
the triplicate proportion of that of CD to EF^ 
and then fome Cylinders may (according to Lem.' 
lO fee infcrib'd in the Sphere A, greater than 
the Quantity G, Infcribe an equal number of 
Cylinders in the Sphere B, fimilar to thofe in 
the Sphere A, 




Dem(M'^ 
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Demonjlr. The Cylinders of the Sphere A td 
thofe of the Sphere B are in the triplicate pro- 
portion of that of CD to EF, but the Quantity 
G to the Sphere B^ is alfo in the triplicate pro- 
portion of that of CD to EF : therefore the 
Cylinders of the Sphere A have the fame pro- 
portion to the fimilar Cylinders of the Sphere 
B, as the Quantity G to the Sphere B. Confe- 
quently the Cylinders of A being greater than 
the Quantity G, the Cylinders of B, i. e. in- 
fcrib'd in the Sphere B, will be greater than the 
Sphere B, which is impoflible. Therefore the 
Spheres A and B are in the triplicate propor- 
tion of that of their Diameters. 

CoroU. Sphjeres are in the fame proportion as 
the Cubes of their Diameters ^ becaufe Cube« 
being limilar Solids, are in the triplicate pro- 
portion of their Sides, (^j tfce 33. II.) 



'^<^^ i^9J^c^^ A«AM^)ft»^?aAiaANAiflAi 



The END. 
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